E. Dummit’s Math 4571 ~ Advanced Linear Algebra, Spring 2026 ~ Homework 10 Solutions

1. Identify each of the following statements as true or false:

Every real Hermitian matrix is diagonalizable.

° : by the spectral theorem, Hermitian matrices are diagonalizable.
Every real symmetric matrix is diagonalizable.

° : real symmetric matrices are Hermitian, so they are diagonalizable.
Every complex Hermitian matrix is diagonalizable.

° : again by the spectral theorem, Hermitian matrices are diagonalizable.

Every complex symmetric matrix is diagonalizable.
. : A= i1 | not diagonalizable: its Jordan form has a 2 x 2 block with eigenvalue 0.

If V =R? and ®(v,w) = v - w is the usual inner product on R?, then ® is a bilinear form on V.
° : it is linear in both components, so it is a bilinear form.
If V=C? and ®(v,w) = v - W is the usual inner product on C2, then ® is a bilinear form on V.
° : it is not linear in the second component, so it is not a bilinear form.
If V=R and ®(z,y) = « + 2y, then ® is a bilinear form on V.
o : although this is a linear transformation from R? to R, it is not a bilinear form because

it doesn’t respect addition or scalar multiplication in the individual components. For example,
O(1,1) + D(2,1) # D(3,1).

If V =C[0,1] and ®(f,g) fo zf(x)g(x) dz, then @ is a bilinear form on V.
° : it is linear in both functions, so it is a bilinear form.

If V=C[0,1] and ®(f,g) fo x) dz, then ® is a bilinear form on V.

° : derivatives are hnear, so it is still linear in both functions and thus a bilinear form.

If ® is a symmetric bilinear form, then [®]z is a symmetric matrix for any basis 5.

. : the (i, j)-entry in [®]g is equal to ®(f;, 5;), so if ® is symmetric then this also equals the
(4, 1)-entry ®(B;, B;).
If [®]p is a symmetric matrix for some basis 5, then ® is a symmetric bilinear form.
° : if [®]3 is symmetric then ®(5;, 8;) = ®(B;, 8;) for all 4, j, meaning that & is symmetric on
all basis elements. Then by linearity, ® is symmetric on all pairs of elements in V.
If B(V) is the space of all bilinear forms on V' and dimp (V) = n, then dimp B(V') = 2n.

. : by taking the associated matrix with respect to a fixed basis 8 we showed that B(V) is
isomorphic to the space of n x n matrices, which has dimension n2, not 2n.

Congruent matrices have the same eigenvalues.
° : for example, I,, and 41I,, are congruent (take Q = 2I,,), but their eigenvalues are different.

Congruent matrices have the same eigenvectors.

e | False | congruence also does not preserve eigenvectors.
Every n X n symmetric matrix over R is congruent to a diagonal matrix.

. : this follows from the spectral theorem or our characterization of diagonalizable bilinear forms.

Every n X n symmetric matrix over an arbitrary field F' is congruent to a diagonal matrix.

. : if char(F) = 2 then this result can be false: for example, we showed S = [ (1) é } is a

symmetric matrix that is not congruent to a diagonal matrix over Fs.




2. Solve each system of differential equations:

(a) Find the general solution to ¢} = Ty1 + y2 and y4 = 9y; — ya.

e The coefficient matrix is A = { ; _11 ] with characteristic polynomial is p(t) = det(tI — A) =
(t — 8)(t + 2), so the eigenvalues are A = —2,8.
e For A\ = 8, the eigenspace is 1-dimensional and spanned by 1
e For A = —2 the eigenspace is also 1-dimensional and spanned by [ _91 } .
: : : Y1 [ 1 8x -1 —2x
e By the eigenvalue method, the general solution is y =|C4 1€ + Cy g |€ .
2

