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4 Eigenvalues, Diagonalization, and the Jordan Canonical Form

In this chapter, we will discuss eigenvalues and eigenvectors: these are characteristic values and vectors associated
to a linear operator T': V' — V that will allow us to study 7T in a particularly convenient way. Our ultimate goal is
to describe methods for finding a basis for V' such that the associated matrix for 7" has an especially simple form.

We will first describe diagonalization, the procedure for (trying to) find a basis such that the associated matrix for
T is a diagonal matrix, and characterize the linear operators that are diagonalizable.

Unfortunately, not all linear operators are diagonalizable, so we will then discuss a method for computing the Jordan
canonical form of matrix, which is the representation that is as close to a diagonal matrix as possible. To do so
requires some substantial study of the closely associated notion of generalized eigenvectors, which we pursue first;
then we establish the existence and uniqueness of the Jordan canonical form.

We close with a few applications of diagonalization and the Jordan canonical form, including a proof of the Cayley-
Hamilton theorem that any matrix satisfies its characteristic polynomial, a proof of the spectral theorem for Her-
mitian operators, modeling discrete stochastic processes and Markov chains, and various applications to solving
systems of differential equations and computing matrix exponentials.



4.1 Eigenvalues, Eigenvectors, and The Characteristic Polynomial

e Suppose that we have a linear transformation 7' : V' — V from a finite-dimensional vector space V to itself.
We would like to determine whether there exists a basis 5 of V' such that the associated matrix [T]g is a
diagonal matrix.

e}

(¢]

o

(¢]

o

Ultimately, our reason for asking this question is that we would like to describe T in as simple a way as
possible, and it is unlikely we could hope for anything simpler than a diagonal matrix.

So suppose that 8 = {vy,...,v,} and the diagonal entries of [T]g are {A1,..., A\n}

Then, by assumption, we have T'(v;) = A\;v; for each 1 < i < n, meaning that the linear transformation
T acts on the vector v; by scalar multiplication by ;.

Conversely, if we were able to find a basis 5 of V such that T(v;) = A\;v; for some scalars \;, with
1 < ¢ < n, then the associated matrix [T]’g would be a diagonal matrix.

This suggests we should study vectors v such that T'(v) = Av for some scalar A.

4.1.1 Eigenvalues and Eigenvectors

o Definition: If T': V' — V is a linear transformation, a nonzero vector v with T'(v) = Av is called an eigenvector
of T, and the corresponding scalar ) is called an eigenvalue of T'.

(¢]

o

o

Remark: We do not consider the zero vector 0 an eigenvector. (The reason for this convention is to

ensure that if v is an eigenvector, then its corresponding eigenvalue A is unique.)

Note also that (implicitly) A must be an element of the scalar field of V, since otherwise Av does not
make sense.

When V is a vector space of functions, we often use the word eigenfunction in place of eigenvector.

e Here are a few examples of linear transformations and eigenvectors:

[¢]

Example: If T : Moy o(R) — Mayo(R) is the transpose map, then the matrix { 0

Example: If T : R? — R? is the map with T'(z,y) = (2x + 3y, = + 4y), then the vector v = (3, —1) is an

eigenvector of T' with eigenvalue 1, since T'(v) = (3, —1) = v.

(
Example: If T : C? — C? is the map with T(z,y) = (22 + 3y, x + 4y), the vector w = (1,1) is an

eigenvector of T' with eigenvalue 5, since T'(w) = (5,5) = bw.

Example: If T : Moy o(R) — Mayo(R) is the transpose map, then the matrix [ 1 :15 ] is an eigenvector

of T" with eigenvalue 1.

9 0 :| 1S an elgenvector

of T with eigenvalue —1.

Example: If T : P(R) — P(R) is the map with T(f(z)) = xf'(x), then for any integer n > 0, the

polynomial z” is an eigenfunction of T with eigenvalue n, since T'(z") = x - na"~! = na™.

Example: If V is the space of infinitely-differentiable functions and D : V' — V is the differentiation

operator, the function f(z) = €"® is an eigenfunction with eigenvalue r, for any real number r, since
D(e™) = re™.

Example: If T : V' — V is any linear transformation and v is a nonzero vector in ker(T"), then v is an

eigenvector of V' with eigenvalue 0. In fact, the eigenvectors with eigenvalue 0 are precisely the nonzero
vectors in ker (7).

e Some linear operators may have no eigenvectors at all.

e Example: If I : R[z] — R[] is the integration operator I(p) = [; p(t) dt, show that I has no eigenvectors.

o

e}

Suppose that I(p) = Ap, so that [ p(t)dt = Ap(x).

Then, differentiating both sides with respect to = and applying the fundamental theorem of calculus
yields p(x) = \p/(z).



o If p had positive degree n, then Ap/(z) would have degree at most n — 1, so it could not equal p(z).

o Thus, p must be a constant polynomial. But the only constant polynomial with I(p) = Ap is the zero
polynomial, which is by definition not an eigenvector. Thus, I has no eigenvectors.

e In other cases, the existence of eigenvectors may depend on the scalar field being used.

e Example: Show that T': F? — F? defined by T'(z,y) = (y, —x) has no eigenvectors when F = R, but does
have eigenvectors when F' = C.

[¢]

If T(x,y) = Ax,y), we get y = Az and —z = \y, so that (A2 + 1)y = 0.

o If y were zero then 2 = —\y would also be zero, impossible. Thus 3 # 0 and so A% + 1 = 0.

o When F = R there is no such scalar A, so there are no eigenvectors in this case.

o However, when F' = C, we get A = =i, and then the eigenvectors are (x, —iz) with eigenvalue i and
(x,ix) with eigenvalue —i.

e Computing eigenvectors of general linear transformations on infinite-dimensional spaces can be quite difficult.

o For example, if V is the space of infinitely-differentiable functions, then computing the eigenvectors of
the map T : V — V with T(f) = f” + «f’ requires solving the differential equation f” + xf" = A\f for
an arbitrary .

o It is quite hard to solve that particular differential equation for a general A (at least, without resorting
to using an infinite series expansion to describe the solutions), and the solutions for most values of X are
non-elementary functions.

e We have a few basic properties of eigenvalues and eigenvectors:

e Proposition (Properties of Eigenvalues, 1): Suppose V is an F-vector space and T : V — V is linear.

1. The nonzero vector v is an eigenvector of T with eigenvalue A if and only if v is in ker(\] — T) =
ker(T — AI), where I is the identity transformation on V.

o Proof: Assume v # 0. Then v is an eigenvalue of T with eigenvalue A <= T(v) = \v <=
M)v—-T(v) =0 <= (M -T)(v) =0 <= v isin the kernel of A\l —T. The equivalence
ker(A — T') = ker(T — M) is also immediate.

2. For any fixed A € F, the set E) of vectors in V satisfying T'(v) = Av is a subspace of V. This space E
is called the eigenspace associated to the eigenvalue \, or more simply the \-eigenspace.

o Note that E) consists of all A-eigenvectors of T along with the zero vector.
o Proof: By (1), E) is the kernel of the linear transformation \I — T, and is therefore a subspace of
V.

3. If V is n-dimensional with an ordered basis 3, then v € V is an eigenvector of 7' with eigenvalue A if
and only if [v]g € F™ is an eigenvector of left-multiplication by [T]g on ™ with eigenvalue .

o Proof: Note that v # 0 if and only if [v]z # 0, so we may assume v # 0.
o Then v is an eigenvector of T with eigenvalue A <= T(v) = A\v <= [T(v)]g = [\WV]pg =
[T]g[v] 3= Alv]g <= [v]g is an eigenvector of left-multiplication by [T]g with eigenvalue A.

4.1.2 Eigenvalues and Eigenvectors of Matrices

e In the finite-dimensional case, part (3) of the proposition above allows us to reduce matters to the calculation
of eigenvalues and eigenvectors of matrices, which we restate explicitly for convenience:

e Definition: For A € M, x,(F), a nonzero vector x with Ax = Ax is called! an eigenvector of A, and the
corresponding scalar A € F' is called an eigenvalue of A.

ITechnically, such a vector x is a “right eigenvector” of A: this stands in contrast to a vector y with yA = Ay, which is called a
“left eigenvector” of A. We will only consider right eigenvectors in our discussion: we do not actually lose anything by ignoring left
eigenvectors, because a left eigenvector of A is the same as the transpose of a right eigenvector of A7,



3 . . . .
} over R, the vector x = | is an eigenvector of A with eigenvalue 1,

2
Example: For A = { 1 1
2 3 3 3
becauseAx:{1 4][ ]:{_1]:&
2 —4 57 1
Example: For A= | 2 -2 5 | over Q, the vector x = | 2 | is an eigenvector of A with eigenvalue
2 1 2 2
(2 —4 501 4
4, because Ax=1| 2 -2 5 2 | =| 8 | =4x.
|2 1 2] |2 8
[ 6 3 -2 1—i
Example: fA=| -2 0 0 over C, the vector x = 24 is an eigenvector of A with eigenvalue
6 4 2 2
6 3 -2 1—14 2
1+, because Ax=| -2 0 0 24 =] —2+2i | =1+i)x.
6 4 -2 2 24+ 2

Notice that in this last example, the eigenvalue (and eigenvector) for A involved non-real complex num-
bers, even though the entries of A were real. Because the eigenvalues of a matrix may lie in a field strictly
larger than the field from which the entries are drawn, we will often assume that the underlying field of
scalars is C (or another algebraically closed field?) unless specifically indicated otherwise.

e Our main observation is that we may use determinants to identify all of the possible eigenvalues of a matrix.

Explicitly, suppose A € M, (F) and X is an eigenvalue of A.

Then there exists some nonzero x € F™ with (Al — A)x = 0, which is in turn equivalent to saying that
the nullspace of \I — A is nonzero.

But by the invertible matrix theorem, this is the same as saying that Al — A is not invertible, or
equivalently that det(Al — A) = 0.

Conversely, if det(A] — A) = 0 then AI — A does have a nontrivial nullspace, and any nonzero vector in
the nullspace is a A-eigenvector of A.

e When we expand the determinant det(¢I — A), we will obtain a polynomial of degree n in the variable ¢, as
can be verified by an easy induction.

e Definition: For an n x n matrix A, the degree-n polynomial p(t) = det(tI — A) is called the characteristic
polynomial of A, and its roots are precisely the eigenvalues of A.

e}

Remark: Some authors instead define the characteristic polynomial as the determinant of the matrix
A —tI rather than ¢t — A. We define it this way because then the coefficient of t” will always be 1, rather
than (—1)".

To find the eigenvalues of a matrix, we need only find the roots of its characteristic polynomial.

When searching for roots of polynomials of small degree, the following case of the rational root test is
often helpful: if p(t) = t™ + --- + b has integer coefficients and leading coefficient 1, then any rational
number that is a root of p(t) must be an integer that divides b.

Of course, a generic polynomial will not have a rational root, so to compute eigenvalues in practice one
generally needs to use some kind of numerical approximation procedure, such as Newton’s method, to
find roots. (But we will arrange the examples so that the polynomials will factor nicely.)

It can also happen that the characteristic polynomial has a repeated root. In such cases, it is customary to
note that the associated eigenvalue has “multiplicity” and include the eigenvalue the appropriate number
of extra times when listing them.

For example, if a matrix has characteristic polynomial t2(¢t — 1), we would say the eigenvalues are 0 with
multiplicity 2, and 1 with multiplicity 3, and we would list the eigenvalues as A = 0,0,1,1, 1.

21t is a nontrivial fact from field theory, which we take for granted, that every field can be considered as a subfield of an algebraically

closed field:

a field in which every polynomial of positive degree can be factored into a product of linear factors.



e Example: Find the eigenvalues of A = [ ;) i }

o First we compute the characteristic polynomial det(t/ — A) = ’ t__23 t_—14 ' =12 — Tt +10.

o The eigenvalues are then the zeroes of this polynomial. Since t2 — 7t + 10 = (¢t — 2)(t — 5) we see that
the zeroes are t = 2 and ¢ = 5, meaning that the eigenvalues are A = .

e Example: Find the eigenvalues of A = [ _31 1 }

o First we compute the characteristic polynomial det(t] — A) = ’ t:13 t:ll ‘ =t —4t+4=(t—2)?

which has a double-root t = 2. Thus the eigenvalues are A = .

e Example: Find the eigenvalues of A = [ _12 ;) }

t—1 -1

o First we compute the characteristic polynomial det(t/ — A) = ’ 9 3| = t2 — 4t + 5.

o The eigenvalues are then the zeroes of this polynomial. By the quadratic formula, the roots are

4++/—4
—s = 2 + 1, so the eigenvalues are A = .

-1 2 -4
e Example: Find the eigenvalues of A = 3 -2 1
4 -4 4
o By expanding along the top row,

t+1 -2 4
det(tl — A) = -3 t+2 -1 :(t+1)’t12 t__14
—4 4 t—4

= (t4+1)(t*—2t—4)+2(-3t+8) +4(4t —4) =t> — > + 4t — 4.

