E. Dummit’s Math 3527 ~ Number Theory 1, Spring 2026 ~ Homework 9 Solutions

1. For each polynomial p(x) in the given polynomial rings F[z], either find a nontrivial factorization or explain
briefly why it is irreducible:
(a) p(z) = 22 + 2 in Falz], F3[z], F5[], Q[z], R[z], and C[x].
e Since this polynomial has degree 2, we need only check whether it has any roots in the field.

e In Fy we have the obvious factorization p(z) =|z -z in Faox] |

e In [F5, we see p(1) = 0 so we obtain a factorization p(z) = ’ (x +1)(z +2) in F3[z] ‘

e In F5, we see p(0) = 2, p(1) = p(4) = 3, and p(2) = p(3) = 1, so it has no roots hence is

’irreducible in F5[z] ‘

e We can see that this polynomial has no rational roots because it does not even have any real roots,

so it is ’ irreducible in Q[z] ‘ and ’ irreducible in R[z] ‘

e But it does factor over as p(z) =| (z — iv2)(z + iv2) in Clz] |

(b) p(x) = 23 + 22 + 2 in F3[x], Fs[z], and F;[x].

e Since this polynomial has degree 3, we need only check whether it has any roots in the field.

e In 5, we see p(0) =2, p(1) = 1, and p(2) = 2, so it has no roots hence is ’ irreducible in F3[x] ‘

e In FF5, we see p(0) = 2, p(1) = 4, p(2) = 4, p(3) = 3, and p(4) = 2, so it has no roots hence is

’irreducible in Fsx] ‘

e In F7, we see p(2) = 0 and so z — 2 = x + 5 will be a factor of p(z). We obtain the factorization
pz) = ’ (z +5)(2* + 3z + 6) in Fr[z] \

(c) p(x) = 2* + 1 in Fy[x], F3[x], F5[z], and R[z]. [Hint: This polynomial factors in each case.|

e It is easy to see that p(z) = ’ (x +1)* in Fyz] ‘

e Note that p(x) has no roots in F3, F5, or R, so the only way it could factor over any of these fields
is as a product of two quadratics.

e Searching for possibilities eventually reveals the factorizations p(x) = | (2* 4 = + 2)(2* — = + 2) in F3[z]

,and p(z) =| (22 — V2z +1)(2* + V22 + 1) in R[z] |

X

p(x) =| (2 + 2)(z* +3) in Fs[a]

2. For each p and F[z] (note that these are the same as in problem 1), determine whether or not F[z] modulo p
is a field.
(a) p(x) = 22 + 2 in Falz], F3[z], F5[z], Q[z], R[z], and C|x].
e As we proved, F[z] modulo p is a field if and only if p is irreducible.
e Thus, by the factorizations from problem 1, we see that it for Fs[z], Q[z], and R[], and

that it for Fo[z], Fs[z], and Clx].

(b) p(x) = 23 + 22 + 2 in F3[x], F5[z], and F;[x].

e By the factorizations from problem 1, we see that it for F3[x] and F5[x], but

for Frlx].
(c) p(x) = 2* + 1 in Fy[x], F3[x], F5[z], and R[z].

e By the factorizations from problem 1, we see that it for Fy[z], Fs[z], Fs[z], and Rx].




3. Find the number of monic irreducible polynomials in Fy[z] and Fs[z] of degrees 4, 5, 6, 7, 8, 9, and 10.

e From our discussion, the number f,(n) of monic irreducible polynomials in F,[z] can be computed using
Mobius inversion. Explicitly, we obtain the following:

n 1 5 6 7 8 9 10
L) 110" =p) [ 20°=p) | :0° = =0 +p) [ 200" —p) | :0°—pY) [ 30" —p°) | 15(0"° —p° —p* +p)
fo(n) 3 6 9 18 30 56 99
f5(n) 18 18 116 312 810 2184 5880

e Each sum for f,(n) includes the terms p"/ for each squarefree divisor a of n, with a sign + or — according
to whether a has an even or odd number of prime factors.

