E. Dummit’s Math 2321 (Summer-2 2023) ~ Midterm 1 Review Answers

Note: Some answers may vary depending on the solution method.

L. (a) v+2w = (1,12,0), [|v]| = /32 + 02 + (—4)2 =5, ||w|| = /(-1)2 + 62 + 22 = /41

(b) v-w=—11and v x w = (24, -2,18). VI 20 ARG 1
(c) _—V—<—§ 0 é> ©) ¢ (IIVIIIIWH) [5\ﬁ}
il 578/ (f) Area is ||v x w|| = V904.
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2. Note that different forms of the answers may still be correct (e.g., if a different starting point or variation on the
direction or normal vector are used).

(a) Plane has same normal vector (1,2, —3) but passes through (2, —1,2). Equation is « 4+ 2y — 3z = —6.

(b) Direction vector is (3,6,2) — (2,—1,4) = (1,7, —2). Parametrization is (z,y,z) = (2+¢t, —1 + 7t, 4 — 2t).

(c) Line has same direction vector (—2,2,5) but passes through (1,1,1). Parametrization is (x,y,z) =
(1—2t, 142t 1+5t).

(d) Normal vector (1,2, —3) passing through (0,0,0): equation is z + 2y — 3z = 0.

(e) Normal vector orthogonal to (2,1,2) — (1,0,1) = (1,1,1) and (3,3,5) — (1,0,1) = (2,3, 4), hence given by
cross product (1,1,1) x (2,3,4) = (1, —2,1). Equation is then z — 2y + z = 2.

(f) Direction vector orthogonal to (1,1,2) and (2, —1,—1) hence given by cross product (1,1,2) x (2,-1,1) =
(1,5,—3). Setting z = 0 gives © + y = 4 and 2z — y = 5 yielding z = 3, y = 1: thus a point in both planes
is (3,1,0). Hence parametrization of line is (x,y,z) = (3 + ¢, 1 + 5t, —3t).

(g) Normal vector orthogonal to (1,2, —1) and (2,—1,1) hence given by cross product (1,2,—1) x (2,—-1,1) =
(1, -3, —5). Passes through (1, —1,2) hence equation is x — 3y — 5z = —6.

) Velocity is v(t) = r'(t) = (—3sin(t), 5cos(t), —4sin(t)).

) Speed is ||v(t)|| = \/9s1n ) + 25 cos?(t) + 16sin’(t) = /25 = 5.
c¢) Arclength is s = fo [|[v(t)|| dt = fo 5dt = 5.
)
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Acceleration is a(t) = r”(t) = (=3 cos(t), —5sin(t), —4 cos(t)).

4
Unit tangent is T(¢) = r(t = < - gsin(t), cos(t), —x sin(t)>.

(f) Unit normal is N(t) = ()] = < - gcos(t), — sin(t), fgcos(t)>.

4. The tangent line passes through r(1) = (1,1,1) with direction vector r'(1) = (2,3,4), hence is (z,y,z) =
(14 26,1+ 3,1+ 4t).

5. (a) By integrating and plugging in initial condition, v(¢) = (4, 8, 80 — 10¢).
(b) By integrating v(¢) and plugging in initial condition, r(¢) = (4t, 8t, 80t — 5¢2).
(c) Height is 0 when 80t — 5t = 0 so hits ground when ¢ = 16s.
(d) Desired speed is ||v(16s)|| = /42 + 82 + (—80)2m/s = 1/6480m/s.
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6. %me:&te Y+ 3xye™, fy = 3x°e™, fix = 6™ + 12zye™ + 3z y“e™? [ = fay = 927" + 3™,

7 Oyox
fyy = 3z%e™, and fyyy, = 32%%Y so that fy,,,(1,2) = 3e2.




(a)

(b)

7. Note that Vf = <3x2yz2, 322, 2$3yz> and Vg = m (22, 2y, 22).
For f, we have Dy f = Vf(1,1,1) - ﬁ - <3,1,2> <2 ~1,2) = 3.
For g, we have Dyg = Vg(1,1,1) - ™= $(2,2,2)- 3 (2,-1,2) =2/3.
For f, maximum rate is ||V f(1,2,1)|| = ||(6,1,4)|| = v/53 in direction of % = \/% (6,1,4).
Minimum rate is — ||V f(1,2,1)|| = —/53 in direction of _% = —\/% (6,1,4).
For g, maximum rate is ||Vg(1,2,1) || = ||§ (2,4,2)|| = V24 in direction of |I¥ZH \/1271 (2,4,2).
Minimum rate is —||Vg(1,2,1)|| = —2+v/24 in direction of ﬁ = _ﬁ (2,4,2).