-3 -1

-4 t—4

-3 t+2
—4 4

[+

+2’

o To find the roots, we wish to solve the cubic equation ¢* — t? + 4t — 4 = 0. By the rational root test, if
the polynomial has a rational root then it must be an integer dividing —4: that is, one of +1, +2, +4.
Testing the possibilities reveals that ¢ = 1 is a root, and then we get the factorization (t —1)(t? +4) = 0.

o The roots of the quadratic are ¢ = +2i, so the eigenvalues are A = .
V3

1 4
e Example: Find the eigenvaluesof A= | 0 3 -8
0 0 =«

t—1 —4 -3
o Observe that det(t] — A) = 0 t—3 8 = (t — 1)(t — 3)(t — 7) since the matrix is upper-
0 0 t—

triangular. Thus, the eigenvalues are A = .

1 -1 0
e Example: Find the eigenvaluesof A= 1 3 0
0 0 O
t-1 1 0 1
o By expanding along the bottom row we see det(t/ — A) =| -1 t—-3 0| = t‘ 1 4_3 ’ =
0 0 ¢

t(t> — 4t + 4) = t(t — 2)2. Thus, the characteristic polynomial has a single root ¢ = 0 and a double root

t = 2, so as a list the eigenvalues are \ = .



e We collect some useful observations about eigenvalues of matrices:

e Proposition (Eigenvalues of Matrices): Suppose A € My, xn (F).

1. If A is upper- or lower-triangular, then its eigenvalues are its diagonal entries.

o Proof: If A is an upper-triangular or lower-triangular matrix, then so is tI — A.
o By properties of determinants, det(¢ — A) is equal to the product of the diagonal entries of tI — A.

o Since these diagonal entries are simply ¢ — a; ; for 1 < ¢ < n, the eigenvalues are a,; for 1 <7 < n,
which are simply the diagonal entries of A.

2. If A is a real matrix and v is an eigenvector with a complex eigenvalue A, then the complex conjugate v
is an eigenvector with eigenvalue A. In particular, a basis for the A-eigenspace is given by the complex
conjugate of a basis for the A-eigenspace.

o Proof: The first statement follows from the observation that the complex conjugate of a product or
sum is the appropriate product or sum of complex conjugates, so if A and B are any matrices of
compatible sizes for multiplication, we have A- B=A - B.

o Thus, if Av = Av, taking complex conjugates gives AV = )V, and since A = A because A is a real
matrix, we see AV = AV: thus, V is an eigenvector with eigenvalue A.

o The second statement follows from the first, since complex conjugation does not affect linear inde-
pendence or dimension.

3. The product of the eigenvalues of A (with multiplicity) is the determinant of A.

o Proof: Let p(t) = det(tl, — A) = (t — A1)(t — A2) - - - (t — A\p,) be the characteristic polynomial of A.

o Setting t = 0 produces det(—A) = (=A1)(=A2) -+ (= An)-

o But det(—A) = (=1)"det A and (=A1)(=X2) - (=An) = (=1)"AA2---A,, so this reduces to
(=D)"det A= (=1)"A1Ag- -+ A\p, and thus det(A) = A\ Ao - -\, as claimed.

4. The sum of the eigenvalues of A (with multiplicity) is the trace of A.

[¢]

Recall that the trace of a matrix is the sum of its diagonal entries.

Proof: Let p(t) = det(tI, — A) = (t — \1)(t — A2) - -- (t — Ay,) be the characteristic polynomial of A.
o Upon expanding out the product p(t) = (¢t — A1)(t — Aa) -+ - (£ — A\n), we see that the coefficient of
t"1is equal to —(A1 + -+ + \p).

If we expand out the determinant det(tI — A) to find the coefficient of " 7!, it is a straightforward
induction argument to see that the coefficient is the negative of the sum of the diagonal entries of A.

[¢]

[¢]

o Thus, setting the two expressions equal shows that the sum of the eigenvalues equals the trace of A.

5. The characteristic polynomial of A is invariant under similarity: if B = PAP~! then the characteristic
polynomials of A and B are the same.

o Per this calculation, we can define the characteristic polynomial of a linear transformation 7 : V — V
to be det[t] — T]g where [ is an arbitrary basis of V: using a different matrix produces a matrix
similar to this one, by our results on change of basis, so the characteristic polynomial is the same.

o Proof: We have pp(t) = det(tl, — B) = det(tl,, — PAP™1) = det(Ptl,P~' — PAP~') = det(P[tI,, —
A|P~1) = det(P) det(tl, — A)det(P~!) = det(tI, — a) = pa(t) using the fact that the determinant
is multiplicative.

1 1 0
e Example: Find the eigenvaluesof A= | 0 1 1
0 0 1

o Since A is upper-triangular, the eigenvalues are the diagonal entries, so A has an eigenvalue 1 of multi-
plicity 3. As a list, the eigenvalues are A = .

2 1 1
e Example: Find the eigenvalues of the matrix A = | —2 —1 —2 |, and verify the formulas for trace and
2 2 -3
determinant in terms of the eigenvalues.



o

(¢]

o

By expanding along the top row, we can compute

det(tl — A) — (t_2)’t+1 2 2 2 2 t—i—l‘

—2 t+3'_(_1)‘—2 t+3 -2 -2
= (t—=2)+4+7)+(2t+10) — (2t —2) =3+ 21> —t — 2.

o

To find the eigenvalues, we wish to solve the cubic equation t3 + 2t2 —t — 2 = 0.

By the rational root test, if the polynomial has a rational root then it must be an integer dividing —2:
that is, one of +1, +2. Testing the possibilities reveals that t = 1, t = —1, and t = —2 are each roots,
from which we obtain the factorization (t — 1)(¢ + 1)(t +2) = 0.

Thus, the eigenvalues are t = —2, —1, 1.
We see that tr(A) = 2+ (—1) 4+ (—3) = —2, while the sum of the eigenvalues is (—2) + (—=1) +1 = —2.
Also, det(A) = 2, and the product of the eigenvalues is (—2)(—1)(1) = 2.

e To describe all the eigenvectors of a matrix requires only computing all of its eigenvalues and then finding a
basis for each A-eigenspace.

e}

Since the A-eigenspace is the nullspace of Al — A, we can compute it using row-reduction..

e Example: Find all eigenvalues and a basis for each eigenspace of A = { L0 } and B = [ Ll } .

o

o

(¢]

(¢]

0 1 0 1

The characteristic polynomial of each matrix is (¢ — 1)2, since both matrices are upper-triangular, so the
eigenvalues in each case are A =1, 1.

8 8 } . Since this is the zero matrix, we

For the 1-eigenspace of A, we want the nullspace of I, — A = [

. . 1 0
obtain a basis [O]’{ 1 } .

For the 1-eigenspace of B, we want the nullspace of I, — B = [ 8 Bl } . We obtain the basis { (1) } .

Notice here that although these matrices have the same characteristic polynomial, they do not have the
same eigenvectors, and the dimensions of their 1-eigenspaces are different.

e Example: Find all eigenvalues, and a basis for each eigenspace, for the matrix A = [ ; ? } .

o

We have T — A = { A ] 50 p(t) = det (b — A) = (f — 2)(t — 1) — (=2)(=3) = 2 — 3t — 4.

Since p(t) =12 — 3t — 4 = (t — 4)(t + 1), the eigenvalues are .

For A = —1, we want to find the nullspace of [ 71_; 2 _;E 1 } = [ :g :3 ] . By row-reducing we
. =3 =2 . . . . . . —2
find the row-echelon form is 0 o |'%° the (—1)-eigenspace is 1-dimensional with basis 3 |t

For A = 4, we want to find the nullspace of { 4__32 4__21 } = { _23 _32 ] . By row-reducing we find

the row-echelon form is [ (1) _01 }7 so the 4-eigenspace is 1-dimensional with basis [ 1 } .

1

0 1
e Example: Find all eigenvalues, and a basis for each eigenspace, for the matrix A= | -1 1 3
0 3

-1



t—1 0 -1

o First, we have t1— A = 1 t—1 =3 |,sop(t)=(t—-1)- t-1 =3 +(-1) Loi—17_
0 t-3 1 0
1 0 t-3
(t—1)2¢t—-3)+ (t—1).
o Since p(t) = (t —1)-[(t —1)(t — 3) + 1] = (t — 1)(t — 2)?, the eigenvalues are |\ = 1, 2, 2|.
1-1 0 -1 00 -1
o For A = 1 we want to find the nullspace of 1 1-1 =3 = |1 0 =3 |. This matrix’s
1 0 1-3 1 0 -3
1 00 0
reduced row-echelon formis | 0 0 1 |, so the 1-eigenspace is 1-dimensional with basis 1
0 0 0 0
2-1 0 -1 1 0 -1
o For A = 2 we want to find the nullspace of 1 2—-1 -3 =11 1 =3 |. This matrix’s
1 0 2-3 1 0 -1
1 0 -1 1
reduced row-echelon formis | 0 1 —2 [ so the 2-eigenspace is 1-dimensional with basis 2
0 0 O 1
00 0 ]
e Example: Find all eigenvalues, and a basis for each eigenspace, for the matrix A=| 1 0 -1
01 0 |
t 0 0 -
o WehavetI—A=| -1 ¢t 1 ,sop(t)det(t]A)t" 1t ‘t-(tQJrl).
0 -1 t
o Since p(t) =t (t? + 1), the eigenvalues are m
0o 0 0
o For A = 0 we want to find the nullspace of | —1 0 1 |. This matrix’s reduced row-echelon form is
0 -1 0
1 0 —1 1
0 1 0 |, sothe 0O-eigenspace is 1-dimensional with basis 0
00 O 1
1 0 0
o For A\ =i we want to find the nullspace of | —1 ¢ 1 |. This matrix’s reduced row-echelon form is
0 -1 4
1 0 O 0
0 1 —¢ [, so the i-eigenspace is 1-dimensional with basis 1
00 O 1
- 0 0
o For A = —i we want to find the nullspace of | —1 —¢ 1 |. This matrix’s reduced row-echelon form
0 -1 —i
1 00 0
is | 0 1 4 [,sothe (—i)-eigenspace is 1-dimensional with basis —1
0 0 O 1

2 5

e Example: Find all eigenvalues, and a basis for each eigenspace, for the matrix A = [ 3 -1 } .

(¢]

We have 1 — A — { RN - ] s0 p(t) = det(t] — A) = (£ — 3)(t — 5) — (=2)(1) = {2 — 8 + 17, s0

the eigenvalues are .



_ . t—3 1 | 144 1
oFor)\—4+z,Wewanttoﬁndthenullspaceof[ _9 t5}_{ o 14

} . Row-reducing this

matrix yields

1+2 1 Rao+(1—i)Ry 1+: 1
-2 147 0 0

from which we can see that the (4 + i)-eigenspace is 1-dimensional with basis { _11_ ; } .

o For A\ = 4 — i we can simply take the conjugate of the calculation we made for A\ = 4 + i: thus, the

(4 — 7)-eigenspace is also 1-dimensional with basis [ 711 i } :

e In all of the examples above, the dimension of each eigenspace was less than or equal to the multiplicity of
the eigenvalue as a root of the characteristic polynomial. This is true in general:

e Theorem (Eigenvalue Multiplicity): If V is a finite-dimensional and A is an eigenvalue of T : V' — V that
appears exactly £ > 1 times as a root of the characteristic polynomial, then the dimension of the A-eigenspace
of T is at least 1 and at most k.

o Remark: The number of times that A appears as a root of the characteristic polynomial is sometimes called
the “algebraic multiplicity” of A, and the dimension of the eigenspace corresponding to A is sometimes
called the “geometric multiplicity” of A. In this language, the theorem above says that the geometric
multiplicity is less than or equal to the algebraic multiplicity.

o Example: If the characteristic polynomial of T is (t — 1)3(t — 3)2, then the eigenspace for A\ = 1 has
dimension 1, 2, or 3 while the eigenspace for A = 3 has dimension 1 or 2.

o Proof: The statement that the eigenspace has dimension at least 1 is immediate, because (by assumption)
A is a root of the characteristic polynomial and therefore has at least one nonzero eigenvector associated

to it.
o For the other statement, suppose the A-eigenspace of T' has basis {v1,...,v;} and extend this set to a
basis 8 = {vi,..., Vg, Wgt1,...,Wp} of V.

o Then since T(v;) = Av; for each 1 < i < k, the associated matrix A = [T]g has its first k£ columns agree
with X\ times the identity matrix: explicitly, A = [ /\ék g

(n—k) x (n — k) matrix C.

] for some k x (n — k) matrix B and some

- [ =Nk -B
o Then tI, — A has the form tI, — A = { 0 tl, n—C
(t = N)Fdet(tl—r — C).

o But since the characteristic polynomial of T is the same as the characteristic polynomial det (¢, — A) of
A, this means the characteristic polynomial of 7" is divisible by (t — A\)* hence \ appears at least k times
as a root. In other words, the algebraic multiplicity is at least as large as the geometric multiplicity, as
claimed.

} whence the determinant det(¢I, — A) =

4.2 Diagonalization

e Let us now return to our original question that motivated our discussion of eigenvalues and eigenvectors in
the first place: given a linear operator T': V' — V on a finite-dimensional vector space V, can we find a basis
B of V such that the associated matrix [T]g is a diagonal matrix?

