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2 Partial Derivatives

In this chapter, we develop the theory of differentiation for functions of several variables, and discuss applications to
optimization and finding local extreme points. The development of these topics is very similar to that of one-variable
calculus, save for some additional complexities due to the presence of extra variables.

2.1

Limits and Partial Derivatives

e In order to talk about derivatives in the multivariable setting, we first need to establish what limits and
continuity should mean. Once we have given a suitable definition of limit, we can then define the notion of a
derivative.

2.1.1

Limits and Continuity

e We begin with a definition of limits for functions of several variables.

e Definition: A function f(x,y) has the limit L as (z,y) — (a,b), written as  lim  f(z,y) = L, if, for any

(z,y)—(a,b)

€ > 0 (no matter how small) there exists a 6 > 0 (depending on ¢) with the property that for all (z,y) with
0 <+/(z —a)?+ (y —b)? < 6, we have that |f(z,y) — L| < e.




o The square root might be a little bit unsettling. But it is just a statement about “distance” saying that
0 < +/(z —a)?+ (y — b)2 < § just means that the point (z,y) is within a distance § of the point (a,b).

o Compare this definition to the formal definition of limit for a function of one variable: A function f(x)
has the limit L as ¢ — a, written as lim f(z) = L, if, for any ¢ > 0 (no matter how small) there exists a
r—a

0 > 0 (depending on ¢€) with the property that for all 0 < |z — a| < §, we have that |f(xz) — L| <e.

o The multivariable definition and single-variable definitions both mean the same intuitive thing: suppose
you claim that the function f has a limit L, as we get close to some point P. In order to prove to me
that the function really does have that limit, I challenge you by handing you some value € > 0, and I
want you to give me some value of §, with the property that f(x) is always within e of the limit value L,
for all the points which are within § of P.

o Remark: We can also define limits of functions of more than two variables. The definition is very similar
in all of those cases: for example, to talk about a limit of a function f(z,y,z) as (z,y,2) — (a,b,c),
the only changes are to write (x,y, z) in place of (z,y), to write (a,b,c) in place of (a,b), and to write
V(@ —a)2+ (y —b)2 + (2 — ¢)? in place of \/(z — a)% + (y — b)2.

e Definition: A function f(xz,y) is continuous at a point (a,b) if ( %un( )f(a:,y) is equal to the value f(a,b).
z,y)—(a,b
In other words, a function is continuous if its value equals its limit.

o Continuous functions of several variables are just like continuous functions of a single variable: they
don’t have “jumps” and they do not blow up to co or —co.

e Like the one-variable case, the formal definition of limit is cumbersome and generally not easy to use, even
for simple functions. Here are a few simple examples, just to give some idea of the proofs:

o Example: Show that lim ¢ = ¢, for any constant c.
(@)= (ab)

x In this case it turns out that we can take any positive value of ¢ at all. Let’s try 6 = 1.

* Suppose we are given € > 0. We want to verify that 0 < \/(z — a)2 + (y — b)2 < 1 will always imply
that |c — ¢| < e.

* But this is clearly true, because |¢ — ¢| = 0, and we assumed that 0 < e.

x So (as certainly ought to be true!) the limit of a constant function is that constant.

o Example: Show that lim z=2.
(z,y)—(2,3)

* Suppose we are given e > 0. We want to find > 0 so that 0 < \/(x — 2)2 + (y — 3)? < § will always
imply that |z — 2| <e.
We claim that taking 6 = € will work.

To see that this choice works, suppose that 0 < \/(z — 2)2 + (y — 3)? < ¢, and square everything.
We obtain 0 < (z — 2)% + (y — 3)% < €2.

Now since (y — 3)? is the square of the real number y — 3, we see in particular that 0 < (y — 3)2.
* Thus we can write (7 — 2)? < (z — 2)? + (y — 3)% < €2, so that (z — 2)? < €2

* Now taking the square root shows |z — 2| < |e].

x However, since ¢ > 0 this just says |x — 2| < ¢, which is exactly the desired result.

o Remark: Using essentially the same argument, one can show that ( %Hn( b)x = a, and also (by inter-
z,y)—(a,

changing the roles of x and y) that ( %lHl( . y = b, which means that « and y are continuous functions.
x,y)—(a,

e As we would hope, all of the properties of one-variable limits also hold for multiple-variable limits; even the

proofs are essentially the same. Specifically, let f(x,y) and g(z, y) be functions satisfying ( %nn( . f(z,y) =Ly
x,y —(a,
and ( %Hn( . g(x,y) = Ly. Then the following properties hold:
x,y —(a,

o The addition rule:  lim  [f(z,y) + g(z,y)] = Ly + Lg.
(z,y)—(a,b)

o The subtraction rule:  lim  [f(z,y) — g(x,y)] = Ly — Ly.
(z,y)—(a;b)



o

The multiplication rule:  lim  [f(z,y) - g(z,y)] = Ly - Ly.

(z,y)—(a,b)
L
o The division rule: lim {f(x, y)] —f, provided that L, is not zero.
@) —ab) Lg(@,y)] Ly
o The exponentiation rule: ( %un( ) [f(z,y)]* = (L), where a is any positive real number. (It also holds
T,y —(a,

when a is negative or zero, provided Ly is positive, in order for both sides to be real numbers.)

o The squeeze rule: If f(z,y) < g(z,y) < h(z,y) and ( %Hn( b)f(x,y) = %Hn( ) h(z,y) = L (meaning
xz,y)—(a, z,y)—(a,
that both limits exist and are equal to L) then  lim  g(x,y) = L as well.
(z,y)—(a,b)

e Here are some examples of limits that can be evaluated using the limit rules:

2
-2

o Example: Evaluate lim u.
(zy)=(1,1) z+Y

* By the limit rules we have  lim [x2 — 2y] = lim [xz] —2 lim ]=1*-2=—1and
(z,y)—(1,1) (z,y)—(1,1) (z,y)—(1,1)
lim [z4+yl= lim [z]+ lim [y=1+1=2.
(z,y)—(1,1) (z,y)—(1,1) (z,y)—(1,1)
li 22
. % — 2y (m,y)lgl(1,1) [a: y] 1 1
* Then  lim = . = =|—-=|
(zy)—(1,1) T+y lim [z +y] 2 2

(z,y)—(1,1)

1
o Example: Evaluate  lim xysin| —— | |.
(z,9)—(0,0) Ty

1
* If we try plugging in (z,y) = (0,0) then we obtain 0 -0 - sin (O)’ which is undefined: the issue is

the sine term, which also prevents us from using the multiplication property.
x Instead, we try using the squeeze rule: because sine is between —1 and +1, we have the inequalities

1
oyl <@y sin () < leyl.
r—y

x We can compute that  lim |zy| = [ lim |x|] [ |y] -0=0.
(w,y)—(0,0) (@,y)—(0,0) (@, y)
1
* Therefore, applying the squeeze rule, with f(z,y) = — |z y|, g(z,y) = zy sin (H), and h(z,y) =
1
xy|, yields lim zysin| —— || =|0]
il vt (325)| <[
x5+ y4

o Example: Evaluate @ 7y%1_)(0 0 Ty

5 4

* We split the limit apart, and compute lim ———— and lim ———— separately.
P path PR 0.0 71 + ¢ )00 Ty "D Y
25 5 25
* Wehave | ———| < |—| =|z|,sosince  lim [z[ — 0, by the squeezerule wesee ~lim ——5 =
=ty z (z,y)—(0,0) (2,9)—(0,0) T4 + 32
4
+ Similarly, % y—Z = |y2’, SO since lim |y2‘ — 0, by the squeeze rule we see
= +y Yy (z,9)—(0,0)
Y

m
(2,y)—(0,0) z* + y2

20 +y
* Thus, by the sum rule, we see lim 7} 5 = @
(z,y)—(0,0) 2% + Yy

e Using the limit rules and some of the basic limit evaluations, we can establish that the usual slate of functions
is continuous:

o Any polynomial in z and y is continuous everywhere.



p(z,y)
q(z,y)
o The exponential, sine, and cosine of any continuous function are all continuous everywhere.

o Any quotient of polynomials

is continuous everywhere that the denominator is nonzero.

o The logarithm of a positive continuous function is continuous.

e For one-variable limits, we also have a notion of “one-sided” limits, namely, the limits that approach the target
point either from above or from below. In the multiple-variable case, there are many more paths along which
we can approach our target point.

o For example, if our target point is the origin (0,0), then we could approach along the positive z-axis,
or the positive y-axis, or along any line through the origin... or along the curve y = z2, or any other
continuous curve that approaches the origin.

e As with limits in a single variable, if limits from different directions have different values, then the overall
limit does not exist. More precisely:

e Test (“Two Paths Test”): Let f(z,y) be a function of two variables and (a,b) be a point. If there are two
continuous paths passing through the point (a,b) such that f has different limits as (x,y) — (a, ) along the
two paths, then  lim  f(z,y) does not exist.

