E. Dummit’s Math 4571 ~ Advanced Linear Algebra, Spring 2025 ~ Homework 2 Solutions

1. Identify each of the following statements as true or false:

(a)

(b)

Every vector space contains a zero vector.

° : this is one of the vector space axioms.

In any vector space, av = aw implies that v = w.

° : for example we have 0-v =0 -w for any v, w.

In any vector space, av = gv implies that a = 3.
° : for example we have 1-0=2-0.
If U is a subspace of V and V is a subspace of W, then U is a subspace of W.
° : this follows from the subspace criterion (or even just the definition of subspace).
The empty set is a subspace of any vector space.
° : subspaces are by definition not empty.
The intersection of two subspaces is always a subspace.
° : the intersection of any collection of subspaces is a subspace.
The union of two subspaces is always a subspace.
) : for example, the union of {(z,0)} and {(0,%)} in R? is not a subspace.
The union of two subspaces is never a subspace.
. : for example if we take two subspaces Wy C Wy then Wy U Wy = W is still a subspace.
The span of the empty set is the empty set.

° : the span of the empty set is the zero subspace containing only 0, which is different from the
empty set.

The span of the zero vector is the zero subspace.

° : the only vector spanned by the zero vector is the zero vector itself.
If S is any subset of V, then span(S) is the intersection of all subspaces of V' containing S.

° : this is one of the basic facts about spans.
If S is any subset of V, then span(S) always contains the zero vector.

. : the span is always a subspace, so it contains the zero vector (even if S is empty).
Any set containing the zero vector is linearly independent.

o : in fact the opposite is true, any set set containing the zero vector is linearly dependent!
Any subset of a linearly independent set is linearly independent.

° : any linear dependence in the subset would give one in the original set.
Any subset of a linearly dependent set is linearly dependent.

o : removing elements from a linearly dependent set could certainly yield a linearly independent
set (e.g., the empty set!).




2. Determine whether or not each given set .S is a subspace of the given vector space V. For each set that is not
a subspace, identify at least one part of the subspace criterion that fails.

(a) V =R* S = the vectors v in R* with v-(1,0,1,1) = 2.

e This set ’is not a subspace‘ because it does not contain the zero vector. (It also fails the other two

parts of the subspace criterion.)
(b) V = real-valued functions on [0, 1], S = the functions with f"(z) = f(z).
e This set because it contains the zero function and is closed under addition and scalar
multiplication.
(c) V =C5, S = the vectors (a,b,c,d,e) withe=a+b+cand b=c=d.
e This set, because it contains the zero vector and is closed under addition and scalar
multiplication.

(d) V = real-valued functions on R, S = the functions with f(z) = f(1 — z) for all real z.

e This set because it contains the zero vector and is closed under addition and scalar
multiplication.

(e) V = M3x3(R), S = the 3 x 3 matrices with integer entries.

e This set ’is not a subspace ‘ because it is not closed under scalar multiplication (specifically, by non-

integer scalars).

(f) V = M3zx3(R), S = the 3 x 3 matrices with nonnegative real entries.

e This set ’is not a subspace‘ because it is not closed under scalar multiplication (specifically, by

negative scalars).
(g) V = P3(C), S = the polynomials in V' with p(i) = 0.
e This set because it contains the zero polynomial and is closed under addition and
scalar multiplication.

(h) V = M42(Q), S = the matrices in V of determinant zero.

o

e This set ’ is not a subspace ‘ because it is not closed under addition. For example, .S contains [ 00 }

00 ] but not their sum [ 10

and{01 0 1

] . (It does satisty the other two properties, however.)

(i) V = real-valued functions on R, S = the functions that are zero at every rational number.

e This set because it contains the zero function and is closed under addition and scalar

multiplication. (Note that V' contains lots of functions, such as the function that is 1 at = V2 and
0 everywhere else.)