4.2.1 Diagonalizability

e Definition: A linear operator T : V — V on a finite-dimensional vector space V is diagonalizable if there

exists a basis 8 of V such that the associated matrix [T ]g is a diagonal matrix.



o We can also formulate essentially the same definition for matrices: if A is an n X n matrix, then A is the
associated matrix of T': F'™ — F™ given by left-multiplication by A.

o We then would like to say that A is diagonalizable when T is diagonalizable.

o By our results on change of basis, this is equivalent to saying that there exists an invertible matrix
Q € Myxn(F), namely the change-of-basis matrix @ = [I]5, for which Q' AQ = [I}E[T];;[I]g = [T]g is
a diagonal matrix.

Definition: An n x n matrix A € M, «,(F') is diagonalizable over F if there exists an invertible n x n matrix
Q € M, xn(F) for which Q71 AQ is a diagonal matrix.

o Warning: We will often leave the field F' implicit in our discussion. Whether a particular matrix is
diagonalizable does partly depend on the field F' we are working in.

o Recall that we say two n x n matrices A and B are similar if there exists an invertible n x n matrix @
such that B = Q1 AQ.

o Thus, a matrix is diagonalizable precisely when it is similar to a diagonal matrix.

Our goal is to study and then characterize diagonalizable linear transformations, which (per the above dis-
cussion) is equivalent to characterizing diagonalizable matrices.

Proposition (Characteristic Polynomials and Similarity): If A and B are similar, then they have the same
characteristic polynomial, determinant, trace, and eigenvalues (and their eigenvalues have the same multiplic-
ities).
o Proof: Suppose B = Q 1AQ. For the characteristic polynomial, we simply compute det(t] — B) =
det(Q 1(t1Q — Q7TAQ) = det(Q~ 1 (tI — A)Q) = det(Q 1) det(t] — A) det(Q) = det(t] — A).

o The determinant and trace are both coefficients (up to a factor of £1) of the characteristic polynomial,
so they are also equal.

o Finally, the eigenvalues are the roots of the characteristic polynomial, so they are the same and occur
with the same multiplicities for A and B.

The eigenvectors for similar matrices are also closely related:

Proposition (Eigenvectors and Similarity): If B = Q7' AQ), then v is an eigenvector of B with eigenvalue ) if
and only if Qv is an eigenvector of A with eigenvalue A.

o Proof: Since @ is invertible, v = 0 if and only if Qv = 0. Now assume v # 0.
o First suppose v is an eigenvector of B with eigenvalue A\. Then A(Qv) = Q(Q 1AQ)v = Q(Bv) =
Q(Av) = A(Qv), meaning that Qv is an eigenvector of A with eigenvalue \.

o Conversely, if Qv is an eigenvector of A with eigenvalue \. Then Bv = Q7 'A(Qv) = Q7 '\(Qv) =
AMQ™1Qv) = Av, so v is an eigenvector of B with eigenvalue \.

Corollary: If B = Q' AQ, then the eigenspaces for B have the same dimensions as the eigenspaces for A.

As we have essentially worked out already, diagonalizability is equivalent to the existence of a basis of eigen-
vectors:

Theorem (Diagonalizability): A linear operator T': V' — V is diagonalizable if and only if there exists a basis
B of V' consisting of eigenvectors of T

o Proof: First suppose that V has a basis of eigenvectors 8 = {v1,...,v,} with respective eigenvalues
A1, , Ap. Then by hypothesis, T'(v;) = A\;v;, and so [T]g is the diagonal matrix with diagonal entries
ALy ooy A

o Conversely, suppose T is diagonalizable and let 5 = {vy,...,v,} be a basis such that [T]g is a diagonal
matrix whose diagonal entries are Aq, ..., A,. Then by hypothesis, each v; is nonzero and T'(v;) = \;v;,
so each v; is an eigenvector of T

10



e Although the result above does give a characterization of diagonalizable transformations, it is not entirely
obvious how to determine whether a basis of eigenvectors exists.

(¢]

(¢]

It turns out that we can essentially check this property on each eigenspace.

As we already proved, the dimension of the A-eigenspace of T is less than or equal to the multiplicity of
A as a root of the characteristic polynomial.

But since the characteristic polynomial has degree n, that means the sum of the dimensions of the
A-eigenspaces is at most n, and can equal n only when each eigenspace has dimension equal to the
multiplicity of its corresponding eigenvalue.

Our goal is to show that the converse holds as well: if each eigenspace has the proper dimension, then
the matrix will be diagonalizable.

o We first need an intermediate result about linear independence of eigenvectors having distinct eigenvalues:

e Theorem (Independent Eigenvectors): If vy, va, ..., v, are eigenvectors of T associated to distinct eigenvalues
A1y Agy..vy Ap, then vy, va, ..., v, are linearly independent.

(¢]

(¢]

(¢]

Proof: We induct on n.

The base case n = 1 is trivial, since by definition an eigenvector cannot be the zero vector.

Now suppose n > 2 and that we had a linear dependence a1v+- - -+a, Vv, = 0 for eigenvectors vi,..., v,
having distinct eigenvalues A1, A, ..., Ay,

Applying T to both sides yields 0 =T'(0) = T'(a1v1 + -+ + apvy) = a1(A1vy) + -+ an(Anvy).

But now if we scale the original dependence by A; and subtract this new relation (to eliminate v1), we
obtain ag(A2 — A1)va +as(As — A1)vs + -+ + an (A — A1) v, = 0.

By the inductive hypothesis, all coefficients of this dependence must be zero, and so since A\ # \; for
each k, we conclude that as = --- = a, = 0. Then a;v; = 0 implies a; = 0 also, so we are done.

e We also must formalize the notion of what it means to have all of the necessary eigenvalues in F":

e Definition: If p(z) € F[z], we say that p(z) splits completely over F if p(x) can be written as a product of
linear factors in F[z]: i.e., as p(x) = a(x —r1)(z —r2) -+ - (x — rq) for some a,r1,79,...,7q € F.

(¢]

e}

o

(¢]

Informally, a polynomial splits completely over F' when all of its roots are actually elements of F', rather
than in some larger field.

Example: The polynomial 22 — 1 splits completely over Q, since we can write 22 — 1 = (z — 1)(z + 1) in
Q[x].

Example: The polynomial 22 — 2 does not split completely over Q, but it does split completely over R
since we can write 2 — 2 = (x — v/2)(z + v/2) in R[z]. Notice here that the roots v/2 and —+/2 of this
polynomial are not elements of Q but are elements of R.

If A is an n x n matrix, we say that all of the eigenvalues of A lie in F' when the characteristic polynomial
of A splits completely over F.

e Now we can establish our diagonalizability criterion for matrices:

e Theorem (Diagonalizability Criterion): A matrix A € M,,x,(F) is diagonalizable (over F') if and only if all of
its eigenvalues lie in F' and, for each eigenvalue A, the dimension of the A-eigenspace is equal to the multiplicity
of A as a root of the characteristic polynomial.

o

o

e}

Proof: If the n x n matrix A is diagonalizable, then the diagonal entries of its diagonalization are the
eigenvalues of A, so they must all lie in the scalar field F'.

Furthermore, by our previous theorem on diagonalizability, V' has a basis [ of eigenvectors for A. For
any eigenvalue \; of A, let b; be the number of elements of 8 having eigenvalue \;, and let d; be the
multiplicity of \; as a root of the characteristic polynomial.

Then ), b; = n since 3 is a basis of V, and ) . d; = n by our results about the characteristic polynomial,
and b; < d; as we proved before. Thus, n =), b; <> d; = n, so n; = d; for each i.

11



o For the other direction, suppose that all eigenvalues of A lie in F' and that b; = d; for all i. Then let
8 be the union of bases for each eigenspace of A: by hypothesis, 3 contains ) . b; = >, d; = n vectors,
so to conclude it is a basis of the n-dimensional vector space V', we need only show that it is linearly
independent.

o Explicitly, let 8; = {v; 1,...,v;, } beabasis of the \;-eigenspace for each ¢, so that § = {v1,1,Vi2,..., Vi ;}
and Av; ; = A\;v; ; for each pair (4, j).

o Suppose we have a dependence a1 1vi1 + -+ ag;jvi; = 0. Let w; = Zj a; Vi j, and observe that w;
has Aw; = \;w;, and that wq +wo + -+ +w; = 0.

o If any of the w; were nonzero, then we would have a nontrivial linear dependence between eigenvectors
of A having distinct eigenvalues, which is impossible by the previous theorem.

o Therefore, each w; = 0, meaning that a; 1v;1 + -+ + a; Vs ;, = 0. But then since 3; is linearly
independent, all of the coefficients a; ; must be zero. Thus, 3 is linearly independent and therefore is a
basis for V.

e Corollary: If A € M,,«,,(F) has n distinct eigenvalues in F, then A is diagonalizable over F'.

o Proof: Every eigenvalue must occur with multiplicity 1 as a root of the characteristic polynomial, since
there are n eigenvalues and the sum of their multiplicities is also n. Then the dimension of each eigenspace
is equal to 1 (since it is always between 1 and the multiplicity), so by the theorem above, A is diagonal-
izable.

4.2.2 Computing Diagonalizations

e The proof of the diagonalizability theorem gives an explicit procedure for determining both diagonalizability
and the diagonalizing matrix. To determine whether a linear transformation 7" (or matrix A) is diagonalizable,
and if so how to find a basis 8 such that [T]g is diagonal (or a matrix Q with Q~*AQ diagonal), follow these
steps:

o Step 1: Find the characteristic polynomial and eigenvalues of T' (or A).
o Step 2: Find a basis for each eigenspace of T' (or A).

o Step 3a: Determine whether T (or A) is diagonalizable. If each eigenspace is “nondefective” (i.e., its
dimension is equal to the number of times the corresponding eigenvalue appears as a root of the charac-
teristic polynomial) then T is diagonalizable, and otherwise, T is not diagonalizable.

o Step 3b: For a diagonalizable linear transformation 7', take 8 to be a basis of eigenvectors for T. For a
diagonalizable matrix A, the diagonalizing matrix @ can be taken to be the matrix whose columns are
a basis of eigenvectors of A.

e Example: For T : R? — R? given by T(z,y) = (—2y, 3z + 5y), determine whether T is diagonalizable and if
so, find a basis  such that [T]g is diagonal.

o The associated matrix A for T relative to the standard basis is A = [ g _52 } .

o For the characteristic polynomial, we compute det(t — A) = t2 —5t+6 = (t —2)(t —3), so the eigenvalues
are therefore A = 2, 3. Since the eigenvalues are distinct we know that T is diagonalizable.

o A short calculation yields that (1, —1) is a basis for the 2-eigenspace, and that (—2,3) is a basis for the
3-eigenspace.

o Thus, for 8 = ’ {(1,-1),(-2,3)}

, we can see that [T]g = [ 20 } is diagonal.

0 3
1 -1 -1
e Example: For A= | 0 1 —1 |, determine whether there exists a diagonal matrix D and an invertible
0 0 1

matrix Q with D = Q' AQ, and if so, find them.

12



o We compute det(t] — A) = (t — 1)3 since tI — A is upper-triangular, and the eigenvalues are A = 1,1, 1.

0 11
o The 1-eigenspace is then the nullspace of I — A= | 0 0 1 |, which (since the matrix is already in
0 0 0
1
row-echelon form) is 1-dimensional and spanned by | 0
0

o Since the eigenspace for A = 1 is 1-dimensional but the eigenvalue appears 3 times as a root of the

characteristic polynomial, the matrix A is | not diagonalizable | and there is no such Q.

1 -1 0
e Example: For A= | 0 2 0 [, determine whether there exists a diagonal matrix D and an invertible
0 2 1

matrix Q with D = Q1 AQ, and if so, find them.

o We compute det(t] — A) = (t — 1)2(t — 2), so the eigenvalues are A\ = 1,1, 2.

1 0 -1
o A short calculation yields that | O |, | 0 | is a basis for the 1-eigenspace and that 1 is a basis
0 1 2

for the 2-eigenspace.

o Since the eigenspaces both have the proper dimensions, A is diagonalizable, and we can take D =

1 00 1 0 —1 1 1 0
01 0 with Q = 0 0 1 . To check this calculation, as Q' = | 0 —2 1 |, then
0 0 2 01 2 0 1 0
1 1 0 1 -1 0 1 0 -1 1 00
we can see indeed that Q7'AQ =] 0 -2 1 0 2 0 00 1 =101 0| =D
0 1 0 0 2 1 01 2 0 0 2
2 00 -1 1 0
o Remark: We could instead have chosen D = [ 0 1 0 |, and then Q = 1 0 0 | would have
0 0 1 2 01

been the associated conjugating matrix instead. There is no particular reason to care much about which
diagonal matrix we want as long as we make sure to arrange the eigenvectors in the correct order. We
could also have used any other bases for the eigenspaces to construct Q.

e Knowing that a matrix is diagonalizable can be very computationally useful.

o For example, if A is diagonalizable with D = Q1 AQ, then it is very easy to compute any power of A.
o Explicitly, since we can rearrange to write A = QDQ™!, then A*¥ = (QDQ~1)* = Q(D*)Q ™!, since the
conjugate of the kth power is the kth power of a conjugate.

o But since D is diagonal, D* is simply the diagonal matrix whose diagonal entries are the kth powers of
the diagonal entries of D.