(b) Find the general solution to y; = 3y; — 2y2 and y) = y1 + ya.
3
1
t2 — 4t + 5. By the quadratic formula, the eigenvalues are A\ = 2 + 4.
1+ }

e The coefficient matrix is A = [ _12 ] with characteristic polynomial is p(t) = det(tI — A) =

e For A = 2 + i, the eigenspace is 1-dimensional and spanned by [ 1

. . . 1—14
e For A = 2 — i we can take the complex conjugate to get the eigenvector [ 1 ! } .

e The general solution is [ Zl } =, [ 1 Jlrz ] 2t 4 o, [ 1 I ! ] (2=
2

e With real functions we get g = C e cos(z) — sin(z) + Che?® sm(:r). + cos(z) .
Yo | cos(x) sin(x)

(c) Find the general solution to ¢y’ — 4y = 0. [Hint: Set z = ¢ and convert to a system of linear equations.]

/

e Following the hint, if we let z = 3’ then 2’ = y/ = 4y, so we obtain the system { Z, B 4Zy } with

. . 0 1
associated matrix A = [ 40 }

e The characteristic polynomial is p(t) = t?> — 4 with roots A = —2, 2.
e The —2 and 2-eigenspaces are spanned by [ _12 } and [ ; } respectively.

e Thus by the eigenvalue method, the general solution is { Z } =C, [ _12 } e 2T + Cy [ ; ] e?*.

e In particular, we see y = | C1e 2% 4+ Che?®

(d) Find the general solution to yj = 2ys + sec(2z) and y5 = —2y;.

e The coefficient matrix for the homogeneous system is A = _02 (2) with eigenvalues A = +2i.
Row-reducing to find eigenvectors yields the complex-valued solution basis _11 } e, { i } e~ 2
with equivalent real-valued solution basis sin(2z) B .608(21;) .

cos(2x) sin(2x)

+ Wewantg=eto)| 0050) e | S o[ ) iy | |0 |~ e |
e Lottty by [ S~ | o[ ][ o] [ et | = s

and now taking antiderivatives yields ¢1(z) = C1 — x and c2(z) = Ca + 3 In(sec(2z)).

o The sotuton is | ¥ | =] o+ JinGsee20) | S0 [ (01| T ||




2 1 0 2
(e) Solve the system y’(t)=| 0 2 0 |y, where y(0) = 3
0 0 3 -1
2 1 0
e The coefficient matrix is A = | 0 2 1 |, which is already in Jordan canonical form. Using the
0 0 3
621 1‘62z 0
matrix exponential formula, we compute e? 0 e** 0
0 0 e
Y1 e xe?® 0 2 2e2% 4 3xe®
e Then desired solution is | 7o | =e4®y(0)=| 0 €** 0 3 | = 3e%®
Y3 0 0 e3® -1 —e3

3. For each bilinear form on each given vector space, compute [®]g for the given basis 3:

(a) ®((a,b,c),(d,e, f)) = ad + ae — 2be + 3cd + cf on V = F3 with 8 = {(1,0,0), (0,1,0), (0,0,1)}.
o We evaluate ®(5;, ;) to compute the (i, j)-entry, where 81 = (1,0,0), 82 = (0,1,0), 83 = (0,0,1).
e For example, ®(51, f2) = ®((1,0,0), (0,1,0)) = 1, while ®(S, 52) = ®((0,1,0),(0,1,0)) = —

1 1 0
e The end result is [@]g=|| 0 —2 O
3 0 1

(b) ®(p,q) =p(~1)q(2) on V = P3(R) with 3 = {1, 2,2 2%}.
e We simply evaluate ®(53;, 3;) to compute the (i, j)-entry, where 81 =1, o = z, 3 = 22, B4 = 2°.
e For example, ®(31,32) = 1-2 = 2, while ®(82,82) = (—1) -2 = —2 and ®(B4, 33) = (—1)32%2 = —4.
1 2 4 8

e The end result is [®]g = _11 _22 _44 _88

-1 -2 -4 -8

. 1 0 0 1 0 0 0 0
(¢) @(A,B)—tr(AB)onV—ngg(C)wmhﬁ—{[0 0],[0 O]’{l 0},[0 1}}
e As above we just compute the 16 possible values ®(3;, 5;) for basis elements §;, 5;.