(@,y)—(a,b)
o The proof is essentially just the definition of limit: if the limit exists, then f must stay within a very
small range near (a,b). But if there are two paths through (a,b) along which f approaches different
values, then the values of f near (a,b) do not stay within a small range.

o To apply the test, we try to generate some parametric curves (z(t),y(t)) that pass through the point
(a,b) when t = to, and compute tlin? f(x(t), y(t)) as a limit in the single variable t.
—to

e Example: Show that lim v does not exist.
(,9)(0,0) 22 + 12

o

We try some simple paths: along the path (z,y) = (¢,0) as ¢t — 0 the limit becomes }gr(l) P }gr(l) 0=0.

[e]

. 0-t :
Along the path (z,y) = (0,t) as t — 0 we have }gl% i }5%0 =0.

Along these two paths the limits are equal. But this does not show the existence of the limit ~ lim D
(@)= (0,0) 22 + y?

o

L = lim1 _ 1

2+1t2 =02

Thus, along the two paths (z,y) = (0,t) and (x,y) = (¢,t), the function has different limits as (z,y) —
(0,0). Hence the limit does not exist.

[e]

Let’s try along the path (z,y) = (¢,t): the limit then becomes tlin%
e

[¢]

[¢]

Below on the left is a plot of the function near (0, 0):

2

e Example: Show that lim

% does not exist. (Plotted above, on the right.)
(2,9)—=(0,0) % + ¥

=0.

oo 0t .0
o Along (z,y) = (0,t) the limit is }%O—Fﬁ_tl—%tj



o Along (z,y) = (¢,t*) the limit is lim LAkl =lim — = -
2 )
Y ’ s 44t 150 2t 2

o Along these two paths the limit has different values, so the general limit does not exist.

. . t(mt)? . m?t3 , m2t
o Remark: If we try (z,y) = (¢, mt) for an arbitrary m, we get }1_13(1) 2+ (mi)? = }g% 2 L omid }51(1) T+mi2
2
t
0, since T i — 0 as t — 0. So we see that along every line through the origin (including z = 0,
m

which we analyzed above), the function has the limit 0. Nevertheless, the limit does not exist!

e Our discussion so far has dealt with functions of two variables. Everything we have done can be generalized
in a natural way to functions of more than two variables.

o However, since we will not really use limits in a major way, we will omit a detailed discussion of limits

involving functions of more than two variables.

2.1.2 Partial Derivatives

e Partial derivatives are simply the usual notion of differentiation applied to functions of more than one variable.
However, since we now have more than one variable, we also have more than one natural way to compute a
derivative.

e Definition: For a function f(z,y) of two variables, we define the partial derivative of f with respect to z as

of = f, = lim fzthy) = f@y) and the partial derivative of f with respect to y as
g? . f( h})L f(z,y)

_ T Z, Yy + — z,y
ay ~ T h |

o Notation: In multivariable calculus, we use the symbol 9 (typically pronounced either like the letter d or
as “del”) to denote taking a derivative, in contrast to single-variable calculus where we use the symbol d.

0
o We will frequently use both notations or and f, to denote partial derivatives: we generally use the

dy
difference quotient notation when we want to emphasize a formal property of a derivative, and the
subscript notation when we want to save space.

o Geometrically, the partial derivative f, captures how fast the function f is changing in the x-direction,
and f, captures how fast f is changing in the y-direction.

e To evaluate a partial derivative of the function f with respect to x, we need only pretend that all the other
variables (i.e., everything except x) that f depends on are constants, and then just evaluate the derivative of
f with respect to x as a normal one-variable derivative.

o All of the derivative rules (the product rule, quotient rule, chain rule, etc.) from one-variable calculus
still hold: there will just be extra variables floating around.

e Example: Find f, and f, for f(z,y) = 23y* + €*.

o For f,, we treat y as a constant and x as the variable. Thus, we see that f, = .

o Similarly, to find f,, we instead treat = as a constant and y as the variable, to get f, = ’ 32y 40 = 223y ‘

(Note in particular that the derivative of e* with respect to y is zero.)

e Example: Find f, and f, for f(z,y) = In(z? + y?).

2x
o For f,, we treat y as a constant and x as the variable. We can apply the chain rule to get f, = el
€z Yy
since the derivative of the inner function z2? + y? with respect to z is 2z.
2
o Similarly, we can use the chain rule to find the partial derivative f, = % .
T Y




zy
e Example: Find f, and f, for f(z,y) = 267.
T4 +x

O 1emy] . (g2 4+ ) —e®Y . O[22 4
o For f, we apply the quotient rule: f, = 2= ] @+ z) —e Ox [I x]
@2+ 0
(ye®™) - (22 + ) — e - (20 + 1)
(22 + z)2 i

. Then we can evaluate the

derivatives in the numerator to get f, =

o For f,, the calculation is easier because the denominator is not a function of 3. So in this case, we just

1 2y
s @)

need to use the chain rule to see that f, =

e We can generalize partial derivatives to functions of more than two variables: for each input variable, we get
a partial derivative with respect to that variable. The procedure remains the same: treat all variables except
the variable of interest as constants, and then differentiate with respect to the variable of interest.

L d MPLQZ Find fz, fy, and fz for f(x7y7z) = y26212_y_

o By the chain rule we have f, =|yz- 27 Y 4 |, (We don’t need the product rule for f, since y and z

are constants.)

o For f, we need to use the product rule since f is a product of two nonconstant functions of y. We get

21;2—y 27;2—1/

fy=2" 2’y 4 yz- 8% [627”2_9}, and then using the chain rule gives f, =|ze

o For f,, all of the terms except for z are constants, so we have f, = .

e Like in the one-variable case, we also have higher-order partial derivatives, obtained by taking a partial
derivative of a partial derivative.

—yz-e

o For a function of two variables, there are four second-order partial derivatives f,, = a% (fals foy = a% [fz],

fyz = a% [fy}; and fyy = {% [fy]

o Remark: Partial derivatives in subscript notation are applied left-to-right, while partial derivatives in
differential operator notation are applied right-to-left. (In practice, the order of the partial derivatives
rarely matters, as we will see.)

e Example: Find the second-order partial derivatives fiz, fuy, fyz, and fy, for f(z,y) = 23y* + ye?*.

o First, we have f, = 32%y* + 2y €?* and f, = 423y + 7.

o Then we have f,, = % [3m2y4 + 2y 62“'] =|6zy* + 4y > |and foy = a% [3x2y4 + 2y EQI] =[122%y% + 2¢**
o Also we have fy, = 2 [423y® + €2*] =|122%y> + 2¢*" | and f,, = 3% [4z3y? + e¥] = .

e Notice that f;, = fy. for the function in the example above. This is not an accident:

e Theorem (Clairaut): If both partial derivatives f;, and f,, are continuous, then they are equal.

o In other words, these “mixed partials” are always equal (given mild assumptions about continuity), so
there are really only three second-order partial derivatives.

o This theorem can be proven using the limit definition of derivative and the Mean Value Theorem, but
the details are unenlightening, so we will omit them.