-2 —6

e Example: If A = [ 3 7

} , find a formula for the kth power A, for k a positive integer.
o First, we (try to) diagonalize A. Since det(t] — A) =2 — 5t +4 = (t — 1)(t — 4), the eigenvalues are 1
and 4. Since these are distinct, A is diagonalizable.

_12 } is a basis for the l-eigenspace, and [ _11 } is a

o Computing the eigenvectors of A yields that [

basis for the 4-eigenspace.

1 0 -2 -1 -1 -1
— 1 _ 1
o Then D =Q AQWhereD{O ]andQ{ 1 1 },andalso@ { 1 ) }

1 0 -2 -1 1 0 -1 -1 24k 2_ 9.4k
k _ k __ kNn—1 _ _
oThenD—{O 4k:|,SOA =QD"Q —{1 1}{0 4k][1 2]—{_1+4k _1+2,4k].
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o Remark: This formula also makes sense for values of k which are not positive integers. For example, if
7/4  3/2
-3/4 -1/2

0 -2 . o | -2 =6 _
1 3 :|,WhOSG square satisfies B { 3 - ]A.

k = —1 we get the matrix { } which is actually the inverse matrix A=!. And if we set

1
k= 3 we get the matrix B = [

e By diagonalizing a given matrix, we can often prove theorems in a much simpler way. Here is a typical
example:

e Definition: If T : V' — V is a linear operator and p(z) = ap + a1z + - - + a, 2™ is a polynomial, we define
p(T) =aol + a1 T+ ---+a,T". Similarly, if A is an n x n matrix, we define p(4) = agl,, + a1 A+ -+ -+ a, A™.

o Since conjugation preserves sums and products, it is easy to check that Q~!p(A)Q = p(A~1AQ) for any
invertible Q.

e Theorem (Cayley-Hamilton): If p(z) is the characteristic polynomial of a matrix A, then p(A) is the zero
matrix 0.

o The same result holds for the characteristic polynomial of a linear operator 7' : V — V.
2 2 t—2 =2

o Example: Forthematrle[3 1 3 +_1

} we have det(t] — A) =

10 6
9 7

‘(tl)(tQ)G
10 6]_

t2 — 3t — 4. We can compute A? = 9 7

6 6| (4 0] _[00
9 3 0 4] |0 0}
o Proof (if A is diagonalizable): If A is diagonalizable, then let D = Q1 AQ with D diagonal, and let p(x)
be the characteristic polynomial of A.

, and then indeed we have A2 — 34 — 41, = [

o The diagonal entries of D are the eigenvalues A1,---, A, of A, hence are roots of the characteristic
polynomial of A. So p(A) =---=p(A\,) =0.

o Then, because raising D to a power just raises all of its diagonal entries to that power, we can see that
A1 p(A1) 0
p(D) = p - - |=o
An p(An) 0
o Now by conjugating each term and adding the results, we see that 0 = p(D) = p(Q1AQ) = Q! [p(4)] Q.
So by conjugating back, we see that p(A) = Q- 0-Q~! = 0, as claimed.

e In the case where A is not diagonalizable, the proof of the Cayley-Hamilton theorem is substantially more
difficult. In the next section, we will treat this case using the Jordan canonical form.

4.3 Generalized Eigenvectors and the Jordan Canonical Form

e As we saw in the previous section, there exist matrices which are not conjugate to any diagonal matrix.
For computational purposes, however, we might still like to know what the simplest form to which a non-
diagonalizable matrix is similar. The answer is given by what is called the Jordan canonical form:

e Definition: The n x n Jordan block with eigenvalue A is the n x n matrix J having As on the diagonal, 1s
directly above the diagonal, and zeroes elsewhere.

o O >
S >~
> = O

o Here are the general Jordan block matrices of sizes 2, 3, and 4: [

O >
> =
| I
O OO >
S O > =
> o o

S >~ O

14



Ji

J2
e Definition: A matrix is in Jordan canonical form if it is a “block-diagonal matrix” of the form
Ji
where each Jp, - -+, Ji is a square Jordan block matrix (possibly with different eigenvalues and different sizes).
[2 0 0]
o Example: The matrix | 0 3 0 | is in Jordan canonical form, with J; = [2], Jo = [3], J5 = [4]
| 0 0 4 |
[2 1 0] 5 1
o Example: The matrix | 0 2 0 | isin Jordan canonical form, with J; = { 0 2 ] and Jy = [3].
| 0 0 3 |
1 0 0 0
. 01 1 0. . . . 11
o Example: The matrix 00 1 ol B Jordan canonical form, with J; = [1], Jo = 0 1l
00 01
Js =[1].
0010 010
o Example: The matrix 00 0 0 is in Jordan canonical form, with J; = | 0 0 1 | and Jo = [0].
0 00 O 0 00

e Our

goal is to prove that every matrix is similar to a Jordan canonical form and to give a procedure for

computing the Jordan canonical form of a matrix.

e}

(¢]

The Jordan canonical form therefore serves as an “approximate diagonalization” for non-diagonalizable
matrices, since the Jordan blocks are very close to being diagonal matrices.

In order to describe the procedure, however, we require some preliminary results.

e We will begin by proving that any linear transformation can be represented by an upper-triangular matrix
with respect to some basis.

e Theorem (Upper-Triangular Associated Matrix): Suppose T : V — V is a linear operator on a finite-

dimensional complex vector space. Then there exists a basis § of V such that the associated matrix [T]ﬁ

B

is upper-triangular.

(¢]

o

e}

Proof: We induct on n = dim(V).
For the base case n = 1, the result holds trivially, since any basis will yield an upper-triangular matrix.

For the inductive step, now assume n > 2, and let A be any eigenvalue of T. (From our earlier results,
T necessarily has at least one eigenvalue.)

Define W = im(T — AI): since A is an eigenvalue of T, ker(T — AI) has positive dimension, so dim(W) <
dim(V).

We claim that the map S : W — V given by S(w) = T(w) has im(S) contained in W, so that S will be
a linear operator on W (to which we can then apply the inductive hypothesis).

To see this, let w be any vector in W. Then S(w) = (T — AI)w + Aw, and both (T — AI)w and Aw are
in W: since W is a subspace, we conclude that S(w) also lies in W.

Now since S is a linear operator on W, by hypothesis there exists a basis v = {wy,...,wy} for W such
that the matrix [S]7 is upper-triangular.

Extend v to a basis 8 = {wy,..., Wk, Vki1,...,Vn} of V. We claim that [T]g is upper-triangular.

The upper k x k portion of [T]g is the matrix [S]7 which is upper-triangular by hypothesis. Furthermore,
for each v; we can write T'(v;) = (T — A )v; + Av;, and (T'— AI)v; is in W, hence is a linear combination
of {wy,...,wg}.

Thus, [T]g is upper-triangular, as claimed.
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e We will now build on this result by showing that we can improve our choice of basis to yield a matrix in
Jordan canonical form. We will in particular need the following refinement:

e Corollary: Suppose T : V' — V is a linear operator on a finite-dimensional vector space such that the scalar
field of V' contains all eigenvalues of T'. If X\ is an eigenvalue of T having multiplicity d, then there exists
a basis 8 of V' such that the associated matrix [T’ ]g is upper-triangular and where the last d entries on the
diagonal of this matrix are equal to \.

o Proof: Apply the same inductive construction as the proof above, using the eigenvalue A\ at each stage
of the construction where it remains an eigenvalue of the subspace W.

o We observe that the diagonal entries of [T]g are the eigenvalues of T' (counted with multiplicity).
o Also observe that det(t] —T) = det(tI — S) - (t — \)4™mFA)  where ) is the \-eigenspace of T. Thus, all
eigenvalues of S will also lie in the scalar field of V.

o Thus, if at any stage of the construction we have not yet reached d diagonal entries equal to A, the
operator S will still have A as an eigenvalue, and we will generate at least one additional entry of A on
the diagonal in the next step of the construction.

4.3.1 Generalized Eigenvectors

e Ultimately, a non-diagonalizable linear transformation (or matrix) fails to have enough eigenvectors for us to
construct a diagonal basis. By generalizing the definition of eigenvector, we can fill in these “missing” basis
entries.

e Definition: For a linear operator T': V — V, a nonzero vector v satisfying (A4 — A\I)*v = 0 for some positive
integer k and some scalar A is called a generalized eigenvector of T'.

o We take the analogous definition for matrices: a generalized eigenvector for A is a nonzero vector v with
(A — XI)kv = 0 for some positive integer k£ and some scalar .

o Observe that (regular) eigenvectors correspond to k = 1, and so every eigenvector is a generalized
eigenvector. The converse, however, is not true:

e Example: Show that v = [ 4

1 bl ] that is not a (regular)

] is a generalized 2-eigenvector for A = [ 1 3

2-eigenvector.

o We compute (A—21)v = { _11 _11 ] { 411 } = { _55 ] , and since this is not zero, v is not a 2-eigenvector.

o However, (A — 21)%*v = { _11 _11 ] [ _55 } = { 8 }, and so v is a generalized 2-eigenvector, with
k=2

e Although it may seem that we have also generalized the idea of an eigenvalue, in fact generalized eigenvectors
can only have their associated constant A be an eigenvalue of T"

e Proposition (Eigenvalues for Generalized Eigenvectors): If T: V' — V is a linear operator and v is a nonzero
vector satisfying (T'— AI)¥v = 0 for some positive integer k and some scalar ), then ) is an eigenvalue of T'.
Furthermore, the eigenvalue associated to a generalized eigenvector is unique.

o Proof: Let k be the smallest positive integer for which (7' — AI)*v = 0. Then by assumption, w =
(T—MI)*=1v is not the zero vector, but (T—AI)w = 0. Thus, w is an eigenvector of T' with corresponding
eigenvalue \.

o For uniqueness, we claim that T — I is one-to-one on the generalized \-eigenspace for any p # A. Then
by a trivial induction, (T"— uI)™ will also be one-to-one on the generalized A-eigenspace for each n, so
no nonzero vector can be in the kernel.

o So suppose that v is a nonzero vector in the generalized A-eigenspace and that (T — ul)v = 0. Let
k be the smallest positive integer such that (T'— AI)*v = 0: then w = (T — AI)*~!v is nonzero and
(T —M)w = 0.
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Also, we see that (T — ul)w = (T — pul)(T — M)~ v = (T — X[)FY(T — pl)v = (T — M\I)*~10 = 0.

Then w would be a nonzero vector in both the \-eigenspace and the u-eigenspace, which is impossible.

e Like the (regular) eigenvectors, the generalized A-eigenvectors (together with the zero vector) also form a
subspace, called the generalized A-eigenspace:

e Proposition (Generalized Eigenspaces): For a linear operator T : V' — V| the set of vectors v satisfying

(T -

[¢]

(¢]
[¢]
(@]

A )*v = 0 for some positive integer k is a subspace of V.

Proof: We verify the subspace criterion.

[S1]: Clearly, the zero vector satisfies the condition.
[S2]: If v; and v, have (T — AI)*¥1vy = 0 and (T — A\I)*2vy = 0, then (T — )J)max(kl’k?)(vl +vy) =0.
[S3]: If (T — M)kv = 0, then (T — M\ )*(cv) = 0 as well.

e From the definition of generalized eigenvector alone, it may seem from the definition that the value k with
(M — T)*v = 0 may be arbitrarily large. But in fact, it is always the case that we can choose k < dim(V)
when V is finite-dimensional:

e Theorem (Computing Generalized Eigenspaces): If T : V' — V is a linear operator and V is finite-dimensional,
then the generalized A-eigenspace of T is equal to ker(T — AI)¥™(V), In other words, if (T'— A\I)*v = 0 for
some positive integer k, then in fact (T — A\I)4™(V)y = 0.

(¢]

(¢]

[¢]

Proof: Let S =T — A and define W; = ker(S?) for each i > 1.

Observe that Wy € Wy C W3 C -- -, since if S*v = 0 then S*t*v = 0 for each k > 1.

We claim that if W; = W, 4, then all W, are also equal to W; for all k£ > 1: in other words, that if
two consecutive terms in the sequence are equal, then all subsequent terms are equal.

So suppose that W; = W;, 1, and let v be any vector in W; 2. Then 0 = S*+2v = S**1(Sv), meaning
that Sv is in ker(S*1) = W; 1 = W; = ker(S?). Therefore, S*(Sv) = 0, so that v is actually in W, .
Therefore, W12 = W,;11. By iterating this argument we conclude that W; = W;y1 = W49 = -+ as
claimed.

Returning to the original argument, observe that dim(W;) < dim(Ws) < --- < dim(W}) < dim(V) for
each k£ > 1.

Thus, since the dimensions are all nonnegative integers, we must have dim(Wy) = dim(Wj1) for some
k < dim(V), as otherwise we would have 1 < dim(W;) < dim(Ws) < --- < dim(W}), but this is not
possible since dim (W) would then exceed dim(V).