3. For each set of vectors in each vector space, determine (i) if they span V and (ii) if they are linearly independent:
(a) (1,2), (3,2), (1,1) in R2.
e Some quick calculations will show that these vectors , but are ’ not linearly independent ‘
(b) (1,2,4), (3,2,1), (1,1,1) in R3,

e Since we have 3 vectors in R? we can use the determinant shortcut: the matrix whose columns are the
three given vectors has nonzero determinant, so the three vectors ’ do span ‘ and ’ are linearly independent ‘




(¢) 1+, x+ 2% in P»(C).

e These 2 polynomials because P»(C) has dimension 3. They |are linearly independent |,
however, because neither is a scalar multiple of the other.

3 4 1 1
modulo 5.]

(d) { L2 } and [ 00 ] in M2yx2(Fs). [Note F5 = Z/5Z; the entries of the matrices are considered

e These 2 matrices because Ms«o has dimension 4. They | are linearly independent |,

however, because neither is a scalar multiple of the other.

O[3 318 ][5 8t

e These 3 matrices because Msxo has dimension 4. They ’are linearly independent |,

[ 0 0 0 0
has only the solution a = b= ¢

O (o o]0 1] |0 )] mmmat

e These 3 matrices because Msyx2 has dimension 4. They are | not linearly independent
because their sum is the zero matrix.

because a 1 1}—1—()[8 1}+c[(1) (1)}:{0 0}yieldsa+c:a+b:b+c:Owhich
=0.

4. Suppose A is an m X n matrix with entries from the field F.

(a) Show that the set of all vectors x € F™ such that Ax equals the zero vector (in F™) is a subspace of F™.

e We simply check the subspace criterion:
e For [S1], clearly A0 = 0.
e For [S2],if Ax = Ay =0 then A(x+y)=Ax+ Ay =0+0=0.
e For [S3], if Ax = Ay = 0 then A(ax) = a(4x) = a0 = 0.
(b) Deduce that the set of solutions to any homogeneous system of linear equations (i.e., in which all of the
constants are equal to zero) over F' is an F-vector space.
e If we take A to be the coefficient matrix, then the variable vector x is a simultaneous solution to all
of the equations if and only if Ax = 0.
e So by part (a), the space of solutions is a subspace of F™ hence is a vector space.

5. Suppose V is a vector space and let S = {vy,va,v3} and T = {vy, vy + va,v] + vo + v3}.

(a) If S is linearly independent, show that T is linearly independent.

e Suppose we had a dependence a(vy) 4+ b(vy + va) + ¢(vi + va + v3) = 0.
e Distributing yields (a + b + ¢)vy 4+ (b + ¢)va 4+ ¢vz = 0, and so linear independence of S requires
a+b+c=0b+c=c=0, which has only the solution a = b = ¢ = 0. Hence T is linearly independent.
(b) If S spans V, show that T spans V.

e If S spans V then for any w € V we can write w = avy + bvy + cvs.
e Then it is not hard to see that w = (a —b)vy + (b—¢)(v1 +v2) + ¢(v1 +va + v3), so T also spans V.




6. If V is a vector space and Wy, Wy are two subspaces of V', their sum is defined to be the set Wy + Wy =
{w1+wy : w; € W; and wa € Wa} of all sums of an element of Wy with an element of W.

(a) Prove that W + W5 contains W; and W, and is a subspace of V.

For the first part, for any wy in W7 and ws in W5 we can write w; = w; + 0 and wy = 0 + wy .
Thus so w; and wsy are both in W7 + W5, and so Wy + W5 contains Wy and Wh.

For the other part, we check the subspace criterion.

For [S1], 0 = 0+ 0 so W7 + W, contains 0.

For [S2], suppose a; +b; and as+bs are in W1+ Ws,. Then a; +as is in Wi (by the subspace criterion
in W7) and by + by is in Wh (by the subspace criterion in W5). So since (a; + by) + (az + ba) =
(a1 + az) + (by + by) we conclude that (a; + by) + (ag + bs) is in W + Wa.

For [S3], suppose a + b is in W7 + Ws. Then ca is in W; and cb is in W5 so ¢(a+b) = ca+cb is
in Wy + Wa.

(b) Prove in fact that W7 + Ws is the smallest subspace containing both W; and Ws. [Hint: If W is a
subspace of V' containing W7 and Wy, show that W must contain Wy + Wa.]