e We can continue on and take higher-order partial derivatives. For example, a function f(x,y) has eight
third-order partial derivatives: frze, freys foyz fovys fyzer fyzys fyye, and fyyy-

o By Clairaut’s Theorem, we can reorder the partial derivatives any way we want (if they are continuous,
which is almost always the case). Thus, fuzy = foye = fyaz, a0d foyy = fyay = fyye-

o So in fact, f(x,y) only has four different third-order partial derivatives: froz, fozy fryys fyyy-



e Example: Find the third-order partial derivatives fous, foays foyys fyyy for f(z,y) = 2ty? + 23ev.

o First, we have f, = 4x3y? + 32%e¥ and fy= 2ty + 23ev.

o Next, fro = 122%y* + 6xeY, f,y = 823y + 3z%e¥, and f,, = 2z + 23ev.

o Finally, frar = [202y” + 6¢" ], fuy =[242%y 1 626", fuyy, = [80° 1 3%V, and £y, =[2%¢"]

e Example: If all 5th-order partial derivatives of f(x,y, z) are continuous and fy,. = e™¥*, what is f,.yyz?

o By Clairaut’s theorem, we can differentiate in any order, and so f..yyz = fayzy: = (foyz)yz-

o Since fgy. = €™¥* we obtain (fay.)y, = xze™¥* and then (fzy:)y. = ’ ze* + zyze®V?

2.2 Directional Derivatives, Gradients, and Tangent Planes

e In this section, we generalize our definition of the partial derivative to allow us to calculate derivatives in any
direction, not just the coordinate directions.

o Although this is a more general idea than the notion of partial derivative, it turns out in fact that we
can compute these general directional derivatives using the partial derivatives and an associated vector
known as the gradient.

o We can also give a convenient procedure for finding the tangent line to an implicit curve, and the tangent
plane to an implicit surface, using the gradient, so we will discuss this topic as well.

2.2.1 Directional Derivatives

e Aside from the partial derivatives, there is another notion of derivative for a function of several variables. If,
for example, f(x,y) is a function of two variables, then the partial derivatives f, and f, measure how much
f is changing in the z-direction and in the y-direction, respectively.

o However, there is no reason we couldn’t ask for the rate of change of f in any direction, not just one of
the coordinate directions.

o We can, in fact, pose this precise question using what is called the directional derivative:

e Definition: If v = (v,,v,) is a unit vector, then the directional derivative of f(x.y) in the direction of v at

(z,y), denoted Dy (f)(z,y), is defined to be the limit Dy (f)(z,y) = %ir% f@tho, ytlhvy) —f(a:,y))
.
provided that the limit exists.

o The corresponding definition when f has more variables is analogous.

o Important Note: In the definition of directional derivative, the vector v is a unit vector. We sometimes
will speak of the directional derivative of a function in the direction of a vector w whose length is not 1:

w
1wl

what we mean by this is the directional derivative in the direction of the unit vector pointing the

same direction as w.

o The limit in the definition is explicit, but a little bit hard to understand. If we write things in vector
fx+hv) - f(x)
W .

notation, with x = (z,y), then the definition is clearer: it becomes Dy (f)(x) = }lLin}J
-y

(Compare it to the definition of the derivative of a function of one variable.)

e When v is the unit vector in one of the coordinate directions, the directional derivative reduces to the
corresponding partial derivative. Explicitly:

h. ) —
o If v = (1,0), the unit vector in the x-direction, then Dy (f)(x,y) = }lin% fleth yfz f@.y) = fo(z,y).
Ud
h) —
o If v =(0,1), the unit vector in the y-direction, then Dy (f)(z,y) = }llin% .y + }3 f(.y) = fy(z,y).
—



e It is cumbersome to apply the definition to compute directional derivatives. Fortunately, there is an easier
way to compute them, using partial derivatives and a vector called the gradient.

e Definition: The gradient of a function f(z,y), denoted V f, is the vector-valued function V f(z,y) = (fz(x,y), fy(z,v))-
For a function g(z,y, z), the gradient Vg is Vg(x,y, z) = (9z(2, y, 2), gy(2, 9, 2), g:(z,y, 2)).

o Note: The symbol V is called “nabla”; and is pronounced either as “nabla” or as “del”.

o If f is a function of some other number of variables, the gradient is defined analogously: the component
of the vector in any coordinate x is the partial derivative f, of f with respect to *.

Note that the gradient of f is a vector-valued function: it takes the same number of arguments as f
does, and outputs a vector in the same number of coordinates.

[¢]

Example: For f(z,y,2) = 2% + y*> + 22, we have Vf(z,y,2) = (fz, fy, f-) = | (22,2y,22) |

[}

Example: For f(z,y) = 2% cos(y), we have V f(z,y) = (f, fy) =| (2z cos(y), —2”sin(y)) |

O

e Theorem (Gradient and Directional Derivatives): If v is any unit vector, and f is a function all of whose
partial derivatives are continuous, then the directional derivative Dy, f satisfies Dy, f = V f-v. In other words,
the directional derivative of f in the direction of v is equal to the dot product of V f with the vector v.

o Warning: This result requires the direction v to be a unit vector. If the desired direction is not a unit
vector, it is necessary to normalize the direction vector first!

o The proof for functions of more than two variables is essentially the same as for functions of two variables.
Thus, for ease of notation, we will only give the proof for functions of two variables.

o Proof (two-variable case): If v, = 0 then the directional derivative is the z-partial (or its negative), and
if v, = 0 then the directional derivative is the y-partial (or its negative), and the result is true.

o If v, and v, are both nonzero, then we can write

f(@+hve, y+hovy) — f(2,y)

Dv(f)('r’y) = lim

)

h—0 h
_ i | fEH Ve y Ry = @y they) | f@yt+hoy) - f@y)
h—0 h h
~ lim fx+hvg, y+hvy) — f(z,y+ hvy) _ flx,y+ hvy) — f(z,y) o
h—0 h’Um hl}y
— u, lim |:f(l’+h’l)x7 y+hvy)—f(a:,y+hvy)] o, lim {f(x,erhvy)_f(x,y)]
h—0 hvg h—0 hv,

flx+hvg, y+hvy) — f(z,y+ hvy)
h v,

tends to the

o By continuity, one can check that the quotient [

ho ) —
partial derivative a—f(x, y) as h — 0, and that the second quotient {f(x, vt hUy) /@, y)} equals the
x Vy
: .. Of
partial derivative a—y(x,y) as h — 0.
. o of of .
o Plugging these values in yields Dy (f)(z,y) = vy 9z + vy 3 = (Vg Vy) - {fu, fy) = v- V[, as claimed.

3 4
e Example: If v = <5, =) and f(z,y) = 2z + v, find the directional derivative of f in the direction of v at

(1,2), both from the definition of directional derivative and from the gradient theorem.

o Since v is a unit vector, the definition says that

3 4
o fthunythu) — fay) . JAF R 24 k) = fay)
Dy(f)(1,2) = lim — = lim 7

Pa+§m+@+§m 2149

o .. (442h) -4
= h = fim e — = 2]




o To compute the answer using the gradient, we immediately have f, = 2 and f, = 1, so Vf = (2,1).

4 4
Then the theorem says Dy f =V f-v=(2,1)- <§, 5> = g + £ :.

o Observe how much easier it was to use the gradient to compute the directional derivative!

e Example: Find the rate of change of the function f(x,y,z) = €®¥* at the point (z,y,2) = (1,1,1) in the
direction of the vector w = (—2,1,2).

o Note that w is not a unit vector, so we must normalize it: since ||w]|| = /(—2)2 + 12 + 22 = 3, we take

W 212
v=——"=(—2,2,- ).
[|w]]| 3'3'3
o Furthermore, we compute V f = (yz ™%, zze™*, zye™?), so Vf(-2,1,2) = (2e74, —4e*, —2e7%).
2 1 2
o Then the desired rate of change is D, f =V f v = —5(26_4) + g(—4e_4) + g(—2€_4) =|—4e™"|
e From the gradient theorem for computing directional derivatives, we can deduce several corollaries about how
the magnitude of the directional derivative depends on the direction v:

e Corollaries: Suppose f is a differentiable function with gradient V f and v is a unit vector. Then the following
hold:

1. The maximum value of Dy, f occurs when v is a unit vector pointing in the direction of V f, if V f # 0, and
the maximum value is ||V f]|. In other words, the gradient points in the direction where f is increasing
most rapidly.