Then Wi = Wiy1 = Wit =+ = Waimv) = Waim(v)41 = -+

Finally, if v is a generalized eigenvector, then it lies in some W;, but since the sequence of subspaces W;
stabilizes at Waim (v, we conclude that v is contained in Wyjm vy = ker(S4m(V)) = ker(T — AI)dim(V),
as claimed.

e The theorem above gives us a completely explicit way to find the vectors in a generalized eigenspace, since
we need only find all possible eigenvalues A for T', and then compute the kernel of (7' — AI)¥™(V) for each .

(e}

(¢]

e Example: Find a basis for each generalized eigenspace of A = | —1

e}

We will show later that it is not generally necessary to raise T'— Al to the full power dim(V): in fact,
it is sufficient to compute the kernel of (T" — )%, where d; is the multiplicity of A as a root of the
characteristic polynomial.

The advantage of taking the power as dim(V'), however, is that it does not depend on T or A in any way.
2 0 0

2 1
1 -1 0

By expanding along the top row, we see det(t] — A) = (t — 1)%(t — 2). Thus, the eigenvalues of A are
A=1,1,2.
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[¢]

e}

1 00
For the generalized 1-eigenspace, we must compute the nullspace of (A —1)> = | —1 0 0 |. Upon
1 0 0
row-reducing, we see that the generalized 1-eigenspace has dimension 2 and is spanned by the vectors

0 0

1 | and | O
0 1
0O 0 O
For the generalized 2-eigenspace, we must compute the nullspace of (4 —2I)3 = | -1 2 3
1 -3 —4
Upon row-reducing, we see that the generalized 2-eigenspace has dimension 1 and is spanned by the
1
vector | —1
1

e In the example above, note that neither of the generalized 1-eigenvectors is a 1-eigenvector, so the 1-eigenspace
of A is only 1-dimensional. Thus, A is not diagonalizable, and V' does not possess a basis of eigenvectors of

A.

o On the other hand, we can also easily see from our description that V' does possess a basis of generalized
eigenvectors of A.

o Our goal is now to prove that there always exists a basis of generalized eigenvectors for V. Like in our
argument for (regular) eigenvectors, we first prove that generalized eigenvectors associated to different
eigenvalues are linearly independent.

e Theorem (Independent Generalized Eigenvectors): If vy, vs, ..., v, are generalized eigenvectors of T associ-
ated to distinct eigenvalues A1, A2,..., A\, then vy, vs, ..., v, are linearly independent.

(¢]

(¢]

(¢]

Proof: We induct on n.
The base case n =1 is trivial, since by definition a generalized eigenvector cannot be the zero vector.

Now suppose n > 2 and that we had a linear dependence a1v1+- - -+a, v, = 0 for generalized eigenvectors
vi,...,Vy, having distinct eigenvalues A1, Ao,..., Aj.

Suppose that (T — A I)*vy = 0. Then applying (T — A I)* to both sides yields 0 = T(0) = a;(T —
/\1])kvl + e + an(T — /\1[)kvn = ag(T — )\1[)kV2 —|— R —|— CL.,L(T — All)kvn.

Now observe that (7'— A1 I)¥v; lies in the generalized \;-eigenspace, for each j, because if (T —\;I)%v; =
0, then (T - )\]I)a[(T - )\1[)ij] = (T - All)k[(T - Aj])an] = (T - )\1[)’“0 =0.

By the inductive hypothesis, each of these vectors a;(T — )\1[)ij must be zero. If a; # 0, then this
would imply that v; is a nonzero vector in both the generalized A;-eigenspace and the generalized A;-
eigenspace, which is impossible. Therefore, a; = 0 for all j > 2. We then have a;v; = 050 a; = 0 as
well, meaning that the v; are linearly independent.

e Next, we compute the dimension of a generalized eigenspace.

e Theorem (Dimension of Generalized Eigenspace): If V is finite-dimensional, T': V' — V is linear, and X is a
scalar, then the dimension of the generalized A-eigenspace is equal to the multiplicity d of A as a root of the
characteristic polynomial of T, and in fact the generalized M-eigenspace is the kernel of (7' — \I).

[¢]

o

(¢]

Proof: Suppose the multiplicity of A as a root of the characteristic polynomial of T is d.

As we proved earlier, there exists a basis 3 of V for which the associated matrix A = [T]g is upper-
triangular and has the last d diagonal entries equal to A. (The remaining diagonal entries are the other
eigenvalues of T, which by hypothesis are not equal to \.)

D x
0 U
the diagonal and U is a d x d upper-triangular matrix with zeroes on the diagonal.

Then, for B = A — A\, we see that B = , where D is upper-triangular with nonzero entries on
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o

(¢]

o

pdim(V) "

Observe that BIm(Y) = 0 [dim(V)

, and also, by a straightforward induction argument, U¢

is the zero matrix, so U4™(V) is also the zero matrix, since d < dim(V/).

The generalized \-eigenspace then has dimension equal to the nullity of (A4 — X\I)4m(V) = Bdim(V) g
since DYM(V) is upper-triangular with nonzero entries on the diagonal, we see that the nullity of B4m(V)
is exactly d.

The last statement follows from the observation that U? is the zero matrix.

00 1 0
. . . . . 0 2 -3 1 .
e Example: Find the dimensions of the generalized eigenspaces of A = 01 -2 1 |’ and then verify the
0 0 -1 1

result by finding a basis for each generalized eigenspace.

(¢]

(¢]

o

[}

Some computation produces det(tI — A) = t3(t — 1). Thus, the eigenvalues of A are A = 0,0,0, 1.

So by the theorem above, the dimension of the generalized 0-eigenspace is 3 and the dimension of the
generalized 1-eigenspace is 1.

0o 0 0 0 1 0 0
0 1 -1 0 0 1 0
. _ . 4 — .
For the generalized 0-eigenspace, the nullspace of A 0 0 0 0 has basis ol 11110
0 -1 1 0 0 0 1
Since 1 is a root of multiplicity 1, the generalized 1-eigenspace is simply the l-eigenspace, and row-
1 0 -1 0 0
. 0o -1 3 -1 . . 1
reducing [ — A = 0 -1 3 -1 yields a basis vector 0
0 0 1 0 -1

e At last, we can show that any finite-dimensional (complex) vector space has a basis of generalized eigenvectors:

e Theorem (Spectral Decomposition): If V' is finite-dimensional, T : V' — V is linear, and all eigenvalues of T
lie in the scalar field of V', then V has a basis of generalized eigenvectors of T

(¢]

Proof: Suppose the eigenvalues of T are \; with respective multiplicities d; as roots of the characteristic
polynomial, and let 8; = {v;1,...,V; 4, } be a basis for the generalized \;-eigenspace for each 1 <i < k.

We claim that § = 3, U---U ( is a basis for V.

By the previous theorem, the number of elements in 3; is d;: then § contains ), d; = dim(V') vectors,
so to show [ is a basis it suffices to prove linear independence.

So suppose we have a dependence a;,1vy1 + -+ ak;Ve; = 0. Let w; = Zj a; ;v j: observe that w;
lies in the generalized \;-eigenspace and that wy + wo + -+ - + wi = 0.

If any of the w; were nonzero, then we would have a nontrivial linear dependence between generalized
eigenvectors of T having distinct eigenvalues, which is impossible.

Therefore, each w; = 0, meaning that a;1v;1 + -+ + @;4,Viq, = 0. But then since j3; is linearly
independent, all of the coefficients a; ; must be zero. Thus, 3 is linearly independent and therefore is a
basis for V.

4.3.2 The Jordan Canonical Form

e Now that we have established the existence of a basis of generalized eigenvectors (under the assumption that
V is finite-dimensional and that its scalar field contains all eigenvalues of T'), our goal is to find as simple a
basis as possible for each generalized eigenspace.

e To motivate our discussion, suppose that there is a basis 8 = {vi_1,Vi_2,...,v1,vo} of V such that T: V —
A1 0 O
0 X 1 0
V has associated matrix [T]’g = , a Jordan block matrix.
o o0 -1
00 0 A
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o

Then Tvg_1 = Avi—1 and T(v;) = Av; + v;41 foreach 0 < ¢ < k — 2.
Rearranging, we see that (T'— AI)vi_1 =0 and (T — AI)v; = v;41 for each 0 < i < k — 2.

O

[¢]

Thus, by a trivial induction, we see that v is a generalized A-eigenvector of T and that v; = (T — AI)*vq
foreach 0 <7<k —1.

[¢]

In other words, the basis 8 is composed of a “chain” of generalized eigenvectors obtained by successively
applying the operator T'— AI to a particular generalized eigenvector vy.

e Definition: Suppose T : V — V is linear and v is a generalized M-eigenvector of T such that (T — M\ )*v = 0
and k is minimal. The list {vx_1,Vk_2,...,V1,Vo}, where v; = (T — AI)*v for each 0 <i < k — 1, is called a
chain of generalized eigenvectors.

o By running the calculation above in reverse (assuming for now that the v; are linearly independent), if

we take 8 = {vk_1,...,v1,Vo} as an ordered basis of W = span(f), then the matrix associated to T' on
A1 0 0
0 x 1 0
W has the form . : in other words, a Jordan-block matrix.
o o0 -1
0 0 0 A

o Our goal is to prove that there exists a basis for the generalized A-eigenspace consisting of chains of
generalized eigenvectors: by applying this to each generalized eigenspace, we obtain a Jordan canonical
form for T.

e A simple way to construct chains of generalized eigenvectors is simply to find a generalized eigenvector and
then repeatedly apply T — AI to it.

-1 2 -2 1
-1 2 -1 1 . . . .

e Example: If A = 0o o0 1 ol find a chain of generalized 1-eigenvectors for A having length 3.
-1 1 -2 1

o We compute det(t] — A) = t(t — 1)3. Thus, the eigenvalues of A are A =0, 1,1, 1.

o By our theorems, the 1-eigenspace is 3-dimensional and equal to the nullspace of the matrix

-1 1 -1 0 1 0 0
0 0 0 O 1 1 0
3= ;
(A-1) 0 0 0 0l hence has a basis ol 111 1o
-11 -1 0 0 0 1
o The first vector is an eigenvector of A (so it only produces a chain of length 0), but if we instead take
0 0 -1
1 0 ) ~1 .
v=| | | weget (A-I)v= 0 and (A—1I)*v = 0 | which has length 3.
0 -1 0

e However, this procedure of constructing a chain starting from an arbitrary generalized eigenvector is rather
haphazard.

o If we are looking to construct a chain of generalized eigenvectors in a more careful manner, we could
instead run the construction in the opposite direction, by starting with a collection of eigenvectors and
trying to find generalized eigenvectors that are mapped to them by T — AI.

o By refining this idea appropriately, we can give a method for constructing a basis for V consisting of
chains of generalized eigenvectors.

e Theorem (Existence of Jordan Basis): If V' is finite-dimensional, T': V' — V is linear, and all eigenvalues of T
lie in the scalar field of V', then V has a basis consisting of chains of generalized eigenvectors of T

o Proof: It suffices to show that each eigenspace has a basis consisting of chains of generalized eigenvectors,
since (as we already showed) the union of bases for the generalized eigenspaces will be a basis for V.

o So suppose A is an eigenvalue of T, let W be the generalized A-eigenspace of V', with dim(W) = d.
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o Also, take S : W — W to be the map S = T — A, and note (as we showed) that S? is the zero
transformation on W.

o We must then prove that there exist vectors wy,...,wy and integers ay,...,a; such that S% (w;) = 0
and the set {wq, Sw1,..., S twy, wo, Swo, ..., 5% twy, ..., Wg,..., 5% lw;} is a basis of W.

o We will show this result by (strong) induction on d. If d = 1 then the result is trivial, since then S is the
zero transformation so we can take a; = 1 and w; to be any nonzero vector in W.

o Now assume d > 2 and that the result holds for all spaces of dimension less than d.

o Since S : W — W is not one-to-one (else it would be an isomorphism, but then S could not be zero)
W' = im(S) has dimension strictly less than d = dim(W).

o If W’ is the zero space, then we can take a1 = -+ = a =1 and {wy,...,wg} to be any basis of W.

o Otherwise, if W’ is not zero, then by the inductive hypothesis, there exist vectors vy,..., v, and integers
ai,...,ag such that S%(v;) = 0 and the set ' = {vy,..., S vy, ... vg, ..., 5% Ly} is a basis of
w’.

o Now, since each v; is in W’ = im(S), by definition there exists a vector w; in W with Sw; = v;. (In
other words, can “extend” each of the chains for W’ to obtain chains for W.)

o Furthermore, note that {S%~1vy,...S% 1y} are linearly independent vectors in ker(S), so we can
extend that set to obtain a basis v = {S%~1vy,... 8%ty 7y, ... 7} of ker(S).

o We claim that the set 8 = {wq,...,5%wWy,..., Vg, ..., 9% Wy, 21,...,Zs} is the desired basis for W. It
clearly has the proper form, since Sz; = 0 for each i, and the total number of vectorsis a;+- - -+ax+s+k.