« ot (5.0 = s ([ 1 0] [0 1]} =o.atm=ue ([0 1] ]2 9]) =

0
1 0 0 O
e The end result is [®]g = 8 (1) (1) 8
0 0 01

4. For each symmetric matrix S, find an invertible rational matrix Q and diagonal matrix D such that Q7 SQ = D
(for emphasis, the entries in D and @ must be rational numbers!):

(a)S:[é 3}

e We set up the double matrix and perform row/column operations as listed:

[1 9‘1 0:|R29R1|:1 0 ‘1 0}
1 —

9 710 c,—9c, | 0 =74 | -9 1
B 1 0 . T 1 0 _ 1 -9
e Thus, we may take D = {0 _74] with Q* = [ 9 1 } and thus Q = {0 1 ] .




1 1
1 3
-2 6

(b) S

-2
6
7

e We set up the double matrix and perform row/column operations as listed:

1 1 —2]1 0 0 1 0 -2 1 00
1 3 6 (010 0 2 8 |-110
26 7 (001|228 7|0 01
1001 00 10 0 1 0 0
Rat2fa l g 9 g | -1 1 ¢ | e 2 0 | -1 1 0
GGl g g3 2 01|00 2|6 -4 1
10 0 1 0 0 1 -1 6
e Thus, we may take D = 0 2 O with@QT=| =1 1 0 | andthusQ = 0o 1 -4
0 0 —29 6 -4 1 0 0 1
02 0
(c)S=1]2 5 2
025
e We set up the double matrix and perform row/column operations as listed:
020|100 5220107 [5 10 10 [0 10
25 2010 ™= l2 00100”2310 0 0 |5 00
0250001 (9°% 205|001 % |10 0 12500 5
e [0 0 J0 1 0] F5 0 0 0 1 0] [5 0 0 1
2Au g 20 —20 |5 —2 0 | H o —20 —20 |5 —2 0 |10 —20 o0 —2
@29 20 125 [0 0 5 | "0 —20 105 |0 —2 5 | |0 0 125 | -5 0
5 0 0 0 1 0 0 5 -5
e Thus, we may take D = 0 —-20 O with QT = 5 =2 0 | andthus@ = 1 -2 0
0 0 125 -5 0 5 0 0 5
111 1
1 2 2 2
(A S=17 5 3 3
1 2 3 4
e We set up the double matrix and perform row/column operations as listed:
11111000 10111 000 10011 000
1222(0100 mp|[01 111100 |rpm 0111l -1100
1 233[0010|cae|1 1330 010 e |01 221010
1 23400001 113400 001 112400 001
10001 00 0] (1 00 0] 1 0 0 0]
R4_—I>%10111—1100Rg>%20101—1100
cimov |01 221010 |c¢c|001 1|0 =110
012 3|-100 1| (001 1 3|-1 0 0 1|
10001 0 00] 100 0] 1 0 0 0
Rife | 001 0 0 ~1 1 00 |r-g |0 1001 1 0 0
CisCs |0 01 1] 0 =110 |c-cs|0010[0 =1 1 0
00120 -10 1] (00010 0 -11
100 0 1 0 0 0 1 -1 0 0
1o 10 0 oo | -1 1 0 o0 o 1 -1 0
e Thus D = 00 1 0 with Q" = 0 -1 1 0 so Q = 0 0 1
000 1 0 0 -1 1 0 0 0 1




5. Suppose V is finite-dimensional with scalar field F' and T': V' — V is linear. We say the polynomial ¢(z) € F[z]

annihilates T' if ¢(T') = 0.