2. The minimum value of D, f occurs when v is a unit vector pointing the opposite direction of Vf,
if Vf # 0, and the minimum value is — ||V f||. In other words, the gradient points in the opposite
direction from where f is decreasing most rapidly.

3. The value of D f is zero if and only if v is orthogonal to the gradient V f.
o Proof: If v is a unit vector, then the directional derivative satisfies Dy f = V f-v = ||V f]| ||v|| cos(0),
where 0 is the angle between V f and v.
o We know that ||V f]| is a fixed nonnegative number, and ||v|| = 1. So if we change the direction of
v, the only quantity in ||V f|| ||v|| cos(#) that changes is cos(f).

o So, for (1), the maximum value of Vf - v occurs when cos(f) = 1, which is to say, when Vf and v
are parallel and point in the same direction. The maximum value is then just ||V f]|.

o For (2), the minimum value of V f - v occurs when cos(d) = —1, which is to say, when Vf and v are
parallel and point in opposite directions. The minimum value is then just — ||V f||.

o Finally, for (3), D, f is zero if and only if Vf-v = 0, which is equivalent to saying that Vf and v
are orthogonal.

e Example: For the function f(z,y) = 2% + y?, in which direction is f increasing the fastest at (z,y) = (3,4),
and how fast is it increasing? In which direction is f decreasing the fastest, and how fast?

o The corollaries tell us that the function is increasing the fastest in the direction of the gradient and
decreasing the fastest in the direction opposite to the gradient, and the corresponding maximum rate of
increase (or decrease) is the magnitude of the gradient.

o We have f, =2z and f, =2y so Vf = (2z,2y), and Vf(3,4) = (6, 8).
o Since ||V f(3,4)|| = v62 + 82 = 10, we see that the maximum value of the directional derivative Dy f is

4
and occurs in the direction of (6.8) = §, =)}
10 55

6,8 3 4
o Likewise, the minimum value of Dy f is and occurs in the direction of —< .8) = <—57 —5> .

e Example: For f(z,y,2) = 23 + 43 + 223, in which direction is f increasing the fastest at (z,v,2) = (2, -2, 1),
and how fast is it increasing? In which direction is f decreasing the fastest, and how fast?
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e}

[¢]

tive Dy f is and occurs in the direction of

o

e Example: For f(
at the pomt (1,1

o From our results above, we know that the directions in which f are not changing are those orthogonal

)-

We have V f(z,y, 2)
Since ||V f(2

Y) =

In(2% + zy + 1), find a unit vector direction in which the value of f is not changing

to the gradient Vf.

o Here, we have Vf(z,y) = < 2oty

2,1) =

(12,12, 6).

18

_/2 21
“\373 3/

2-i-ﬂcy-i-l ’ w2+my+1

As above, f is increasing the fastest in the direction of V f and decreasing the fastest in the direction
opposite V£ , and the corresponding maximum rate of increase (or decrease) is ||V f]].

= (322, 3y?, 62?), so Vf(2,
,—2,1)|| = V122 + 122 4 62 = 18, we see that the maximum value of the directional deriva-
(12,12, 6)

Likewise, the minimum value of Dy, f is and occurs in the direction of | —

(12,12, 6)

18

:<_

2
37

2

-3

1

3

)

>, so VF(1,1) = (1,3).

o Thus, the vector (a,b) will be orthogonal to V f precisely when (a,b) - <1,
a+b/3 =0, so that b = —3a.

o The desired vectors are thus of the form (a, —3a> =

unit vectors:

L
V10

<17 _3>

and its negative

2.2.2 Tangent Lines and Tangent Planes

e For a function f(x) of a single variable, one of the fundamental uses of the derivative is to find an equation
for the line tangent to the graph of y = f(x) at a point (a, f(a)). For functions of more than one variable, we
have a closely-related notion of a tangent line to a curve and of a tangent plane to a surface.

\ﬁ

(—1,3) |

) = 0, which is to say, when

a (1, —3). Normalizing shows that there are two such

o Per our discussion of the gradient (part 3 of the corollary above), if we plot a level curve f(x,y) = d,

then at any point (a,b) on the curve, the gradient V f(a,b) at that point will be a normal vector to the

graph of the level curve at (a,b).

o This is true because, by the definition of the level curve f(x,y) = d, the tangent vector to the level curve

at (a,b) is a direction in which f is not changing.

o Thus, we can see that the tangent line to the curve f(x,y)

=d at (a,b) has equation

Vf(avb) ’ <$ -4y - b> = 0, or, explicitly, fm(aab) ’ ((ﬂ - CL) + fy(aa b) : (y - b) =0.

o Note that we could also have calculated the slope of this tangent line via implicit differentiation. Both

methods, of course, will give the same answer.

e Example: Find an equation for the tangent line to the curve x3 4+ y* = 2 at the point (1,1).

o This curve is the level set f(z,y) = 2 for f(z,y) = 23 + y*, and we have (a,b) = (1,1).
o We have f, = 32 and f, =4y so Vf =

(322, 4y*), and V f(1,1) = (3,4).

o Therefore, an equation for the tangent line is ’3(:2 —1)+4(y—1)=0 ‘

o A plot of the curve together with this tangent line is given below:

10




Graph of X+ y4 = 2 With Tangent Line
¥

LS

2
1

-2 -1 1 2
-1
2

e Similarly, if we plot a level surface f(z,y,z) = d, then at any point on the surface, the gradient V f gives a
vector normal to that surface.

o Recall that the equation of the plane with normal vector v = (vg,vy,v,) passing through (a,b,c) is
vp(x —a) +vy(y —b) +v.(z—¢c) =0.

o Thus, the tangent plane to the surface f(z,y,z) = d at the point (a, b, ¢) has equation
Vf(a,b,c) {(x—a,y—b,z—c)=0.

o Explicitly, the tangent plane is f,(a,b,c) - (z —a) + fy(a,b,¢) - (y —b) + f.(a,b,¢) - (z —¢) = 0.

o The line in the direction of the normal vector to this plane is called the normal line to the surface. It
can be parametrized as [ : (x,y, 2) = {a,b,¢) +tV f(a,b,c).

e Example: Find an equation for the tangent plane to the surface z* + y* + 22 = 3 at the point (—1,—1,1).

o This surface is the level set f(x,y,2) = 3 for f(z,y,2) = 2* +y* + 22, and we have (a,b,c) = (—1,—1,1).
o We have f, =4z% , f, =4y®, and f. =2z s0 Vf = (423, 43, 22), and Vf(-1,-1,1) = (—4,—4,2).

o Therefore, an equation for the tangent plane is ‘ —A(z+1)—4@y+1)+2(z2—1)=0 ‘

o A plot of the surface together with part of the tangent plane is given below:
Graph of x4+y4+22=3 With Tangent Plane

A

e Example: Find an equation for the tangent plane to z = In(222 — y?) at the point with (z,y) = (—1,1).

o Note that we must first rearrange the given equation to have the form f(x,y,z) = d.
o This curve is the level set f(z,y,2) = 0 for f(z,y,2) = In(222 — y?) — 2. When (z,y) = (—1,1) we see
z=In(2—-1) =0, and so (a,b,c) = (—1,1,0).
4x —2y 4x —2y
o We have fz = m 5 fy = m, and fz = —1 so Vf = <2x2_y27 21‘2—y2’ —].> and
VF(=1,1,0) = (—4,-2,—1).

o Therefore, an equation for the tangent plane is ‘ —A(z+1)-2@y—-1)—(2+1)=0 ‘

11



2.3 The Chain Rule

e In many situations, we have functions that depend on variables indirectly, and we often need to determine
the precise nature of the dependence of one variable on another. To do this, we want to generalize the chain
rule for functions of several variables.