o Furthermore, since {vi,..., S vy, ... vg,..., 5% tv;} is a basis of W/, dim(im S) = a3 + -+ - + ax,
and since {S¥ vy, ... 8% vy 7, ..., 2.} is a basis of ker(S), we see dim(ker S) = s + k.

o Then dim(W) = dim(ker S) + dim(im S) = a; + - -- + ax + s + k, and so we see that the set S contains
the proper number of vectors.

o It remains to verify that  is linearly independent. So suppose that ¢; W1+ +Cg q, S~y + b1z +
<o+ bszs = 0.

o Since S™w; = S™1v;, applying S to both sides yields c1avi+-+ ckvak_lS“k’lvk =0, so since ' is
linearly independent, all coefficients must be zero.

o The original dependence then reduces to ¢y 4, S W1 + -+ + Cq, Wi + 0121 + - - - + bsz, = 0, but since

v is linearly independent, all coefficients must be zero. Thus, 3 is linearly independent and therefore a
basis for W.

e Using the theorem above, we can establish the existence of the Jordan form, which also turns out to be
essentially unique:

e Theorem (Jordan Canonical Form): If V is finite-dimensional, T': V' — V is linear, and all eigenvalues of T

lie in the scalar field of V, then there exists a basis 8 of V' such that [T]g is a matrix in Jordan canonical
form. Furthermore, the Jordan canonical form is unique up to rearrangement of the Jordan blocks.

o Proof: By the theorem above, each eigenspace of T has a basis consisting of chains of generalized
eigenvectors. If {v,Sv,..., 8% v} is such a chain, where S = T'— A\I and S*v = 0, then we can easily
see that T(S%v) = (S + \)SPv = SPFlv + A\(SbVv), and so the associated matrix for this portion of the
basis is a Jordan-block matrix of size a and eigenvalue .

o Therefore, if we take 8 to be the union of chains of generalized eigenvectors for each eigenspace, then
[T]g is a matrix in Jordan canonical form.

o For the uniqueness, we claim that the number of Jordan blocks of eigenvalue A having size at least d is
equal to dim(ker(T — A\I)9~1) — dim(ker(T — AI)?). Since this quantity depends only on 7' (and not on
the particular choice of basis) and completely determines the exact number of each type of Jordan block,
the number of Jordan blocks of each size and eigenvalue must be the same in any Jordan canonical form.

o To see this, let S = T—\I and take {w1, Swy,..., S wy, wo, Swa, ..., 52 twy, ... Wy, ..., 5% 1w}
to be a Jordan basis for the generalized \-eigenspace: the sizes of the Jordan blocks are then a1 < ag <
e S ag.
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o Then a basis for the kernel of S¢ is given by {S% 9w, ... 8% twy, ..., 5% Fwy, ..., S% 1wy}, where
1 is the smallest value such that d < a;.

o We can see that in extending the basis of ker(S¢~1) to a basis of ker(S?), we adjoin the additional vectors
{S4i—dyw, Sei+1=dw, | .. S%=dw,; 1 and the number of such vectors is precisely the number of a; that
are at least d.

o Thus, dim(ker S?~!) — dim(ker S¢) is the number of Jordan blocks of size at least d, as claimed.

e In addition to proving the existence of the Jordan canonical form, the theorem above also gives us a method for
computing it explicitly: all we need to do is find the dimensions of ker(T — \I), ker(T — \I)?, ... , ker(T — \I )¢
where d is the multiplicity of the eigenvalue A\, and then use the results to find the number of each type of
Jordan block.

o From the analysis above, the number of d x d Jordan blocks with eigenvalue A is equal to — dim(ker(7" —
M) 2 dim(ker(T — M)4) — dim(ker(T — AI)?~1), which, by the nullity-rank theorem, is also equal
to rank((T — AI)9*t1) — 2rank((T — AI)?) + rank((T — A1)?~1).

o When actually working with the Jordan form J of a particular matrix A, one also wants to know the
conjugating matrix Q with A = Q~1JQ.

o By our theorems, we can take the columns of ) to be chains of generalized eigenvectors, but actually
computing these chains is more difficult. A procedure for doing these calculations can be extracted from
our proof of the theorem above, but we will not describe it explicitly.

o 1 0 1
. . -4 3 1 3
e Example: Find the Jordan canonical form of A= | 5 3 9 4

3 -1 -1 -1

o We compute det(t] — A) = (t — 1)%, so the eigenvalues of A are A = 1,1, 1,1, meaning that all of the
Jordan blocks have eigenvalue 1.

-1 1 0 1 1 -1 0 -1

-4 2 1 3 . . 0o 2 -1 1

5 3 EE Row-reducing A—1 yields 00 0 o0

3 -1 -1 =2 0 O 0 0
so rank(A — I) = 2. Furthermore, we can compute that (A — I)? is the zero matrix, so rank(A —I)? = 0.

o Thus, the number of 1 x 1 Jordan blocks is rank(A —I)? — 2rank(A —I)! +rank(A—1)° = 0—-2-2+4 = 0,
and the number of 2 x 2 Jordan blocks is rank(A — 1) — 2rank(A — I)? +rank(A—I)! =0-2-0+2 = 2.

o Thus, there are 2 blocks of size 2 with eigenvalue 1 (and no blocks of other sizes or other eigenvalues),

o To find the sizes, we have A—1T =

1 1 0 0
. . 01 00
so the Jordan canonical form is 00 1 1
0 0 0 1
o -1 3 2
. . 1 0 -2 0
e Example: Find the Jordan canonical form of A = 1 0 3 1
2 -1 -3 0

o We compute det(t] — A) = t(t — 1)3, so the eigenvalues of A are A =0,1,1,1. Since 0 is a non-repeated
eigenvalue, there can only be a Jordan block of size 1 associated to it.

-1 -1 3 2

1 -1 -2 0

-1 0 2 1

2 -1 -3 -1

o To find the Jordan blocks with eigenvalue 1, we have A — I = . Row-reducing

11 -3 -2
. 01 -1 -1

A — I yields 00 1 0o |90 rank(A —T) = 3.
00 0 O
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1 0 -1 -1 1 0 -1 -1
0 0 1 0 00 1 0
2 — ; L
o Next, we compute (A4 — I) 1 0 -2 -1 |’ and row-reducing yields 00 0 0 |0
-2 0 5 2 0 0 O 0
rank(A —I)? = 2.
-2 0 4 2
-1 0 2 1
: 73— _ 13—
o Finally, (A —1)° = 10 2 1 |® rank(A —I)? = 1.
1 0 -2 -1

o Therefore, for A = 1, we see that there are 2 — 2 -3 + 4 = 0 blocks of size 1, 1 — 2 -2 4 3 = 0 blocks of
size 2, and 1 — 2 -1+ 2 =1 block of size 3.

o This means there is a Jordan 1-block of size 3 (along with the Jordan 0-block of size 1), and so the

1 1 0 0

. . 01 10

Jordan canonical form is 0010
00 00O

4.4 Applications of Diagonalization and the Jordan Canonical Form

e The Jordan canonical form, and also the special case of diagonalization, have a wide variety of applications.
The Jordan form is primarily useful as a theoretical tool, although it does also have some important practical
applications to performing computations with matrices as well.

4.4.1 Spectral Mapping and the Cayley-Hamilton Theorem

e First, we establish the Cayley-Hamilton theorem for arbitrary matrices:

e Theorem (Cayley-Hamilton): If p(z) is the characteristic polynomial of a matrix A, then p(A) is the zero
matrix 0.

o The same result holds for the characteristic polynomial of a linear operator T : V. — V on a finite-
dimensional vector space.

o Proof: Since the characteristic polynomial of a matrix does not depend on the underlying field of coeffi-
cients, we may assume that the characteristic polynomial factors completely over the field (i.e., that all
of the eigenvalues of A lie in the field) by replacing the field with its algebraic closure.

o Then by our results, A has a Jordan canonical form J such that J = Q' AQ for some invertible Q. Also
let p(z) = (x — A1)% -+ (x — \x)% be the characteristic polynomial of A.

o We first claim that for a d x d Jordan block matrix J; with associated eigenvalue \;, we have (J; — )\iI)d =

0.
o To see this, let T: V' — V be a linear transformation on a d-dimensional vector space with ordered basis
{vo,v1...,vg—1} having associated matrix J; and let S =T — \;I.

o Then by construction, v;; = Sv; for each 0 < i < d—2, and Svg_; = 0: we then see S%v; = Sy, =
Sivg_1 =0, so S? is the zero transformation on V, as required.

o Now, if J; is any d x d Jordan block in J of eigenvalue \;, the characteristic polynomial of A is divisible
by (t — \;)¢, since \; occurs as an eigenvalue with multiplicity at least d. Therefore, p(.J;) = (J; —
M (J; = NI)% - (J; — M D)% and by the calculation above, (J; — \;I)% = 0, so p(J;) = 0.

p(J1)
o We then see p(J) = = 0, and then finally, p(4) = Q[p(J)]Q™" = Q(0)Q~"' =0,

p(Jn)
as required.

e Using the same ideas, we can also establish the spectral mapping theorem:
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e Theorem (Spectral Mapping): If T : V' — V is a linear operator on an n-dimensional vector space having
eigenvalues Aj, ..., \, (counted with multiplicity), then for any polynomial g(x), the eigenvalues of ¢(T) are

g(A1), - q(An).

o In fact, this result holds if ¢ is replaced by any function that can be written as a convergent power series
(for example, the exponential function).

o Proof: Let 3 be a basis for V such that [T]g = J is in Jordan canonical form. Then [q(T)]g = q(J), so
it suffices to find the eigenvalues of ¢(.J).

o Now observe that if B is any upper-triangular matrix with diagonal entries by 1, ..., by n, then ¢(B) is
also upper-triangular and has diagonal entries q(b1,1),- .., q(bn.n)-

o Applying this to the Jordan canonical form J, we see that the diagonal entries of ¢(J) are g(A1), ..., q(Av),
and the diagonal entries of any upper-triangular matrix are its eigenvalues (counted with multiplicity).

4.4.2 The Spectral Theorem for Hermitian Operators

e We now use our results on generalized eigenvectors and the Jordan canonical form to establish a fundamental
result about the diagonalizability of Hermitian operators known as the spectral theorem:

e Definition: If 7: V — V is a linear transformation and 7™ exists, we say T is Hermitian (or self-adjoint) if
T* =T, and that T is skew-Hermitian if 7% = —T.

o We extend this definition to matrices in the natural way: we say a matrix A is (skew)-Hermitian if

A=T ]g for some basis 5 of V' and some (skew)-Hermitian linear transformation 7.

o As we showed above, the matrix associated to T is A*, the conjugate-transpose of A, so A is Hermitian
precisely when A* = A and A is skew-Hermitian precisely when A* = —A.

o If A is a matrix with real entries, then A is Hermitian if and only if A” = A (i.e., A is a symmetric
matrix), and A is skew-Hermitian if and only if AT = —A (i.e., A is a skew-symmetric matrix).

e Hermitian linear operators and Hermitian matrices have a variety of convenient properties:

e Theorem (Properties of Hermitian Operators): Suppose V is a finite-dimensional inner product space and
T:V — V is a Hermitian linear transformation. Then the following hold:

1. For any v € V, (T'(v), V) is a real number.

o Proof: We have (T'(v),v) = (v,T*(v)) = (v,T(v)) = (T(v),v), so (T'(v),v) is equal to its complex
conjugate, hence is real.