4. For each integer m, either find a primitive root modulo m and the total number of primitive roots modulo m,
or explain briefly why there are none:
(a) m = 13.

e Since 13 is prime, it has a primitive root. Testing 2 we see that the order of 2 divides 12, with
26 = —1 and 2* = 3, so in fact has order 12 hence is a primitive root.

e The number of primitive roots is ¢(¢(13)) = ¢(12) = .
(b) m = 133.
e Since 13? is a prime power, it has a primitive root. We also have 22 = 80 (mod 13), so 2 is also

a primitive root modulo 132, hence modulo 13 for any d > 2. Thus we may take m = as our
primitive root modulo 133. The total number of primitive roots is ¢(¢(13%)) = ¢(12-13%) =|48 - 13 |.

(c) m = 322026,

o Since 322026 — 210130 ig not of the form 1, 2, p™, or 2p™ for an odd prime p, there is ’ no primitive root ‘

here. (In such a case, of course the total number of primitive roots is 0.)

(d) m = 332026,

e Since 332026 = 320261712026 j5 ot of the form 1, 2, p™, or 2p™ for an odd prime p, there is’ no primitive root ‘

here.
(e) m = 52026'
e First we find a primitive root modulo 5. It is easy to see that 2 is a primitive root since its powers
are 2, 4, 3, 1.
e We also have 2¢ = 16 (mod 25), so 2 is also a primitive root modulo 25, hence modulo 5¢ for any
d > 2. Thus we may take m = as our primitive root modulo 52926,

e The total number of primitive roots is p(p(52°26)) = ¢(4 - 5202%) = .
(f) m = 2. 5207,

e By (e), 2 is a primitive root modulo 52°?6. Since 2 is even, it is not a primitive root modulo 2 - 52026:

instead, we take |2 + 52°2¢ | as our primitive root.

o (Alternatively, if we had started with 3 instead of 2, we would have seen that is also a primitive
root modulo 2 - 52026.)

e The total number of primitive roots is p(p(2 - 52026)) = (4 - 52925) = .




5. Give an explicit construction for each of the following things, making sure to include full justification that
your example has the required property:

(a) A field having exactly 49 elements.

e Since 49 = 72 we can construct such a field as R/pR where R = Fr[z] and p is an irreducible
polynomial of degree 2 in R.

e There are many possibilities to choose from, but one option is p(x) = 22 + 1, since p(0) = 1,
p(+1) =2, p(+2) =5, and p(+3) = 3: thus, p has no roots modulo 7, so it is irreducible.

(b) An integral domain that is not a Euclidean domain.

e There are many options but since we know Euclidean domains have unique factorization, we can use
any of the rings Z[v D] that do not have unique factorization, such as Z[/—5]. These rings are all
integral domains, but cannot be Euclidean.

(c) An integral domain R with exactly 125 elements in which r!25 = r for every r € R.

e By our generalization of Fermat’s Little Theorem, if R is a field with 125 elements, then r1?® = r

for every r € R, and R will also be an integral domain since fields are domains.

e Since 125 = 5%, we can construct such a field as Fs[z] modulo an irreducible polynomial p(x) of
degree 3.

e One such polynomial is p(x) = 23 +x + 1: since p(0) = 1, p(1) = 3, p(2) = 1, p(3) = 1, and p(4) = 4,
it has no roots hence since it has degree 3 it is irreducible. Alternatively, we could use the polynomial
23 4+ 22 + 2 since in 1(b) we saw it was irreducible modulo 5.

6. Let r € Z[vV D] be nonzero and not a unit. Prove that r has at least one factorization as a product of
irreducibles: namely, r = 71 - - - 7, for some irreducible elements 71,..., 7. [Hint: Induct on |N(r)|.]

o We show the result by (strong) induction on the absolute value of the norm N(r). If N(r) = 0 then
r = 0, while if N(r) = £1 then r is a unit.

e For the base case we take |[N(r)| = 2: then since the absolute value of its norm is prime, r is irreducible
as proven in class.

e For the inductive step, suppose that |[N(r)] = n for n > 3. If r is irreducible we are done: otherwise we
have r = ab for some a,b with 1 < |[N(a)|, |[N(b)| < n.

e By the inductive hypothesis, both a and b have factorizations as a product of irreducibles, so r does too.

7. Suppose p and ¢ are distinct odd primes. The goal of this problem is to give another approach to show that
there is no primitive root modulo pgq.