(a) Show that the set of polynomials in F[z] annihilating T is a subspace of F|x].
e Simply check the subspace criterion:
e [S1] Clearly the zero polynomial annihilates T" for any T
o [S2] If p(x), q(x) annihilate T, then (p+q)(T) = p(T) +¢q(T) = 040 = 0 so p+ ¢ also annihilates T
e [S3] If p(x) annihilates T, then (ap)(T) = ap(T) = a0 = 0 so ap also annihilates 7.

We define the minimal polynomial of 7' to be the monic polynomial m(t) € F[t] of smallest positive degree
annihilating 7. For example, the minimal polynomial of the identity transformation is m(t) =t — 1.

(b) Show that every polynomial that annihilates T is divisible by the minimal polynomial. [Hint: Use
polynomial division.]
e Suppose a(t) annihilates T' and write a(t) = ¢(t)m(t) + r(t) with degr < degm.
e Then r(T') = a(T) — q(T)m(T) = 0 since a(T) = m(T) = 0.
e Since degr < degm and m has minimal positive degree, we must have r = 0.
(¢) Conclude that the minimal polynomial divides the characteristic polynomial.

e The Cayley-Hamilton theorem says that the characteristic polynomial annihilates T, so by (b), it is
divisible by the minimal polynomial.

(d) Suppose A is an eigenvalue of T. Prove that ) is a root of the minimal polynomial of T', and deduce that
the minimal polynomial and the characteristic polynomial have the same set of roots. [Hint: Consider
the Jordan form of an associated matrix A.]

e Consider the Jordan form of any associated matrix A to T'. Since A is an eigenvalue of A, it appears
on the diagonal of the Jordan form. Then the corresponding diagonal entry of m(J) will be m(X).

e But since m(J) = m(PAP~!) =p-m(A) - P~! = 0, this means m()\) = 0 so \ is a root of m.

e Since the roots of the characteristic polynomial are the eigenvalues, all its roots are roots of m, and
since m divides p, all its roots are roots of p. Thus m and p have the same roots.

(e) Parts (c) and (d) give a method to find the minimal polynomial, namely, test divisors of the characteristic
polynomial with the same roots (though possibly with lower multiplicities). Find the minimal polynomials

5o 11 -1 0 -1 1
of{_4 7], 23 2 |,and| 0 2 0
-1 0 1 -2 -1 3
. :Z ? } : The characteristic polynomial is (x — 1) and x — 1 does not annihilate this matrix, so
the minimal polynomial must be (r —1)2
1 1 -1
e | —2 3 -2 |: The characteristic polynomial is (z — 1)(z — 2)? and (z — 1)(z — 2) does not
-1 0 1
annihilate this matrix, so the minimal polynomial must be (z — 1)(z — 2)%.
[0 —1 1]
. 0 2 0 |: The characteristic polynomial is (z —1)(z —2)? and (z — 1)(z — 2) annihilates this
-2 -1 3

matrix, so the minimal polynomial must be (z — 1)(z — 2).
(f) Show that similar matrices have the same minimal polynomial.

e If p(A) = 0 then conjugating yields p(PAP~!) = 0, and conversely if p(PAP~!) = 0 then conjugating
by P~ yields p(A) = 0. Thus the polynomials annihilating A and PAP~! are the same, and so the
minimal polynomials are also the same.

(g) Show that the minimal polynomial of the k x k Jordan block with eigenvalue \ is m(t) = (t — \)*.

e Note J — Al is the matrix N with 1s directly above the diagonal. It follows by an easy induction
that N*~1 is not zero (it is the matrix with a single 1 in the upper right corner) but N* is.

e Thus, (t — A\)*~! does not annihilate J, so by (c) and (d) the minimal polynomial must be (¢t — \)*.



(h) Show that the exponent of ¢t — A in the minimal polynomial m(t) of A is the size of the largest Jordan
block of eigenvalue A in the Jordan canonical form of A.

e By (f), the minimal polynomial of a k x k Jordan block is (t — \)*.

e By (g), the minimal polynomial of A is the same as the minimal polynomial of its Jordan form.

e Now we simply observe that for a block-diagonal matrix, the minimal polynomial of the full matrix
is the least common multiple of the minimal polynomial of each block on the diagonal, since each
block must individually be annihilated by the minimal polynomial.

e Putting all of this together shows immediately that the exponent of ¢ — A in the minimal polynomial
m(t) of A is the size of the largest Jordan block of eigenvalue A.