2.3.1 The Multivariable Chain Rule

e With functions of several variables, each of which is defined in terms of other variables (for example, f(z,y)
where x and y are themselves functions of s and t), we recover versions of the chain rule specific to the relations
between the variables involved.

[¢]

(¢]

d dg d
Recall that the chain rule for functions of one variable states that d—g = d—g . d—y, if g is a function of y
T y dx
and y is a function of x.
The various chain rules for functions of more than one variable have a similar form, but they will involve

more terms that depend on the relationships between the variables.

d
e Here is the rough idea of the formal proof of the chain rule for the situation of finding d—{ for a function f(x,y)

where = and y are both functions of ¢:

(¢]

(¢]

If ¢t changes to t + At, then = changes to x + Az and y changes to y + Ay.

Then Af = f(x + Az,y + Ay) — f(z,y) is roughly equal to the directional derivative of f(x,y) in the
direction of the (non-unit) vector (Az, Ay).

From the results about the gradient and directional derivatives, we know that this directional derivative

is equal to the dot product of (Az, Ay) with the gradient V f = <3f of >

dr’ dy

A Ax A

Then f{ R~ <g£, gg> . <Af’ Ki . Taking the limit as At — 0 (and verifying a few other details)
, df " 8f de  Of dy

th that — = —— . — 4 =L . =2,

en gives us tha g or  di + oy dt

e The simplest method for generating the statement of the chain rule specific to any particular set of depen-
dencies of variables is to draw a “tree diagram” as follows:

(¢]

Step 1: Start with the initial function f, and draw an arrow pointing from f to each of the variables it
depends on.

Step 2: For each variable listed, draw new arrows branching from that variable to any other variables
they depend on. Repeat the process until all dependencies are shown in the diagram.

9[top]

Step 3: Associate each arrow from one variable to another with the derivative ———.
J[bottom]

ov
Step 4: To write the version of the chain rule that gives the derivative a—l for any variables vy and wvo
Vg

in the diagram (where vo depends on vy), first find all paths from v; to vs.

Step 5: For each path from vy to ve, multiply all of the derivatives that appear in each path from v; to

vo. Then sum the results over all of the paths: this is au
Vo

)
e Example: State the chain rule that computes d—]; for the function f(x,y,z), where each of z, y, and z is a

function of the variable t.

[¢]

f
< 4N
First, we draw the tree diagram: z y z .
A 1 \:
t t t

12



o

In the tree diagram, there are 3 paths from f to ¢: they are f >z —t, f >y —t, and f — z — ¢.

o The path f — x — t gives the product g . %, while the path f — y — t gives the product g . @,
Jxr Ot dy Ot
. of 0z
and the path f — z — ¢ gives the product — - —.
dz Ot
df _0f dz Of dy Of dz

The statement of the chain rule here is

[¢]

dt  Ox dt Oy dt 0z dt|

Remark: We write df /dt rather than 0f /0t because f ultimately depends on only the single variable ¢,
so we are actually computing a single-variable derivative and not a partial derivative.

[}

0 0
e Example: State the chain rule that computes 8—{ and Jsc for the function f(x,y), where © = z(s,t) and
y = y(s,t) are both functions of s and t¢.
f
Ve N\
o First, we draw the tree diagram: x y
Y N
] t ] t

o In this diagram, there are 2 paths from f to s: they are f — x — s and f — y — s, and also two paths
from ftot: f>x—tand f —y—t.

of o of 0
o The path f — x — t gives the product or . —x, while the path f — y — t gives the product of Y
Ox Ot dy Ot
Similarly, the path f — & — s gives the product a—f . 8—z, while f — y — s gives the product g . @
dr Os Jy O0Os
0 af 0 of 0 0 aof 0 aof 0
o Thus, the two statements of the chain rule here are a—i = a—i - a—i 87]; . a—z and a—{ = a—i - a—f + a—ch . a—z; .

e Once we have the appropriate statement of the chain rule, it is easy to work examples with specific functions.

dj
e Example: For f(z,y) = 22 + 42, with x = t? and y = t*, find d—Jtc, both directly and via the chain rule.

& _of dr of dy

In this inst the chai 1 that — = — .
© In this instance, the chain rule says that — = = dt+8y 7

d
o Computing the derivatives shows @ = (27) - (2t) + (2y) - (4¢3).

dt
(262) - (26) + (2t1) - (483) = | 465 4 817,
d
o To do this directly, we would plug in z = > and y = t*: this gives f(z,y) = t* + %, so that r_

dt
413 4+ 8t" |. (Of course, we obtain the same answer either way!)

d
o Plugging in z = t? and y = t* yields d—];

e Example: For f(z,y) = 2% +y?, with z = s? + % and y = s> + ¢4, find g—f and % both directly and via the
S
chain rule.
0 af d af d
o By the chain rule we have f_of o= + or %y = (2z) - (28) + (2y) - (3s?). Plugging in z = s? + 2

ds Ox Os Oy 0Os
and y = s% + t* yields %J_: = (252 4+ 2t2) - (25) + (252 +2t%) - (35%) = ‘ 453 + 4st® + 65° + 657t* |,

of _of 9x  0f dy _ 3 ing in z = 52 4 {2 _ By
o We also have 3% — 22 8s+8y s = (2z) - (2t) + (2y) - (4¢°). Plugging in z = s* +t* and y = s° + ¢

yields g = (252 +2t%) - (2t) + (283 + 2t1) - (4t3) = ] 48t + 4t + 85%% + 8t7 \
S

13



o To do this directly, we plug in z = s2+t? and y = s +t*: this gives f(x,y) = (s +12)2+ (s> +14)? = s* +

0 0
2522 + 14 + 5% 4253t 4+ 18 50 that a{ = ‘ 4%t + 4¢3 + 83> + 87 ‘ and 8—f = ‘ 453 + 4st? + 65° + 652t ‘
s

e Amusingly, we can actually derive the other differentiation rules using the (multivariable) chain rule!

o To obtain the product rule, let P(f,g) = fg, where f and g are both functions of z.

dpP P d P d d d

o Thenthechainrulesays%:g—f~£ g—goﬁ:gpéJerﬁ.

o If we rewrite this expression using single-variable notation, it reads as the more familiar (fg)' = f'g+ f¢’,
which is, indeed, the product rule.

o Likewise, if we set Q(f,g) = f/g where f and g are both functions of z, then applying the chain rule
dQ _op df 0P dg 1 df f dg_ flg—fd
2

glvesa_ﬁif.dac ?g.dx_g.dx g2 dr g

; this is the quotient rule.

2.3.2 Implicit Differentiation

e Using the chain rule for several variables, we can give an alternative way to solve problems involving implicit
differentiation from calculus of a single variable.

d
e Theorem (Implicit Differentiation): Given an implicit relation f(x,y) = ¢, the implicit derivative % is
dy  Of/0x _ fu
dx af /0y Ty '

o Proof: Apply the chain rule to the function f(z,y) = ¢, where y is also a function of x.

f
' of

o The tree diagram is =« y , so there are two paths from f to x: f — z with product 2’ and

b

T
of dy
Oy dx’
af _of of dy

o Thus, the chain rule yields e + 6—y g

f — y — x with product

o However, because f(x,y) = c is a constant function, we have ;i—f = 0: thus, % + g—‘; . % =0, and so
Z—i = —g;;gi as claimed.
e Example: Find v/, if y?z3 + ye® = 2.
o This is the relation f(z,y) = 2, where f(z,y) = y?2® + ye®.
dy B 3y2x? +ye®

o We have f, = 3y*2z? + ye®, and f, = 2yz® + €%, so the formula gives y/ = —= =
; dx 2yx3 + e

d
o We can check this by doing the implicit differentiation directly: we have —

. [y2x3 +y e$] = 0. Differen-

tiating the left-hand side yields (2yy’x3 + 3y2x2) + (e +ye®) =0.