Suppose W is a subspace of V' containing both W; and W5 and let a+ b be any vector in Wy + Ws.
Since a is in Wj and b is in W5, both a and b are in W. So by the subspace criterion in W, a+ b
isin W.

Since a + b was an arbitrary element of W7 4+ W5, we conclude that W7 4+ W5 is contained in W.

Therefore, every subspace containing W; and W5 contains W7 + W5, Since W7 + Ws is itself a
subspace by (a), it is the smallest.

(¢) For V = F[z], let W, be the subspace of all even polynomials (i.e., polynomials with all terms of even
degree) and W5 be the subspace of all odd polynomials (polynomials with all terms of odd degree). Show
that V =Wy + Whs.

Clearly Wy + Wy C V.

Also, if p = ag + a1 + azx® + --- + a,z™ is an arbitrary element of V, then we can write p =
(ag + agx® + agx* + -+ ) + (arx + azz® + azx® +---).

Since the first polynomial is in W7 and the second is in Wa, every element in V' is in Wy + Wa, so
V=W, +Ws.

7. Suppose that fo, fi1,..., fn are real-valued functions of x, all of which are n times differentiable. The Wronskian
fo i o I
fo H o fa
W (fo, f1,..., fn) is defined to be the determinant W(fo, f1,...,fa) =| . — . |. For exam-
fo.n) 1('70 . 7(;n)
2 3 2 2
ple, W(z2,23) = ;x 322 =z and W(2?%,22?) = ;x 242 —0.

(a) Show that if fq, f1,..., fn are linearly dependent, then their Wronskian is zero.

Suppose that agfo + a1f1 + -+ anfrn = 0. Then by taking derivatives we also have agf) + a1 f] +
-+ a,f) =0 and similarly for the higher derivatives.

fO fl o fn ap
fo 1 a

This means : : . : . = 0. But as we have shown, if there is a nonzero
AR LR AR (N I

vector v with Mv = 0, then det(M) = 0: hence the Wronskian is zero as claimed.



(b) Deduce that if functions fy, f1, ..., f» have a nonzero Wronskian, then they are linearly independent. Is
the converse true? [Hint: No. Try fo = 2% and f; = x|z

e The first part is just the contrapositive of part (a).

e For the second part, observe that for fo = 22 and f; = z|z| we have f} = 2z and f] = 2|z| (this
is straightforward to check with a graph or the definition of the derivative). Then W(fo, f1) =

22 x|z

2z 2|z

e However, fy and f; are linearly independent: if ax? + bx |z| = 0 then setting z = 1 yields a +b = 0
and setting x = —1 yields a — b =0, so that a = b = 0.

=122 2|z| — 2z - x|z| = 0.

(c¢) Show that {1,sinz,cosz} is a linearly independent set.

1 sinz coszT
e We simply compute the Wronskian: it is W(1,sinx,cosz) = | 0 cosz —sinx | = —cos’z —
0 —sinxz —cosz
sin? x = —1. Since this is nonzero, by (b) we conclude that the functions are linearly independent.
31 11 1
1 4 1 1 1
1 1 56 1 1
8. [Challenge| Let D,, denote the value of the (n — 1) x (n — 1) determinant | 1 1 1 ¢ 1
11 11 n+1
. . Dy .
Determine whether lim,, — exists.
n!
3 1.1 1 1
-2 3 00 0
-2 0 4 0 0
e Subtract the first row from the other rows, yielding | _o ¢ o 5 0
-2 00 0 -+ n
e Now subtract 1/3 of the second row, 1/4 of the third row, 1/5 of the fourth row, ... , 1/nth of the
(n — 1)st row, from the first row.
x 0 00 0
-2 3 00 0
-2 0 4 0 0 2 92 92 2
This yields | _ h =3+-+-+-++—
° 1s yields 20 0 5 0 | where x —|—3+4—|—5+ +n—1
-2 0 0 0 -+ n
e Now the matrix is lower triangular so its determinant is simply -3 -4-5----- n.
D, 3 1 1 1 1 n—11 . Lo . .
e Then P g =3 + 3 + 1 + 5 +- 4+ no1 Zkzll T As n — oo this series is the harmonic series,

e Remark: This was problem B5 from the 1992 Putnam.