2. All eigenvalues of T are real numbers.

o Proof: Suppose A is an eigenvalue of 1" with eigenvector v # 0.
o Then (T'(v),v) = (Av,v) = A (v, V) is real. Since v is not the zero vector we conclude that (v,v) is
a nonzero real number, so )\ is also real.
3. Eigenvectors of T with different eigenvalues are orthogonal.
o Proof: Suppose that T'vy = A\vy and T'vy = Aava.
o Then A (vq,va) = (T'vy,va) = (v1,T*vy) = (v1,Aava) = Ay (vy, V) since g is real. But since
A1 # Ag, this means (vy, va) = 0.
4. Every generalized eigenvector of T' is an eigenvector of 7.
o Proof: We show by induction that if (7" — AI)*w = 0 then in fact (7' — \I)w = 0.

o For the base case we take k = 2, so that (A — T)?w = 0. Then since ) is an eigenvalue of T" and
therefore real, we have

0=((T—-X)*w,w) = ((T—-X)w,(T—X)"w)
(T = X)w,(T* = XI)w)
(T = AX)w, (T — XI)w)

( )

and thus the inner product of (T' — AI)w with itself is zero, so (T' — AI)w must be zero.
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o For the inductive step, observe that (T — A\I)**'w = 0 implies (T — A\I)* [(T — M\)w] = 0, and
therefore by the inductive hypothesis this means (T — AI) [(T — AI)w] = 0, or equivalently, (T —
A )%*w = 0. Applying the result for k = 2 from above yields (T — A\I)w = 0, as required.

e Using these basic properties, we can prove that Hermitian operators are diagonalizable, and in fact that they
are diagonalizable in a particularly nice way:

e Theorem (Spectral Theorem): Suppose V is a finite-dimensional inner product space over R or C and T :
V — V is a Hermitian linear transformation. Then V has an orthonormal basis § of eigenvectors of T', so in
particular, T is diagonalizable.

o Proof: By (2) above, every eigenvalue of T is real hence lies in the scalar field. Since V has a basis of
generalized eigenvectors of T, and every generalized eigenvector of T is an eigenvector of T by (4) above,
V has a basis of eigenvectors of T" and is therefore diagonalizable.

o Now apply Gram-Schmidt to a basis for each eigenspace to obtain an orthonormal basis for each
eigenspace. Since T is diagonalizable, the union of these bases is a basis for V: furthermore, each
of the vectors has norm 1, and they are all mutually orthogonal by (3) above, so they form the desired
orthonormal basis § of eigenvectors of T

e The matrix version of this theorem is as follows:

e Corollary (Spectral Theorem for Matrices): Let A be a Hermitian matrix. Then there exists a real diagonal
matrix D and a unitary matrix U (i.e., satisfying U* = U~!) such that A = UDU~! = UDU"*.

o Proof: The linear transformation T : C* — C" given by T'(v) = Av is Hermitian hence diagonalizable
via an orthonormal change of basis by the spectral theorem above.

o Let D be the diagonalization and U be the associated change of basis matrix, so that A = UDU~!. Then
D is a real diagonal matrix since the eigenvalues of a Hermitian transformation are real, and U*U = I,
since the columns of U are an orthonormal basis (note that the (i, j)-entry of U*U is the inner product
of the jth column of U with the ith column of U).

e The set of scalars A for which 7' — Al is not invertible is called the spectrum of 7', which when V is finite-
dimensional is simply the set of eigenvalues of T'.

o The spectral theorem shows that V' is the direct sum of the eigenspaces of T', meaning that the action
of T on V can be decomposed into simple pieces (acting as scalar multiplication), with one piece coming
from each element of the spectrum. (This is the reason for the name of the theorem.)

o We can also give a geometric interpretation of the spectral theorem: notice that a matrix U is unitary if
and only if its columns form an orthonormal basis for V', so up to possibly including a reflection along
one axis, U represents a rotation in space around the origin.

o Therefore, the spectral theorem says that we can decompose any Hermitian transformation of V into a
sequence of a rotation of the coordinate axes (applying U*) followed by a scaling along each coordinate
axis (applying D), and then undoing the rotation (applying U).

e As a corollary we obtain the following extremely useful computational fact:
e Corollary: Every real symmetric matrix has real eigenvalues and is diagonalizable over the real numbers.

o Proof: This follows immediately from the spectral theorem on V = R" since a real symmetric matrix is
Hermitian.

e Here are some examples of diagonalizations of Hermitian matrices:

o Example: The real symmetric matrix A = has eigenvalues A = —1,12 and has A = UDU !

3
6 8
2
3

J

-1 0 1 -3
whereD{ 0 12}andU\/ﬁ{ 9
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6 2 -
241 2

1 0 1 5 2—1
WhereD—{0 7}andU—m{2+i _5 }

e To compute these diagonalizations, we need only find an orthonormal basis for each eigenspace.

o Example: The Hermitian matrix A = " | has eigenvalues A = 1,7 and has A = UDU !

3 2 =2
e Example: For A = 2 2 0 |,find adiagonal matrix D and a unitary matrix U such that A = UDU .
-2 0 4

o First, we find the eigenvalues of A. The characteristic polynomial is p(t) = det(t] — A) = 3 — 9t + 18t =
t(t — 3)(t — 9) so the eigenvalues are A = 0, 3,6 and the eigenspaces are all 1-dimensional.

2 1 2
1 1
o A short calculation then yields the orthonormal bases 3 -2 |, 3 2 |, and 3 1 for the 0-,
1 2 -2
3-, and 6-eigenspaces respectively.
0 0 0 1 2 1 2
o Then the desired matrices are D = 0 3 0 and U = 3 -2 2 1
0 0 6 1 2 =2

o We will remark that although real symmetric matrices are diagonalizable, and complex Hermitian matrices
are diagonalizable, it is not true that complex symmetric matrices are always diagonalizable.

o For example, the complex symmetric matrix is not diagonalizable. This follows from the

i
-1
observation that its trace and determinant are both zero, but since it is not the zero matrix, the only

possibility for its Jordan form is [ 8 (1) } .

e We also remark that most of these results also extend to the class of skew-Hermitian operators (having the
property that T* = —T'), with appropriate minor modifications.

o For example, every eigenvalue of a skew-Hermitian operator is a pure imaginary number (i.e., of the
form ai for some real number a), and every skew-Hermitian operator is diagonalizable over C via an
orthonormal basis of eigenvectors.

o All of these statements follow immediately from the simple observation that 7' is skew-Hermitian if and
only if ¢T" is Hermitian.

e Additionally, the converse of the spectral theorem not quite true: if V' has an orthonormal basis of eigenvectors
of T, then T is not necessarily Hermitian.

o The correct general converse theorem is that V' has an orthonormal basis of eigenvectors of T if and only
if T is a normal operator, meaning that T*T = TT™*.

4.4.3 Stochastic Matrices and Markov Chains

e In many applications, we can use linear algebra to model the behavior of an iterated system. Such models
are quite common in applied mathematics, the social sciences (particularly economics), and the life sciences.

o For example, consider a state with two cities A and B whose populations flow back and forth over time:
after one year passes a resident of city A has a 10% chance of moving to city B and a 90% chance of
staying in city A, while a resident of city B has a 30% change of moving to A and a 70% chance of
staying in B.

o We would like to know what will happen to the populations of cities A and B over a long period of time.

o If city A has a population of A,q and city B has a population of Bgq, then one year later A’s population
will be Apew = 0.9441q + 0.3B,1q while B’s population will be Byew = 0.1A401q + 0.7Bg1q.-
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o By iterating this calculation, we can in principle compute the cities’ populations as far into the future
as desired, but the computations rapidly become messy. For example, with the starting populations
(A, B) = (1000, 3000), here is a table of the populations (to the nearest whole person) after n years:
(n] O] 1T [ 2 [ 3 [ 4[5 [ 6 [ 7 ] 8] 9 1] 15]2 |30 |

A | 1000 | 1800 | 2280 | 2568 | 2741 | 2844 | 2907 | 2944 | 2966 | 2980 | 2988 | 2999 | 3000 | 3000

B | 3000 | 2200 | 1720 | 1432 | 1259 | 1156 | 1093 | 1056 | 1034 | 1020 | 1012 | 1001 | 1000 | 1000

o The populations seem to approach (rather rapidly) having 3000 people in city A and 1000 in city B.

o We can do the computations above much more efficiently by writing the iteration in matrix form:

Anew | | 0.9 0.3 Aola . . . . .
{ B, ] = { 01 07 } { B } Since the population one year into the future is obtained by left-

0.9 0.3
0.1 0.7

be obtained by left-multiplying the population vector by M*.

multiplying the population vector by M = { } , the population k years into the future can then

o By diagonalizing this matrix, we can easily compute M*, and thus analyze the behavior of the population
as time extends forward.

o In this case, M is diagonalizable: M = QDQ~! with D = [ (1) 3(/)5 } and Q = { i’ _11 ]

_ 10 10 _ 3/4 3/4
ko_ k-1 k k 1_ .
o Then M* =QD"Q~" and D —>{0 0}henceM —>Q{O O}Q —{1/4 1/4}ask—>oo.

o From this calculation, we can see that as time extends on, the cities’ populations will approach the
situation where 3/4 of the residents live in city A and 1/4 of the residents live in city B.
o Notice that this “steady-state” solution where the cities’ populations both remain constant represents an

eigenvector of the original matrix with eigenvalue A = 1.

e The system above, in which members of a set (in this case, residents of the cities) are identified as belonging
to one of several states that can change over time, is known as a stochastic process.

o If, as in our example, the probabilities of changing from one state to another are independent of time,
the system is called a Markov chain.

o Markov chains and their continuous analogues (known as Markov processes) arise (for example) in prob-
ability problems involving repeated wagers or random walks, in economics modeling the flow of goods
among industries and nations, in biology modeling the gene frequencies in populations, and in civil
engineering modeling the arrival of people to buildings.

o A Markov chain model was also used for one of the original versions of the PageRank algorithm used by
Google to rank internet search results.

e Definition: A square matrix whose entries are nonnegative and whose columns sum to 1 is called a stochastic
matrix (or a transition matrix).

o Equivalently, a square matrix M is a stochastic matrix precisely when MTv = v, where v is the column
vector of all 1s.

o From this description, we can see that v is an eigenvector of M7 of eigenvalue 1, and since M7 and M
have the same characteristic polynomial, we conclude that M has 1 as an eigenvalue.

o If it were true that M were diagonalizable and every eigenvalue of M had absolute value less than 1
(except for the eigenvalue 1), then we could apply the same argument as we did in the example to
conclude that the powers of M approached a limit.

0 1
10
identity matrix, so odd powers of M are equal to M while even powers are equal to the identity. (In this
case, the eigenvalues of M are 1 and —1.)

o Unfortunately, this is not true in general: the stochastic matrix M = [ has M? equal to the

o Fortunately, the argument does apply to a large class of stochastic matrices:
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e Theorem (Markov Chains): If M is a stochastic matrix, then every eigenvalue X of M has |A| < 1. Furthermore,
if some power of M has all entries positive, then the only eigenvalue of M of absolute value 1 is A = 1, and
the l-eigenspace has dimension 1. In such a case, the matrix limit limj_,.o M* exists and has all columns
equal to a l-eigenvector of M.

o We will not prove this theorem, although most of the arguments when M is diagonalizable are similar
to the computations we did in the example above.

4.4.4 Systems of Linear Differential Equations
e Consider the problem of solving a system of linear differential equations.

o First, observe that we can reduce any system of linear differential equations to a system of first-order
linear differential equations (in more variables): if we define new variables equal to the higher-order
derivatives of our old variables, then we can rewrite the old system as a system of first-order equations.

o For example, to convert y"”' + 4’ = 0 into a system of 1st-order equations, we can define new variables

z =19 and w = y” = 2’: then the single 3rd-order equation 3" + 3’ = 0 is equivalent to the Ist-order
system 3/ =z, 2/ = w, w' = —=z.

e By rearranging the equations and defining new variables appropriately, we can put any system of linear
differential equations into the form

yr = ai(x) i+ Faa(e) yn + ()

Yp = ana(z)-y1+--+ an,n(x) “Yn + qn(T)

for some functions a; ;(x) and ¢;(x) for 1 < 4,5 < n.

ari(x) o an(z) ¢1(x) y1(z) yi(z)
o For A = 5 ; ,q= ; ,and y = : so that y’' = : , we

ana(z) o an (@) qn () yn(x) Yn ()
can write the system more compactly as y’ = Ay + q.

o We say that the system is homogeneous if q = 0, and it is nonhomogeneous otherwise.

e Our goal is only to outline some of the applications of linear algebra to the study of differential equations, so
we will now assume that all of the entries in the matrix A are constants and that the system is homogeneous.
In this case, we have the following fundamental theorem:

e Theorem (Existence-Uniqueness for Homogeneous Systems): If the n x n coeflicient matrix A is constant and
I is any interval containing a, then there exists a unique solution to the homogeneous initial value problem
y' = Ay with y(a) = yo on I. As a consequence, the vector space of solutions to y’ = Ay on I is an
n-dimensional vector space.

o This existence and uniqueness parts of the theorem are analytic in nature. The fact that the vector space
of solutions is n-dimensional follows by noting that the existence-uniqueness statement implies that the
vector space of solutions to y’ = Ay is isomorphic to the vector space of possible initial condition vectors
Yo, which is clearly n-dimensional.

o We, of course, would actually like to write down the solutions explicitly. The key observation is that if
v is an eigenvector of A with eigenvalue ), then y = e’ v is a solution to y’ = Ay.

o This follows simply by differentiating y = e**v with respect to z: we see y' = \e’v = \y = Ay.

o In the event that A has n linearly independent eigenvectors (which is to say, if A is diagonalizable), we
will therefore obtain n solutions to the differential equation. In fact, they will always give us a basis for
the solution space:
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e Theorem (Eigenvalue Method): If A has n linearly independent eigenvectors vq,va, ..., v, with associated
eigenvalues A1, Aa,...,\,, then the general solution to the matrix differential system y’ = Ay is given by
y = C1eMPv, + Cre*2®vy + - - - 4+ Cre®vy, where Oy, - - -, C,, are arbitrary constants.

o

e}

Recall that the matrix A will have n linearly independent eigenvectors precisely when it is diagonalizable,
which is equivalent to saying that the dimension of each eigenspace is equal to the multiplicity of the
corresponding eigenvalue as a root of the characteristic polynomial of A.

)\1I )\2(1?

Proof: By the observation above, each of e*®vy, e*?®vy, - - e %y, is a solution to y’ = Ay. We claim
that they are a basis for the solution space. Since the solution space is n-dimensional, it suffices to show
that these solutions are linearly independent.