(i) Show that a matrix is diagonalizable over C if and only if its minimal polynomial has no repeated roots.

e A matrix is diagonalizable if and only if all of the blocks in its Jordan form have size 1.
e But by (h), the exponent of ¢ — A in the minimal polynomial is the size of the largest Jordan block.

e Thus, A is diagonalizable if and only if the exponent of ¢t — X is 1, for every eigenvalue A. Since all
eigenvalues are roots of the minimal polynomial by (d), the result follows immediately.

(j) Show that the minimal polynomial of a 2 X 2 matrix uniquely determines its Jordan canonical form.
Tlustrate by finding the Jordan canonical forms of the 2 x 2 matrices with minimal polynomials m(t) =
t2 4+t t>+1,and t — 3 over C.

o If m = (t — \)? then there is a 2 x 2 Jordan A-block. If m = (t — \)(t — i) then there is a 1 x 1 block
for both A and u. And if m =t — X then there are only 1 x 1 A-blocks. In each case the Jordan form
is determined completely.

-1 0 1 0 3 0
oTheJordanformsare[ 0 0},[0 _i],and{o 3}

(k) Show the minimal and characteristic polynomials of a 3 x 3 matrix together uniquely determine its Jordan
canonical form. Illustrate by finding the Jordan canonical forms of the 3 x 3 matrices with (m(t), p(t))
equal to (¢,t3), (12,13), (t3,13), (12 — t,43 — %), (t? —t,43 — 212 + 1).

e If the minimal and characteristic polynomials are given, then all of the eigenvalues are known and
the smallest and largest Jordan block sizes are also known. Since the only possible lists of sizes are
{3}, {2,1}, {2}, {1,1,1}, {1,1}, {1}, knowing the total number of eigenvalues and the smallest and
largest block sizes uniquely determines which sizes appear for each eigenvalue.

0 0 1 0 1 0 1 0
e The Jordan forms are 0 , 0 , 0o 1], 0 , 1 1
0 0 0 1 1

6. For A, B € M, «xn(F), recall that we say A is congruent to B when there exists an invertible matrix ¢ €
M, «n(F) such that B = QT AQ. Prove that congruence is an equivalence relation on M, x,(F).

o Reflexive: For Q = I,, we have A = QT AQ, so A is congruent to itself.

e Symmetric: If A is congruent to B, with B = QT AQ then since @ is invertible we can write A =
(QT)"'BQ~' = RTBR where R = Q~!, so B is congruent to A.

e Transitive: If A is congruent to B with B = QT AQ and B is congruent to C with C = RT BR, then we
have C = RTQTAQR = (QR)T A(QR), and so A is congruent to C.

7. Suppose T : V' — V is a linear operator on the real inner product space V' with inner product (-,-). Define
the map @ : V x V — F by setting ®(v,w) = (T'(v),w).

(a) Show that ® is a bilinear form on V.
o We see that ®(vi+avy, w) = (T(v1 + ava),w) = (T(v1) + aT(va), w) = (T(v1), W)+a (T (va), w) =
®(vi,w) + a® (v, w), so ® is linear in the first coordinate.

o Likewise, ®(v, wi+aws) = (T(v), w1 + awsz) = (I'(v),wi)+a(T(v), wz) = &(v,w1)+a®(vz, wa),
so ® is linear in the second coordinate.



(b) Show that ® is symmetric if and only if T' is Hermitian.

e Observe that, since the inner product is real (and therefore symmetric), we have ®(w,v) —®(v,w) =
(T(w),v) = (T(v),w) = (W, T(v)) = (w, T(v)) = (W, (T" = T)(v)).
e Thus, if 7" = T then we see immediately that ®(w,v) = &(v,w) so ® is symmetric.

e Conversely, if ® is symmetric, then (w, (T* — T)(v)) = 0 for all v, w, so by one of our lemmas, this
means T* — T =0 and thus T* =T.