(a) Suppose a is a unit modulo pg, and that its order is d, modulo p and d; modulo ¢g. Show that the order
of a modulo pq divides lem(dy, dy).

e Let [ =lem(dy,d,). Then a' =1 (mod p) since the order dp, of a mod p divides the exponent [, and
similarly a! = 1 (mod ¢) since the order d; of a mod ¢ also divides 1.
e But now since p, ¢ are relatively prime, by the Chinese Remainder Theorem a' = 1 (mod p) and
a! =1 (mod ¢) imply @' = 1 (mod pq). Then by properties of order, the order of @ modulo pq divides
[ =lem(d,, d,), as required.
(b) Show that the order of any unit modulo pq divides lem(p — 1,q — 1) and that this lem is at most %ap(pq).
Deduce that there is no primitive root modulo pq.

e If a unit a has order d, mod p and d; mod ¢, then by Euler’s theorem d,, divides p—1 and d, divides
¢ — 1, and thus lem(d,, dy) divides lem(p —1,¢ — 1).
e Furthermore, since p and g are odd primes, p — 1 and g — 1 are both even, so their gcd is at least 2.

—1 —1 —1 —1
Then lem(p —1,g—1) = gc(g(p _)(1(?(] — )1) < v )2(q ) = 1¢(pq) as claimed.
e Thus, since the order of any unit is at most %go(pq) there cannot be a unit of order ¢(pg), so there

is no primitive root mod pgq.




8. Let n > 3. We have seen that there are no primitive roots modulo 2™ for n > 3, so there exists no element of
order ¢(2") = 2"~1. The goal of this problem is to show that there does exist an element of the next largest
possible order, namely 272, modulo 2%, and to show every unit is a power of this element up to a % sign.

(a) Prove that 52" — 1 is divisible by 27! but not by 2" for all integers n > 3. [Hint: Induct on n, using
the factorization 52¢ — 1 = (5% — 1)(5% + 1), and count the factors of 2 in each term.|

e Following the hint, we induct on n.

e For the base case n = 3 we see 52 — 1 = 5! — 1 = 4 is divisible by 22 but not 23 as claimed.

e For the inductive step suppose that 527" — 1 is divisible by 2”1 but not by 2": we need to show
that 52"~ — 1 is divisible by 2" but not by 27+,

e Per the hint, we observe that 52"~ —1= (52" "~ 1)(5 +1). The first term is divisible by 277!
but not 2™ by the inductive hypothesis, while the second term is congruent to 2 modulo 4, hence is
divisible by 2 but not 22.

e Thus, the product 52" ' — 1 is divisible by 2"*! but not 272, as required.
(b) Deduce that 52" ° =1+ 271 (mod 2") for n > 3.

e By (a), we know that 52"~ — 1 is divisible by 2", so 52" " =1 + 2714 for some integer a.

2n—3

e Modulo 2" we see that there are two possibilities: either 52" ° =1 (mod 2") for a even, or 52" ° =
1+ 271 (mod 2") for a odd.

e But also by (a) we know 52""° — 1 is not divisible by 2", so we must have 52" ° = 1 4 2n~1 (mod
2m).
(c) Show that 5 has order 2"~2 modulo 2" for n > 3.
e From (b) we know 52" =1+ 27! (mod 2"). Squaring this yields 52"~ = (14+2""1)2=1+2" +
2272 =1 (mod 2").
e Thus, the order of 5 divides 2"~2. But the order does not divide 2"~ since 520 # 1 (mod 2") also
by (b). Therefore, the order is exactly 2"~2.
(d) Show that there is no solution to 5% = —1 (mod 2") for n > 3.

e Suppose by way of contradiction that 5 = —1 (mod 2"). Squaring yields 5%* = 1 (mod 2") so since
5 has order 2”2 by (c), that means 2a is divisible by 2”2 hence a is divisible by 2"~3, say with
a=2""3b.

e But then 5% = (52" °)? = (1+2""1)® (mod 2") by (b), but the powers of 1+ 27! alternate between
1+ 2""! and 1 modulo 2". This is a contradiction.

(e) Show that every unit modulo 2" is of the form 5% or —5% for some 1 < a < 2"~2. [Hint: Show that all
these elements are distinct units.]

e First, all the elements 5% and —5% for 1 < a < 2"~ 2 are units. They are also distinct: the powers
of 5 are all distinct since 5 has order 2”2, and so their negatives are also distinct. Furthermore, if
5% = —5° (mod 2") then 527% = —1 (mod 2") but there is no solution to this equation by part (d).

e So these elements 5% and —5% represent 2 - 2"~2 = 2"~! distinct units. But there are only p(2") =
271 units in total, so these are all of them.