3y2x2 + y e

R ing yields (2yz® + e®) v/ + (3y?az? ) =0 ' =
o Rearranging yields (2yz® + ") v/ + (3y*z? + ye”) » S0 Y 2yx3 + v

e We can also perform implicit differentiation in the event that there are more than 2 variables: for example, for
an implicit relation f(z,y,z) = ¢, we can compute implicit derivatives for any of the 3 variables with respect
to either of the others, using a chain rule calculation like in the theorem above.

14



o The idea is simply to view any variables other than our target variables as constants: thus if we have an

2
implicit relation f(z,y,2) = ¢ and want to compute —, we view the other variable (in this case y) as

x
constant, and then the chain rule says that % = M = &

ox — 0f/oz  f.

0z
o If we wanted to compute 90 then we would view = as a constant, and the chain rule would then give
Y

0z of /oy &

ay  offoz f.
dy  Of/ox dy _ of/0z Oz of /0y ox of [0z

o We can compute —— = — = and — = in a similar

ox — Ofjoy’ 9= Of/oy’ oy  Of/ox’ 0z Of/ox

manner.
0z oy . 5
e Example: Compute e and 3 given that z¢yz + e* cos(y) = 3.
x z

o The implicit relation is f(x,y,2) = 3 where f(x,y,2) = 22yz + €% cos(y).
22 — e®sin(y), and f, = 2%y.

0] of/o " 2 r
o By the implicit differentiation formulas above, we get = _ f/ow _ f— _smyrte cos(y)

ox — 0f)0z [ - x2y ’

o We have f, = 2zyz+e”cos(y), fy ==

nd M _ 01102 fe | @y
0z Of/oy  f, | a2z—e*sin(y) |

2.4 Linearization and Taylor Series

e Like with functions of a single variable, we have a notion of a “best linear approximation” and a “best
polynomial approximation” to a function of several variables. These ideas are often needed in applications
in physics and applied mathematics, when it is necessary to analyze a complicated system with a series of
approximations.

2.4.1 Linearization

e If we have a differentiable function f(x) of one variable, we can use derivatives to construct a linear function
that is a good approximation to the value of f(z) near a given point.

o Specifically, we can use the tangent line to the graph of y = f(z) at « = a for this purpose. (Recall that
the equation of this tangent line is y = f(a) + f'(a) - (x — a), since it passes through the point (a, f(a))
and its slope is f'(a).)
o Indeed, one can show that the linearization L(x) = f(a) + f'(a) - (x — a) is the only linear function with
—L

the property is the only linear function satisfying lim M
r—a Tr— Q

approximating f(x) by L(z) drops to zero more rapidly than |z — a| does as = — a.

= 0, which is to say, that the error in

e If we follow the natural analogy for functions of 2 variables, we should therefore expect that the tangent plane
to the graph z = f(z,y) of a differentiable function f(z,y) should serve as the best linear approximation to
f near the point of tangency (a,b). Here is a justification of this idea:

o Suppose we want to compute the change in a function f(z,y) as we move from (a,b) to a nearby point
(a 4+ Az, b+ Ay).
o A slight modification of the definition of the directional derivative says that, for v = (Az, Ay), we
hAx, b+ hAy) — b
have [[v]| Def(a,b) ~ im fla+hAz, b+ hAy) — f(a, )_

—0
quotient should be close to the limit value.)

(If Az and Ay are small, then the difference

o From the properties of the gradient, we know Dy f(a,b) = V f(a, b)-L ! [fz(a,b)Ax + fy(a,b)Ay].

vIl - [lvll
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o Plugging this in eventually gives f(a + Axz,b+ Ay) = f(a,b) + fz(a,b) - Az + fy(a,b) - Ay.
o If we write = a + Az and y = a + Ay, we see that f(x,y) is approximately equal to the linear function
L(z,y) = f(a,b) + fu(a,b) - (x —a) + fy(a,b) - (y —b) when z — a and y — b are small.

e Definition: If f(x,y) is a differentiable function of two variables, its linearization at the point (a,b) is the
linear function L(z,y) = f(a,b) + fz(a,d) - (z — a) + fy(a,b) - (y — b).

o As predicted above, the linearization is exactly the approximation given by the tangent plane, since the
tangent plane to z = f(z,y) at (a,b) has equation z = f(a,b) + fz(a,b) - (x — a) + fy(a,b) - (y — b).
o The idea, as also noted above, is that when x — a and y — b are small, we can use the linearization to
estimate the value f(z,y) = L(z,y).
e Example: Find the linearization of f(x,y) = e”*¥ near (z,y) = (0,0), and use it to estimate f(0.1,0.1).

o Here, we have (a,b) = (0,0), and we calculate f, = e*¥ and f, = e*TV.

o Therefore, L(z,y) = f(0,0) + f2(0,0) - (x = 0) + £,(0,0) - (y — 0) = .

o The approximate value of f(0.1,0.1) is then L(0.1,0.1) =[1.2] (The actual value is > ~ 1.2214, which
is reasonably close.)

e We can extend these ideas to linearizations of functions of 3 or more variables:

e Definition: If f(z,y,2) is a differentiable function of three variables, its linearization at the point (a,b,c) is
the linear function L(x,y,2) = f(a,b,c) + fz(a,b,¢) - (x —a) + fy(a,b,¢) - (y —b) + f:(a,b,c) - (z —¢).

o Note here that the formula for the linearization L(x,y, z) at (a, b, ¢) simply gains the corresponding term
for each extra variable.

e Example: Find the linearization of f(z,y,2) = z%y3z* near (x,y,2) = (1,1,1), and use it to estimate
£(1.2,1.1,0.9).

o In this case, we have (a,b,c) = (1,1,1), and we calculate f, = 2zy®z%, f, = 32%y?2%, and f, = 42?y32%.
o Then we obtain L(z,y,2) = f(1,1,1) + fo(1,1,1) - (x = 1) + f,(1,1,1) - (y = 1) + f2(1,1,1) - (2 = 1) =
(142 -1)+3(y—1) +4(-1)]

o The approximate value of f(1.2,1.1,0.9) is then L(1.2,1.1,0.9) = . (The actual value is =~ 1.2575.)

e Example: Use a linearization to approximate the change in f(z,y,2) = ¢**¥(y + 2)? in moving from (—1,1,1)
to (—0.9,0.9,1.2).

o First we compute the linearization: we have f, = e*™(y + 2)?, f, = e*™(y + 2)? + 2¢"T¥(y + 2), and
fo =2 (y + 2), so Vf(=1,1,1) = (4,8,4), and then the linearization is L(z,y,2) = 4+ 4(x + 1) +
8(y—1)+4(z—1).

o We see that the approximate change is then L(—0.9,0.9,1.2) — f(-1,1,1) =44 -4 = .

o For comparison, the actual change is f(—0.9,0.9,1.2) — f(—=1,1,1) = €" - (2.1)? — €% - 22 = 0.41. So the
approximation here was very good.

o Note that we could also have estimated this change using a directional derivative: the result is Vf(—1,1,1)-
(0.1,-0.1,0.2) = 0.4. This estimate is exactly the same as the one arising from the linearization; this
should not be surprising, since the two calculations are ultimately the same.

e In approximating a function by its best linear approximation, we might like to be able to bound how far off
our approximations are: after all, an approximation is not very useful if we do not know how good it is!

o We can give an upper bound on the error using a multivariable version of Taylor’s Remainder Theorem,
but first we need to discuss Taylor series.
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2.4.2 Taylor Series

e There is no reason only to consider linear approximations, aside from the fact that linear functions are easiest:
we could just as well ask about how to approximate f(z,y) with a higher-degree polynomial in « and y. This,
exactly in analogy with the one-variable case, leads us to Taylor series.

o We will only write down the formulas for functions of 2 variables. However, all of the results extend
naturally to 3 or more variables.

e Definition: If f(x,y) is a function all of whose nth-order partial derivatives at (z,y) = (a b) exist for every n,

then the Taylor series for f(z) at (z.y) = (a,b) is T'(z,y) Z Z - lj) (8m)’?(8j;)”k (a,b).
n=0k=0 ’

o The series looks like
T(‘T y) = f(a b) [(x_a)f:v ( _b)fy] o1 [(x_a)gfzx+2<$_a)(y_b)fzy+(y_b)2fyy] +y
where all of the partial derivatives are evaluated at (a,b).

