E. Dummit’s Math 4571 ~ Advanced Linear Algebra, Spring 2026 ~ Midterm Solutions

1. The first 8/12 correct were worth 1.5 each and the last 4/12 correct were worth 1 each.

(a) : in fact any such matrix must have determinant zero, so it is NOT invertible.

(b) : if a(14+2)+b(2+2%) +c¢(3+23)=0thena=>b=c=0.

(c) : since Msyo(R) is 4-dimensional, any spanning set must have at least 4 matrices.

(d) : any basis for W is linearly independent hence can be extended to a basis for V; this basis of V/

contains a basis for W.

(e) : in general {T'(v1),...,T(v,)} spans im(7T) but it need not be linearly independent, e.g., if T is
the zero transformation.

() : the matrix is in row-echelon form with 3 pivots so its nullspace has dimension 5 — 3 = 2, not 3.
(g) : this map is an isomorphism since it has an inverse T~!(A) = AT /2.

(h) : necessarily V' must be infinite-dimensional, but we have seen several examples of such T, such as
the derivative on polynomials and the left-shift operator on sequences.

(i) : this is a theorem we proved in class.

(j) : a linear transformation is characterized by its values on a basis, so since S and 1" are equal on a
basis, they are identically equal.

(k) : this is in general the change-of-basis matrix from « to 8, which is only the identity when a = 3.
) : the bases and transformations are composed correctly here.

2. Each part was worth 4 points.

(a) Evaluating S on the four matrices in 5 shows that the matrix is

O = = O
O~ = O
DO OO

O O O N

(b) We induct on n. For the base case n = 1 we have S?(A) = S(A + AT) = (AT + A) + (A + AT) =
2(A + AT) = 2S(A) as required. For the inductive step, suppose S"*! = 27§, Then S"t2(A) =
S"HL(S(A)) = 2"S(S(A)) = 2"*T1S(A) using the previous calculation.

Alternatively, we could verify by induction that M"*! = 2" M for the matrix calculated in (a).
(c) The kernel of S is all matrices A with A + AT = 0 so that AT = —A (i.e., skew-symmetric matrices):

solving [ (cl Z =— [ Z (Cl } yields a = d = 0 and b = —¢, yielding a basis { [ _01 (1) } } for ker(T).

2a bte] o [10 0 1 0 0
[b—i—c 2d }_2“[0 0]+(b+c)[1 0}+2d[0 1]’

}[8 g” for im(T).

For the image, note that AT + A

1 . 2 0 0
yielding a basis {{ 0 0 ] , {1

S =

3. Each part was worth 4 points.

(a) Suppose A is orthogonal. Taking the determinant of AT = A~! and using det(AT) = det(A) and
det(A™1) = 1/det(A) yields det(A) = 1/det(A) so det(A)? =1 so det(A4) =1 or —1.

(b) Suppose A, B are orthogonal so AT = A=! and BT = B~!. Then (AB)T = BTAT = B~'A~1 = (AB)~!
so AB is also orthogonal.




4. We verify the subspace criterion.

e [S1]: Since T'(0y) = Oy and Oy, € Wy since W is a subspace, we have Oy € T—1(W7).

o [S2]: If vi,vo € T~1(W7) then T'(vy), T(v2) are in Wy. But then so is T'(vy + v2) = T(v1) + T (v2) since
W1 is a subspace, and thus vi + vy € T=H(W7).

o [S3]: If v € T-}(W;) then T(v) is in Wy hence so is aT(v) = T(av) since W; is a subspace, and thus
av € T=1(W).

5. Suppose v € ker(T). Since {v1,vy,v3} is a basis we have v = a1vy + asva + azvs for some aj,as,a3. Then
0=T(v) =a1T(v1) 4+ a2T(vs) + a3T(vs3) but since {T'(v1),T(v2),T(vs)} is linearly independent this means
a1 = as = a3 = 0 hence v = 0.

6. By the nullity-rank theorem, dim(ker T') +dim(im T') = dim(V") = 2026. Furthermore, since im 7" is a subspace
of W, we have dim(im 7T") < 1900. Thus, dim(kerT") > 2026 — 1900 = 126. Now simply take v1,...,vigg to be
the first 100 vectors in a basis for ker(7'): then these vectors are by definition linearly independent and have
T(v;) = 0 for each i.

7. Solution 1: If v is in ker(7T) so that T'(v) = 0, then v = T3(v) = T?(T(v)) = T%(0) = 0, so T is one-to-one.
Also, for any vector w, if v = T?(w) then T'(v) = T3(w) = w, so T is onto. Hence, T is an isomorphism.
Solution 2: If T3 = I then T(T?) = (T*)T = I, so T? is a two-sided inverse for 7. The only transformations
with inverses are isomorphisms, so T’ must be an isomorphism.

8. Each part was worth 3 points.

(a) Suppose w is in im(7"). Then there exists v with w = T'(v). Then T(w) = T(T'(v)) = 0, meaning that
w is in ker(7'). Thus, im(7T) is contained in ker(7"). [Note: This part is a special case of problem 5 on
homework 4, and citing that problem was also acceptable.]

(b) By part (a), dim(im7") < dim(ker T"), and by nullity-rank, dim(im7") + dim(ker T') = 2. Thus, dim(im7T’)
is either 0 or 1. But the dimension of the image cannot be zero, since this would imply that T is the zero
transformation. Thus, dim(im7) = 1.

(c) Since {v,w} has size 2 = dim(R?) it is enough to show that v and w are linearly independent. But if
0 = av + bw then 0 = T(0) = T'(av + bw) = aT'(v) + bT(w) = bv, so since v is nonzero, b = 0. Then
av =0s0 a =0. So {v,w} is linearly independent, hence a basis.

0

(d) Since T'(v) =0 =0v + 0w and T'(w) = v = 1v 4 Ow, the matrix is [T]g = [ 0 0

] as claimed.