(c) If V is finite-dimensional, prove that ® is an inner product on V' if and only if T is Hermitian and all its
eigenvalues are positive. [Hint: Use [I3] and the spectral theorem.]

e We know that ® is linear, which is condition [I1]. In order to satisfy [I2], it must also be symmetric,
and that is equivalent to saying that 7' is Hermitian by part (b).

e For [I3], we also require ®(v,v) > 0 for all v, which requires (I'(v),v) > 0 for all v € V with equality
if and only if v = 0. Since T is diagonalizable, in particular this holds for every eigenvector v of T":
but if T(v) = Av then we have A = (T'(v),v) /(v,v) > 0, and so A > 0.

e Thus, the positive-eigenvalue condition is necessary. On the other hand, it is also sufficient: since T’
is Hermitian, it is diagonalizable on V' by the spectral theorem, and so we have a orthonormal basis
B ={v1,...,vp} of eigenvectors of T.

o If v=ua;vy+--+ a,v, then we can explicitly compute (T'(v),v) = af\; + -+ + a2\, which is
indeed positive when v # 0. Thus, the given conditions are both necessary and sufficient.

8. [Challenge] Let A be a Hermitian matrix with eigenvalues Ay > Ay > -+ > \,,. The goal of this problem is
to prove the Courant-Fischer theorem: that \; = mingim w—i_1 maXHVH:LVewL(V*AV) for each 1 <17 < n.
This characterization of the eigenvalues in terms of a min-max property is useful in practical computations,
particularly the i = 1 case: A\; = maxjy|j=1(v*Av).

(a) Show that it suffices to prove the Courant-Fischer theorem when the matrix A is diagonal.

e As we showed, Hermitian matrices are orthogonally diagonalizable.
e Applying the corresponding orthonormal change of basis does not change the given min-max condi-
tion, since it is independent of basis, so the general result holds if the diagonal result holds.

Per (a), we now assume that A is diagonal and that for v = (21,...,2,) we have v*Av = \jz? + - + \,22.

(b) Show that A\; > mingim w=i—1 Max|y||=1,vew: (V'Av). [Hint: Take W to be the subspace spanned by
the first i — 1 coordinate vectors.]
e Per the hint suppose W is the subspace spanned by the first 4 — 1 coordinate vectors.
e Then any v € W+ has its first i — 1 coordinates equal to zero, and thus v*Av = \jzZ +- -+ \, 22 <
Ni(@? 4+ a2) < N VI[P =
e Equality can occur when v is equal to the ith unit coordinate vector, so we see max||y||=1,vew+ (V*AV)
\; for this choice of W.
e Therefore, we have \; > mingim w=i—1 mavaH:LvewL(v*Av) since the minimum includes this
specific W where the value of the max-term is A;.
(c) Prove that \; < mingim w=i—1 max|y|=1,vew (V*Av). [Hint: For any W of dimension i — 1, let V; be
the subspace spanned by the first i coordinate vectors and take v € V; N W+ ]
e Per the hint let V; be the subspace spanned by the first ¢ coordinate vectors, and let W be any
(i — 1)-dimensional subspace. Then dim(W=) =n — (i —1) = n + 1 — i, so W; N W+ is nonempty
since the dimensions sum to more than dim(V') = n.
e Now let v be a unit vector in V; N W+, Then v*Av = A\jz? + - + Nja? > \j(22 + -+ 22) = N\,
meaning that \; < max|y|j=1vew: (V'AV).
e Since this holds for arbitrary W we see A; < mingim w=i—1 max|jy|j=1,vew+ (V' AV).
(d) Deduce that \; = mingim w=i—1 Max||y|j=1,vew - (V*Av) for each i.

e This follows immediately from (a), (b), and (c).




