E. Dummit’s Math 4571 ~ Advanced Linear Algebra, Spring 2026 ~ Homework 6, due Fri Feb 27th.

Justify all responses with clear explanations and in complete sentences unless otherwise stated. Write up your
solutions cleanly and neatly and submit via Gradescope, making sure to select page submissions for each problem.
Use of generative Al in any manner is not allowed on this or any other course assignments.

Part I: No justifications are required for these problems. Answers will be graded on correctness.
1. Identify each of the following statements as true or false:

(a) If V has ordered bases 3, and T': V — V has an inverse 7!, then [T’l]g = ([T]g)*l.
(b) If V has ordered bases 3,y then for any 7': V' — V there exists an invertible Q with [T']] = Q[T]ZQ*I.

(¢) An inner product is linear in each of its components.
(d) There is exactly one inner product on R™.

(e) In any inner product space, (w,v) = (v, w).
(

g) In any inner product space, if (v,2v) = 0 then v = 0.

f) In any inner product space, ||v + w|| > ||v|| + ||w]|.

(i) In any inner product space, for a fixed w € V, the map T : V — F with T(v) = (v, w) is linear.
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(k) The Cauchy-Schwarz inequality holds in every inner product space.

In any inner product space, for a fixed w € V', the map T : V — F with T(v) = (w,v) is linear.

(1) The triangle inequality holds in real inner product spaces but not complex inner product spaces.
m) An orthogonal set of vectors is linearly independent.
i
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(h) In any inner product space, if (v,x) = (v,y) then x =y.
)
)
)
)
)
) An orthonormal set of vectors is linearly independent.
)
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(o) Every finite-dimensional inner product space has an orthonormal basis.

2. For each of the following pairings, determine (with brief justification) whether or not it is an inner product
on the given vector space:

(a
(b

(c
(d

The pairing (A, B) = tr(A + B) on May2(R).

(a,b), (c,d)) = bac + 3bc + 3ad + 4bd on R2.
(a,b), (¢,d)) = 5ac + 3bc + 3ad + 4bd on C?.
(a,b), (¢, d)) =

)
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The pairing ac on R?,
e
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The pairing (f,g) = [, f'(x)g(z) dz on C0,1].
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) The pairing (f, g) = f(0)g(0) + f(1)g(1) + f(2)g(2) on P(R).
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3. For each pair of vectors v, w in the given inner product space, compute (v, w), ||v||, ||w||, and ||v + w||, and
verify the Cauchy-Schwarz and triangle inequalities for v and w:

v =(1,2,2,4) and w = (4,1,4,4) in R* with the standard inner product.
(b) v =(i,—i,1+14) and w = (2 — 4,4, —2i) in C® with the standard inner product.
v = ¢! and w = €% in C[0, 1] with the inner product (f,g) fo

4. For each list S of vectors, apply Gram-Schmidt to calculate an orthogonal basis for span(.S):
(a) vi=(2,4,—4), vo = (1,—1,4), v3 = (1,1,1) in R? under the standard dot product.
(b) vi=(1,2,0,-2), va = (1,—1,4,4), v3 = (6,6,0,—9) in R* under the standard dot product.

(¢) vi =z, vo = 2%, v3 = 2% in C[—1, 1] under the inner product (f, g) f_ x) dz.




Part II: Solve the following problems. Justify all answers with rigorous, clear explanations.

5. Let F be a field and n > 2 be an integer. Recall that we say two matrices A and B in M, (F) are similar
when there exists an invertible n x n matrix with B = Q"1 AQ.

(a) Show that if A and B are similar matrices in M, x,(F'), then det(A) = det(B) and tr(A4) = tr(B). [Hint:
You may use the fact that tr(CD) = tr(DC).]

(b) Show that “being similar” is an equivalence relation on M, x, (F).

6. Let V be an inner product space.

(a) If (-,-); and (-,-), are two inner products on V, show that (-,-); = (-,-); + (-, -), is also an inner product
on V, where (v, w), = (v,w), + (v, W),.

(b) If (-,-); is an inner product on V and c is a positive real number, show that (-,-); = ¢(-,-), is also an
inner product on V, where (v,w), = c(v,w);.

(c¢) Does the collection of inner products on V form a vector space under the natural addition and scalar
multiplication described above? Explain why or why not.

7. Prove the following inequalities:

1 1 1
(a) Prove that (a1 +as + -+ + a,)(— + — + -+ + —) > n? for any positive real numbers ay, as, ..., an,
ay a2
with equality if and only if all of the a; are equal. "

(b) If a,b, ¢, d are real numbers with a® + b? 4 ¢ + d?> < 5, show that a + 2b + 3¢ + 4d < 5/6.
b c

a
(c) Prove Nesbitt’s inequality: for any positive real numbers a, b, ¢ it is true that + + >
b+c a+c a+bd

[Hint: Apply Cauchy-Schwarz to (v/a + b,v/b+ c,v/c+a) and (1/vVa+b,1/v/b+c,1/\/c+a)]
(d) Prove the following generalization of Cauchy-Schwarz: if (-, -) is an inner product on the vector space V
2
then {37, (vj,wjﬂ < [2?21 (vj,vjﬁ . [2?21 <Wj,Wj>} for any vectors {vy,...,v,} and {wy,...,w,}

in V. [Hint: Apply Cauchy-Schwarz to the space V' of n-tuples of elements of V', with an appropriate
inner product on V; make sure to justify why it’s an inner product!]
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8. [Challenge] Let N be a positive integer and suppose we are given a set Sp of N points and a set Sy, of N
lines in the Euclidean plane. An “incidence” is defined to be a pair (P, L) with P € Sp, L € Sy, and where
the point P lies on the line L. If I represents the total number of incidences, we have an obvious estimate
I < N?; the goal of this problem is to prove a substantially better estimate of I < N3/2 + N.

(a) Show that I = Zpesp ZLGSL dp.r, where 0p = 1if P lies on L and 0 otherwise.
(b) For any fixed lines 7é Lo, show that ZPESP 5P,L16P,L2 <1.

(C) Show that EPESP(ZLESL 5P,L)2 < I+(N2—N). [Hint: Write (ZLES’L 5P,L)2 = (ZlquL 6P7L1)(ZLZESL 6P,L2)

and then split apart into the terms where Ly = Ly and where Ly # Lo.]

(d) Show that I? < IN + N(N? — N) and deduce that I < N32 + N. [Hint: Use Cauchy-Schwarz on the
outer sum in (a).]

Remark: This technique as used in algebraic combinatorics is often called the “L? method”, and there
are many open questions related to this one seeking optimal estimates and constructions for point-line
incidences.