o At (a,b) = (0,0) the series is

1 1
7(0,0) = f(0,0)+[xf. + yfy] [ f:cac + 22y foy +y fyy] [l'gfacxx + 3z2y fowy + Snyf:cyy + ygfyyy}Jr

P+q
o It is not entirely clear from the definition, but one can check that for any p and ¢, 87 fla,b) =
(0z)P(dy)*
p+q
a7T(a,b): in other words, the Taylor series has the same partial derivatives as the original
(0x)P(9y)1

function at (a,b).

o There are, of course, generalizations of the Taylor series to functions of more than two variables. However,
the formulas are more cumbersome to write down, so we will not discuss them.

e Example: Find the terms up to degree 3 in the Taylor series for the function f(z,y) = sin(x + y) near (0,0).

o We have f, = f, = cos(T + y), for = foy = fyy = —sin(z + y), and fize = feaoy = foyy = fyyy =

—cos(z + ).
o So f:(0,0) = fy(an) =1, f22(0,0) = fxy(070) = fyy(oao) =0, and f;42(0,0) = f;CﬂCy(();O) = fa:yy(oao) =
fyyy(ov 0) =—
1 1
o Thus we get T(z,y) = 0+[w+y]+§[0+0+0] 37 [—2® — 32y — 3zy” — y°] +-
o Alternatively, we could have used the single-variable Taylor series for sine to obtain this answer: we
know that the Taylor expansion of sine is T'(¢t) = t — 30 + ---. Now we merely set t = x + y to get
(z+y)° : : . ,
T(z,y) =|(x+y) — BECTI + -+ |, which agrees with the partial expansion we found above.

e Definition: We define the degree-d Taylor polynomial of f(x,y) at (m y) (a,b) to be the terms in the Taylor

(x —a)k(y —b)"~ onf
series up to degree d in x and y: in other words, the sum Ty(x, y) Z Z : —(a,b).
22 k) <8w> ©y)

o For example, the linear Taylor polynomial of f is T'(z,y) = f(a,b) + [(z — a) fz(a,b) + (y — b) fy(a,b)],
which we recognize is merely another way to write the tangent plane’s linear approximation to f at (a,b).

o As with Taylor series in one variable, the degree-d Taylor polynomial to f(z,y) at (z,y) = (a,b) is the
polynomial which has the same derivatives up to dth order as f does at (a,b).

e We have a multivariable version of Taylor’s Remainder Theorem, which provides an upper bound on the error
from an approximation of a function by its Taylor polynomial:
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e Theorem (Taylor’s Remainder Theorem, multivariable): If f(z,y) has continuous partial derivatives up to

order d+1 near (a,b), and if Ty(z,y) is the degree-d Taylor polynomial for f(z,y) at (a,b), then for any point

|z —a| + ]y — o)
(k+ 1)

every (d + 1)-order partial derivative f, on the segment joining (a,b) to (x,y).

(x,y), we have |Tk(x’y) - f(xvy)l <M-

, where M is a constant such that |f.| < M for

o The proof of this theorem follows, after some work, by applying the chain rule along with the single-
variable Taylor’s Theorem to the function ¢(t) = f(a+¢(x —a),b+t(x—b)): in other words, by applying
Taylor’s Theorem to f along the line segment joining (a,b) to (z,y).

e Example: Find the linear polynomial and quadratic polynomial that best approximate f(z,y) = e® cos(y)
near (0,0). Then give an upper bound on the error from the quadratic approximation in the region where
|z] < 0.1 and |y| <0.1.

o We have f, = for = €% cos(y), fy = foy = —€"sin(y), and f, = —e” cos(y). We also have (a,b) = (0,0).
o Then £(0,0) =1, f2(0,0) = f»2(0,0) =1, f,(0,0) = f4,(0,0) =0, and f,,(0,0) = —L1.

o Hence the best linear approximation is T (z,y) = ’ 141 240-y|=1+zx

, and the best quadratic

1 2 2
approximationisTg(x,y):1+[1-x+0-y]+§[1~x2+2~0-xy—1-y2] = 1+x+%—%.
3
(I + ly])

o For the quadratic error estimate, Taylor’s Theorem dictates that |Th(z,y) — f(z,y)| < M - ' ,
where M is an upper bound on the size of all of the third-order partial derivatives of f in the region

where |z] < 0.1 and |y| <0.1.

o We can observe by direct calculation (or by observing the pattern) that all of the partial derivatives of
f are of the form +e” sin(y) or +e® cos(y). Each of these is bounded above by e*, which on the region
where |z| < 0.1, is at most 1.

o Thus we can take M = e%!, and since |z| < 0.1 and |y| < 0.1 we obtain the bound |Tx(z,y) — f(x,y)| <

3 3
2 .
M~M§ €0~1.u<1.2.m:0,001ﬁ_
3! 3! 6
1
o Remark: Note that by using the one-variable Taylor’s theorem on e* = 1+ x + 51'2 + .-+, we can see

that e® < 1+ 2z for « < 1, from which we can see that €' < 1.2.

2.5 Local Extreme Points and Optimization

e Now that we have developed the basic ideas of derivatives for functions of several variables, we can tackle the
multivariable version of one of the fundamental applications of differential calculus: that of finding minimum
and maximum values of functions.

o We will primarily discuss functions of two variables, because, as we will discuss, there is a relatively
simple criterion for deciding whether a critical point is a minimum or a maximum.

o Classifying critical points for functions of more than two variables requires some results from linear
algebra, so we will not treat the classification problem for functions of more than two variables.
2.5.1 Critical Points, Minima and Maxima, Saddle Points, Classifying Critical Points
e We would first like to determine where a function f can have a minimum or maximum value.

o We know that the gradient vector V[, evaluated at a point P, gives a vector pointing in the direction
along which f increases most rapidly at P.

o If Vf(P) # 0, then f cannot have a local extreme point at P, since f increases along Vf(P) and
decreases along —V f(P).
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o

Thus, extreme points can only occur at points where the gradient Vf is the zero vector (or if it is
undefined).

e Definition: A critical point of a function f(x,y) is a point where V f is zero or undefined. Equivalently, (xq, yo)

is a critical point if f(zo,y0) = 0= fy(xo, yo), or either fu(zo,yo0) or fy(zo,yo) is undefined.

(¢]

By the observations above, a local minimum or maximum of a function can only occur at a critical point.

e Example: Find the critical points of the functions g(z,y) = 2% + 32 and h(x,y) = 22 — y*.

o

(¢]

o

We have Vg = (2z,2y) and Vh = (2z, —2y), which are both defined everywhere.
We see immediately that the only solution to Vg = (0,0) is (x,y) = (0,0), and the same is true for Vh.

Thus, the origin | (0,0) | is the unique critical point for each function.

e Example: Find the critical points of the function p(x,y) = 23 + y3 — 3xy.

o

We have Vp = <3x2 — 3y, 3y% — 3x>, which is defined everywhere, so the only critical points will occur
when Vp = (0,0).

This gives the two equations 322 — 3y = 0 and 3y? — 3z = 0, or, equivalently, 2> = y and y? = z.

Plugging the first equation into the second yields % = z: thus, z* — z = 0, and factoring yields
r(x—1)(z2+2+1)=0.

The only real solutions are = 0 (which then gives y = 2% = 0) and = = 1 (which then gives y = 22 = 1).

Therefore, there are two critical points: ’ (0,0) and (1,1) ‘

e Example: Find the critical points of the function q(x,y) = 2% + 3zy + 2y* — 5z — 8y + 4.

(¢]

o

o

We have Vg = (22 + 3y — 5, 3z + 4y — 8), which is defined everywhere, so the only critical points will
occur when Vg = (0,0). This yields the equations 2x + 3y — 5 =0 and 3z + 4y — 8 = 0.

