E. Dummit’s Math 3527 ~ Number Theory 1, Spring 2026 ~ Homework 5, due Fri Feb 13th.

Justify all responses with clear explanations and in complete sentences unless otherwise stated. Write up your
solutions cleanly and neatly and submit via Gradescope, making sure to select page submissions for each problem.
Use of generative Al in any manner is not allowed on this or any other course assignments.

Part I: No justifications are required for these problems. Answers will be graded on correctness.

1. Calculate each of the following things:

(a) The values of ©(101), ©(40000), and (61°).

(b) The number of positive integers less than or equal to 2025 that are relatively prime to 2025.
(c) The last two digits of 519?42 when it is written out in base 10.
(d) A unit that has order ¢(18) modulo 18.
(e) The order of 10 modulo 41.
(f) The order of 10 modulo 89.
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2. Calculate each of the following things:

(a
(b

The rational number with decimal expansion 0.2026.

The rational number with decimal expansion 0.123456789.
(c) The rational number with decimal expansion 3.14592.

(d) The period of the repeating decimal 9/41 and its expansion. [Hint: See le.|
The period of the repeating decimal 7/89. |Hint: See 1f.|

The period of the repeating decimal 4/23.
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All primes p such that 1/p has a repeating decimal expansion of period exactly 5.

)
)
)
)
)
)
)
)

All primes p such that 1/p has a repeating decimal expansion of period exactly 6.

3. Find the following things, and include brief justification (you can just give the results of the needed modular
exponentiations; you do not need to give details of the calculations):

(a) The order of 5 modulo 97.
(b) The order of 5 modulo 102.
(¢) The order of 2 modulo 81.
(d) The order of 5 modulo 2026.
)

(e) Which of the elements from (a)-(d) are primitive roots?

4. The message WKHYHUBEHVWGRJVDUHVLEHULDQKXVNLHYV has been encrypted using a
Caesar shift. Decode it.

5. Consider the Rabin cryptosystem with key N = 1359692821 = 32359 - 42019.

(a) Encode the plaintext m = 117285016.
(b) Find the four decodings of the ciphertext ¢ = 823845737.




6. Consider the RSA cryptosystem with key N = 1085444233 = 31907 - 34019 and encryption exponent e = 3.

(a) Encrypt the plaintext m = 277891194.
(b) Find a decryption exponent d.
(c) Decrypt the ciphertext ¢ = 878460400.

Part II: Solve the following problems. Justify all answers with rigorous, clear explanations.
7. Let p = 2029. Notice that p is prime and also that the prime factorization of p — 1 is 2028 = 22 - 3 - 132.

(a) Show that 2 is a primitive root modulo p. (You can just give the results of the needed modular expo-
nentiations; you do not need to give details of the calculations.)

(b) Find all four solutions to the congruence z* =1 (mod p).

(¢) Find both solutions to the congruence z? = 3 (mod p), given that 3 = 21980 (mod p).

8. Let p > 2 be a prime.

(a) Show that the only solutions of the congruence 22 = 1 (mod p) are z = 1 and z = —1 (mod p).
(b) Suppose a has even order 2k modulo p. Prove that a* = —1 (mod p). [Hint: Let 2 = a* and consider 2>
mod p.|

9. The goal of this problem is to show that if N = pq is an Rabin/RSA modulus, then computing (V) is
equivalent to factoring N.

(a) Suppose that N = pq and ¢ = (p — 1)(g — 1), where p, ¢ are real numbers. Find a formula for p and ¢ in
terms of N and ¢.
(b) Deduce that if N = pq is a product of two primes, then factoring N is equivalent to computing ¢(N).

(c) Given the information that N is a product of two primes, where

N = 22592848554175369912787642584639796662881202104422604037797641281978785567961
o(N) = 22592848554175369912787642584639796662567375207606558304355492609701088213924

find the prime factors of N. (You can just give the first six and last six digits of each: e.g., as
123456 ...135791.)