For this, we simply compute the determinant of the matrix W whose columns are these n vectors: after
factoring out the exponentials from each column, we obtain det(W) = e 1+ +A)= det (M), where M is
the matrix whose columns are the vectors vy,...,v,.

The exponential is nonzero and the vectors vi,vs,...,v, are (by hypothesis) linearly independent, so
det(M) is also nonzero.

Thus, det(W) is nonzero, so e*%vy, e’2®vy, ... e*?v, are linearly independent hence a basis for
the solution space. We conclude that the general solution to y’ = Ay has the form y = CieM®vy +
Cye?®vy + - - + Cpe* vy, for arbitrary constants Cp,--- ,Ch.
e Example: Find all functions y; and ys such that v = =3
ple: Y1 Y2 yh = yi+5ys
. . 1 -3 L . t—1 3
The coefficient matrix is A = 15 | whose characteristic polynomial is det(t/—A) = 1 t_5

(¢]

(¢]

(t—1)(t—5)+3 =12 —6t+8 = (t — 2)(t — 4), so the eigenvalues of A are A = 2, 4.

Since the eigenvalues are distinct, A is diagonalizable, and some calculation will produce the eigenvectors

{f’}for)\:Qand[ 11 for A = 4.

Thus, the general solution to the system is [ zl } =|C, [ _13 } e* 4+ C,y [ _11 } et |
2

e We also remark that in the event that the coefficient matrix is real but has nonreal eigenvalues, by taking an
appropriate linear combination we can produce real-valued solution vectors.

o

e}

(¢]

e}

Explicitly, suppose A has a complex eigenvalue A = a + bi with associated eigenvector v = wy + iwy.
Then A = a — bi has an eigenvector V.= w; — iwy (the conjugate of v), so we obtain the two solutions
eMv and e*v to the system y’ = Ay.
1 5 1 5
Then the linear combinations i(ekmv + M) = e (wy cos(br) — wy sin(br)) and ?(e)‘zv —eMV) =
i
e (w1 sin(bzx) + wo cos(bz)) are both real-valued.

Thus, to obtain real-valued solutions, we can replace the two complex-valued solutions e*®v and ATy

with the two real-valued solutions e**(w cos(bx) — wo sin(bz)) and e®®(w sin(bx) + wq cos(bz)), which
are simply the real and imaginary parts of e’ v respectively.

! — —
e Example: Find all real-valued functions y; and y- such that y} = 32y .
- Yo = 1ty
. . 3 -2 - 1. t—3 2
The coefficient matrix is A = e whose characteristic polynomial is det(t/—A) = 1 t-1
t? — 4t +5 so the eigenvalues are A = 2+1i. By row-reducing we see that the (2+ i)-eigenspace is spanned
by [ 1 —f ! ] , while the (2 — 7)-eigenspace is spanned by { 1 I ! } .

o This yields the complex-valued basis [ 1 _1|— ! ] etz { 1 I ! } e2=97 for the solution space.
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o

(e}

We want real-valued solutions, so extracting the real and imaginary parts as above yields the equivalent

basis €27 ({ | }cos(m) - [ h ]m@;)) and ¢2 ([ i ]sin(m) + [ . ]cos(z)).

|- [ oo [P0

The general real-valued solution is then {

e When the coefficient matrix is not diagonalizable, we can adapt the eigenvalue method to generate a basis for
the solution space using chains of generalized eigenvectors. The main observation is the following:

e}

(¢]

(¢]

If {vk 1, V=2 - .,V1,Vo} is a chain of k generalized A-eigenvectors above the A-eigenvector v, where
=(A-\)iv for each i, then e\vyg, e**(vy + zvp), e’ (vy + vy + 2 vo) e (Vi F Vo +
-+ ﬁvl + mvo) yield k linearly independent solutions to the system y’ = Ay.

d

d [zd -1 e v
To see this, observe that — [e VZ':| = ( N Ty e v;, while (A — AI) [d

Az —
dz | d! d—1)! d! Vl] -

d

d d 24
o e*v,;_1 hence A {e”vl] = x—e”vl 1+ )\—e v;; then summing from d = 0 to d = k — 1 and

d d!

d _
reindexing the sum on the first term shows that T {Vk_l + -4+ %VO] is equal to A[vj_1 + -+ +

(kk 11),V0] as desired.

These solutions are (trivially) linearly independent since {vy_1,Vg_2,..., V1, vo} is linearly independent,
and each solution contains one more of the vectors v; than the previous solution. Since we can always
find a basis of generalized eigenvectors, we can always construct a solution basis in this manner.

- . Yi = 5y1—9y2
e Example: Find all functions y; and yo such that 7, .
- Y2 = Ay =Ty
. . 5 -9 . o 9
The coefficient matrix is A = 4 7| whose characteristic polynomial is det(t] — A) = (¢t + 1), so
the eigenvalues of A are A =1,1.
The 1-eigenspace is 1-dimensional and spanned by the eigenvector vg = 3 } To construct a chain

o

above this vector, we solve (A — AI)vy = v to obtain a solution vy = [ f ] .

The procedure above then yields the two linearly independent solutions [ ; ] et and [ g } te™t +

[ ? } e~t, so the general solution to the system is [ zl } =C [ 3 ] e "+ Cy <{ 3 } xe * 4+ [ ? } e_’”) .
2

e As a final remark, we will note that there exists a method known as variation of parameters for solving a
non-homogeneous system of linear differential equations if the homogeneous system can be solved.

o

Explicitly, suppose y1i,...,y, are the n linearly independent solutions to the homogeneous equation
y' = Ay and we want to solve the nonhomogeneous equation y’ = Ay + q where q = (¢1, .-+, qn)-
We look for functions ¢;(z), ..., c,(x) making ¥ = c1(z)y1 + -+ - + cn(2)yn a solution to the nonhomo-

geneous equation y' = Ay + q.

Differentiating y via the product rule and using the fact that y; = Ay; for each i yields §' = (c1y] +
ctenyn) H Ayt o yn) = Alcyr ot eayn) H(Ayi o ya) = AV +(yi e yn).-

Therefore, we simply need to take c},...,c], to satisfy the equation cjy; + --- + ¢,,y» = q, which is

merely a matrix equation Y¢’ = q where Y is the matrix whose columns are y1,...,y, and c’ is the

column vector (cf,...,c).

In fact, since Y is invertible because its columns y1,...,y, are linearly independent, the system has

a unique solution, and we may then integrate the resulting solution vector to obtain the functions

C1,...,Cn. Including the arbitrary constants of integration there, in fact, will give the general solution

to the nonhomogeneous system y’ = Ay + q.
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o
Example: Find all functi d h that 7} ”2 .
e Example: Find all functions y; and y- such tha vy = —y1 +sec(x)
. . . 0 1 . . )
o The coefficient matrix for the homogeneous system is A = 1 0 with eigenvalues A\ = +i.

Row-reducing to find eigenvectors yields the complex solution basis [ _ll } e, [ i ] e~ and then

sin(x) } { — cos(x) }

extracting real and imaginary parts yields the equivalent real solution basis { cos(z) sin(z)

b o) ) )| <500 | 061 )] [ ] [ .

Leftmliplying by [ ) <oxlr } elds[é |- [ ) o) | ety | [tan }

and now taking antiderivatives yields 01 =Ci+z and ca(x) = Co + In(sec(x)).

The general solution is therefore [ 9 ] =|(C1 +x) { sin(z) } + (C2 + In(secz)) [ ~ cos(z) } :
Y2 cos(x)

4.4.5 Matrix Exponentials and the Jordan Form

e There is also another, quite different, method for using diagonalization and the Jordan canonical form to solve
a homogeneous system of linear differential equations with constant coefficients.

o

o

(¢]

As motivation, if we consider the differential equation 3’ = ky with the initial condition y(0) = C, it is
not hard to verify that the general solution is y(z) = e**C.

We would like to extend this result to an n X n system y’ = Ay with initial condition y(0) = c.

The natural way would be to try to define the “exponential of a matrix” e in such a way that e* has

the property that 4[e4!] = AeA!: then y(t) = e'c will have y'(t) = Aetc = Ay.

e Definition: If A € M,,,,,(C), we define the exponential of A as the infinite sum e? = Yoo o AT nl.

o

The definition is motivated by the Taylor series for the real exponential e* = ZZO:() 2™ /n!, but in order
for this definition to make sense, we need to know that the infinite sum actually converges.

e Theorem (Exponential Solutions): For any matrix A, the infinite series Y~ ; A™/n! converges absolutely, in
the sense that the series in each of the entries of the matrix converges absolutely. Furthermore, the unique
solution to the initial value problem y’ = Ay with y(a) = yq is given by y(t) = eA(t=2)y,.

o

(¢]

Proof: Define the “matrix norm” ||M]|| to be the sum of the absolute values of the entries of M.

Observe that ||A+ B|| < ||A|| + ||B|| for any matrices A and B: this simply follows by applying the
triangle inequality in each entry of A + B.

Likewise, we also have ||AB|| < ||A]| - ||B|| for any matrices A and B: this follows by observing that the
entries of the product matrix are a sum of products of entries from A and entries from B and applying
the triangle inequality.
Sk A" S <y
n=0 n! — n=0 n! — n=0
n

sum of the infinite series Y - — has absolute value at most ellAll,
n!

n n
Then [1A™]] | = ellAll

, so each entry in any partial

A" w |4
‘ S Zn:() |

n! n!

Thus, the infinite series converges absolutely, so we can differentiate term-by-term to see that
d Az _ d o An n| _ oo Am n—1 __ o0 A n| _ Ax
£[€ ] = Ir |:Zn_0 T 2 n=o mm =AY 10 T Ae”.

Therefore, we see that y(t) = eA(*=%y, is a solution to the initial value problem (since it satisfies the

differential equation and the initial condition). The uniqueness part of the existence-uniqueness theorem
guarantees it is the only solution.
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e The theorem above tells us that we can use matrix exponentials to write down the solutions of initial value
problems. All that remains is actually to compute the exponential of a matrix, which we have not yet explained.

o When the matrlx is diagonalizable, we can do this comparatively easily: exphmtly, if A=Q 'DQ, then

—1 1nn
A_ (@ DQ)" QT D"Q D
€ fZZOon,—Zno nl fozo nl =Q! ZOO ol —| Q=0 '"Q.
) Furthermore again from the power series definition, if D is diagonal with diagonal entries A1, ..., A, then
eP is diagonal with diagonal entries e, ... e*. Thus, by using the diagonalization, we can compute

the exponential of the original matrix A, and thereby use it to solve the differential equation y’ = Ay.

. . 7 2y1 — Y2
e Example: Find all functions and vy, such that .
p Y1 Y2 vy = —2y1+ 3y
o The coefficient matrix is A = [ _22 ; , with eigenvalues A = 1,4. Since the eigenvalues are distinct,

A is diagonalizable, and we can find eigenvectors { 1 } for A =1 and { _12 ] for A = 4.

o [1 o1 o 172 1 a1 0
OThenWIthQ—|:1 _2],W1thQ —3{1 _1],WehaveQ AQ—D—[O 4].
Da L ex 1 1 2% + 641’ et — e4a:

OThIlS 6 Q@ Q Q|: 0 :|Q 3|: 241 ex+2€4z .

1 x 4x x _ L4x
oThen{yl]— [26+6 e e

Ch
i | T3] 207 —2ete e 4oete } { Oy ] for arbitrary constants C; and Cs.

e If the matrix is not diagonalizable, we must use the Jordan canonical form. By the same calculation as given
above for the diagonalization, it suffices to compute the exponential of each Jordan block separately.

Az Ax 2 Az 247t Az
e Te e e
e)xw we)\w
e Proposition (Exponential of Jordan Block): We have e/ = . . 22 e , where
2 2OPOS OO0 . . 22,

2
e)\x xe)\z
e)\x

J is the d x d Jordan block matrix with eigenvalue .

o Proof: Write J = Al + N. As shown earlier, N = 0, and NI = IN since I is the identity.
o Applying the binomial expansion yields (Jx)* = ¥ (A\[+N)* = {)\kl + ( JARTINT g (kfd) AF—dnd '},

but since N? is the zero matrix, only the terms up through N?~! are nonzero. (Note that we are using
the fact that IN = NI, since the binomial theorem does not hold for general matrices.)

o It is then a straightforward (if somewhat lengthy) computation to plug these expressions into the infinite

sum defining e/? and evaluate the infinite sum to obtain the stated result.
21 00 1
. : . . 021 0 2
e Example: Solve the system of linear differential equations y'(x) = 00 2 0| where y(0) = | 4
0 0 01 3
o Observe that the coefficient matrix A is already in Jordan canonical form.
6233 erm x262x/2 0 1 2x + 2.’1362x + 2.’132 2x
. 0 e re?® 0 . 2 2e2% — 4xe?®
Ax __ : : _ LAz —
o Hence e 0 0 20 o |0 the solutionisy(t) = e 4= g
0 0 0 e’ 3 3e”

WEell, you’re at the end of my handout. Hope it was helpful.
Copyright notice: This material is copyright Evan Dummit, 2012-2026. You may not reproduce or distribute this
material without my express permission.
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