(c)

Linearization of f is L(x,y,2z) =8+ 12(93 —2)+8(y—1)+16(z—1).

2 1
Linearization of g is L(x,y,z) = In(6) + §($ -2)+-(y—-1)+=(z—-1).
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8. Surface is f(x,y,z) =9 where f(z,y,2) =e* ¥* +3yz and Vf = (7Y% + 2, —ze* Y%, —ye® Y% + x).

(a)

Since Vf(4,2,2) = (3,—2,2), the tangent plane at (4,2,2) is 3(x —4) — 2(y —2) +2(2 — 2) = 0.
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(b) By implicit differentiation, - Iy = and £ = _fe = —g.
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9. We need to apply the correct version of the chain rule in each case. If s=1 and ¢t =5 then x =2 and y = —2.

(a)

o _ o os of oy * or _of or of oy -
Here, B — B 0s+8y s =4-3+5-4 =32 (b) Here, B = Ba 8t+8y at—4 2+45-(—2) = 2.

We have f, = 32 + 3y, fiz = 62, 50 fyzy = 0.
Note Vf = (322 + 3y, 3z) so Vf(1,2) = (9,3). The unit vector towards the origin is % (—1,-2) so the
rate of change is (9,3) - % (—1,-2) = —15 = _3./5.

NG
The direction is —V f(2,0) = — (12,6). As a unit vector this is % = \/% (12, -6).
0 af d af o
By the chain rule, a—{ = 871‘0 . a—f + 6—5 a—/‘;/ If s=1and t =2 then £ = —1 and y = 2 so evaluating
0
everything yields a—{ = (322 4+ 3y)(=2) + (3z)(s®) = 9(—2) + (=3)(1) = —21.

We have L(z,y) = f(1,3)+ f2(1,3)(x — 1)+ f,(1,3)(y —3) = 10+ 12(x — 1) + 3(y — 3). Then f(1.2,2.9) =
L(1.2,2.9) = 10.18.

If v = -1, y = 1 then 2 = —4. For g(z,y,2) = f(x,y) — 2 = 2 + 32y — 2z, Vg = <3w2 —+—3y73m,—1>
so Vg(—-1,1,-4) = (4,-3,—1) so tangent plane is 4(x + 1) — 3(y — 1) — (2 + 4) = 0 or equivalently
4 — 3y — z = —3.

Solving f, = 0, f, = 0 yields 322 + 3y = 0 and 3z = 0 so = 0 and then y = 0: critical point is (0,0).
Then D = foufyy — (fuy)? = (62)(0) — 32 = —9 so since D < 0, (0,0) is a saddle point.

11. First we solve f, = f, = 0 to identify critical points, then use the second derivatives test (D = foufyy — (fuy)?)-

(a)
(b)
(c)
(d)

fe=y—2x—2, f, =2 — 2y — 2, solving yields (z,y) = (—2,—2). Then D = (-2)(—2) — 1? = 3. Yields
local maximum at (—2, —2).

fo =423 — 16z, f, =2y +4soz = —2,0,2 and y = —2: yields (z,y) = (—2,-2), (0,—2), (2,—2). Then
D = (122% — 16)(2) — 0%. Yields local minima at (—2,—2) and (2, 2), saddle at (0, —2).

fo=y—1/2% f,=2—1/y? soy =1/2? and x — 2! = 0, yielding (z,y) = (1,1) (note z = 0 doesn’t work).
Then D = (2/23)(2/y®) — 12. Yields local minimum at (1, 1).

fo = 32% — 3y, f, = —3x + 6y, so x = 2y and then 12y*> — 3y = 0 yielding (z,y) = (0,0) and (1/2,1/4).
Then D = (62)(6) — (—3)2. Yields saddle at (0,0), local minimum at (1/2,1/4).