Setting 22z 4+ 3y — 5 = 0 and solving for y yields y = (5 — 2z)/3. Plugging into the second equation and
simplifying eventually gives x/3 —4/3 = 0, so that = 4 and then y = —1.

Therefore, there is a single critical point (z,y) =|(4,—1) |

e Example: Find the critical points of the function f(x,y) = x sin(y).

(¢]

o

o

We compute V f = (sin(y), « cos(y)), which is defined everywhere, so the only critical points will occur
when Vf = (0,0).

This gives sin(y) = 0 and = cos(y) = 0. The first equation implies y = wk for some integer k, and then
since cos(mk) = (—1)* the second equation gives z = 0.

Thus, the critical points are (z,y) = ’ (0, k) for any integer k |.

e We have various different types of critical points:

e Definition: A local minimum is a critical point where f is “nearby” always bigger, a local maximum is a critical

point where f is “nearby” always smaller, and a saddle point is a critical point where f “nearby” is bigger in
some directions and smaller in others.

o Example: The function g(z,y) = 2? + y? has a local minimum at the origin.

o Example: The function p(z,y) = —(2? + y?) has a local maximum at the origin.

o Example: The function h(z,y) = 2% — 3 has a saddle point at the origin, since h > 0 along the x-axis

(since h(x,0) = 22) but h < 0 along the y-axis (since h(0,y) = —3?).
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o Here are plots of the three examples:

Graph of z:x2+y2 (Local Minimum) Graph of z:—xz—y2 (Local Maximum) Graph of z=><2—y2 (Saddle Point)
1.0 1.0 10

T
05 — 05 -

05 | /| Pl |

e Once we can identify all of a function’s critical points, we would like to know whether those points actually
are minima or maxima of f. We can determine this using a quantity called the discriminant:

e Definition: The discriminant (also called the Hessian) at a critical point is the value D = fou - fyy — (fuy)?,
where each of the second-order partials is evaluated at the critical point.

o One way to remember the definition of the discriminant is as the determinant of the matrix of the four
fa:w fwy
fye Fyy

o Example: For g(z,y) = 22 + y* we have g, = gy, = 2 and g, = 0 so D = 4 at the origin.

second-order partials: D = ‘ . (We are implicitly using the fact that fo, = fyz.)

o Example: For h(z,y) = 2? — y* we have hyy = 2, hyy = —2, and hyy = 0 so D = —4 at the origin.

o Remark: The reason this value is named “discriminant” can be seen by computing D for the function
p(r,y) = ax? +bry + cy?: the result is D = 4ac—b?, which is —1 times the quantity b*> — 4ac, the famous
discriminant for the quadratic polynomial ax? + bz + c. (Recall that the discriminant of ax? + bz + ¢
determines how many real roots the polynomial has.)

e Theorem (Second Derivatives Test): Suppose P is a critical point of f(x,y), and let D be the value of the
discriminant fy fyy — f2, at P. If D > 0 and f,, > 0, then the critical point is a minimum. If D > 0 and
faz < 0, then the critical point is a maximum. If D < 0, then the critical point is a saddle point. (If D = 0,
then the test is inconclusive.)

o Proof (outline): Assume for simplicity that P is at the origin. Then (by our results on Taylor series), the

1
function f(z,y)— f(P) will be closely approximated by the polynomial az? + bxy + cy?, where a = 3 Fow,

1
b= fzy, and c = ifyy If D # 0, then the behavior of f(z,y) near the critical point P will be the same

as that quadratic polynomial. Completing the square and examining whether the resulting quadratic
polynomial has any real roots and whether it opens or downwards yields the test.

e We can combine the above results to yield a procedure for finding and classifying the critical points of a
function f(z,y):
o Step 1: Compute both partial derivatives f, and f,.

o Step 2: Find all points (x,y) where both partial derivatives are zero, or where (at least) one of the partial
derivatives is undefined.

* It may require some algebraic manipulation to find the solutions: a basic technique is to solve one
equation for one of the variables, and then plug the result into the other equation. Another technique
is to try to factor one of the equations and then analyze cases.

o Step 3: At each critical point, evaluate D = fu, - fyy — (f2y)? and apply the Second Derivatives Test:
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If D >0 and f; > 0: local minimum. If D > 0 and f,, < 0: local maximum. If D < 0: saddle point.

e Example: Verify that f(x,y) = 22 + y? has only one critical point, a local minimum at the origin.

(¢]

(¢]

o

o

First, we have f, = 2z and f, = 2y. Since they are both defined everywhere, we need only find where
they are both zero.

Setting both partial derivatives equal to zero yields z = 0 and y = 0, so the only critical point is (0,0).
To classify the critical points, we compute fy; =2, fzy =0, and f,,, =2. Then D =2-2 - 0% = 4.

So, by the classification test, since D > 0 and f,, > 0 at (0,0), we see that ’ (0,0)is a local minimum ‘

e Example: For the function f(x,y) = 322 + 2y — 6y, find the critical points and classify them as minima,
maxima, or saddle points.

[¢]

e}

o

o

First, we have f, = 6z — 6y and f, = 6y*> — 6z. Since they are both defined everywhere, we need only
find where they are both zero.

Next, we can see that f, is zero only when y = 2. Then the equation f, = 0 becomes 622 — 62 =
0, which by factoring we can see has solutions x = 0 or z = 1. Since y = x, we conclude that

’ (0,0), and (1,1) are critical points ‘

To classify the critical points, we compute fy, = 6, fzy = —6, and f,, = 12y. Then D(0,0) =
6-0—(—6)2<0and D(1,1) =6-12 — (—6)% > 0.

So, by the classification test,

(0,0) is a saddle point ‘ and ’ (1,1) is a local minimum ‘

e Example: For the function g(z,y) = 23y — 3zy3 + 8y, find the critical points and classify them as minima,
maxima, or saddle points.

o

First, we have g, = 322y — 3y> and gy = 22 — 9xy? + 8. Since they are both defined everywhere, we need
only find where they are both zero.

Setting both partial derivatives equal to zero. Since g, = 3y(z? — y?) = 3y(z + y)(z — y), we see that
g = 0 precisely when y =0or y =z or y = —x.

If y =0, then g, = 0 implies 23 + 8 = 0, so that x = —2. This yields the point (z,y) = (—2,0).
If y = x, then g, = 0 implies —82% + 8 = 0, so that = 1. This yields the point (z,y) = (1,1).
If y = —z, then g, = 0 implies —8z® + 8 = 0, so that = 1. This yields the point (z,y) = (1,—1).

To summarize, we see that ’ (=2,0), (1,1), and (1,—1) are critical points ‘

To classify the critical points, we compute g, = 6zy, g,y = 3% — 9y?, and g,, = —18zy.
Then D(—2,0) = 0-0—(12)2 < 0, D(1,1) = 6-(~18) — (—6)2 < 0, and D(1, —1) = (=6)-(18) — (—6)? < 0.
(—2,0), (1,1), and (1,—1) are all saddle points ‘

So, by the classification test,

e By searching for critical points, we can solve optimization problems:

e Example: Find the minimum value of the function h(x,y) = = + 2y* — In(z*y®), for x and y positive.

e}

e}

e}

o

To solve this problem, we will search for all critical points of h(z,y) that are minima.

4738 x4y 8
Ty TV _ 8y> — —. Both partial derivatives are
xy8 4 Y

First, we have h, =1 — S
7y
defined everywhere in the given domain.

4
:1ffandhy:8y37
x
We see that h, = 0 only when x = 4, and also that h, = 0 is equivalent to §(y4 — 1) = 0, which holds
Y

for y = £1. Since we only want y > 0, there is a unique critical point: (4, 1).

4 8 1
Next, we compute hyy = —, gzy = 0, and gy = 2492 + —. Then D(4,1) = 1 3202 > 0.
€ Y
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o Thus, there is a unique critical point, and it is a minimum. Therefore, we conclude that the function has

its minimum at (4,1), and the minimum value is h(4,1) = |6 — In(4%) |

e Example: Find the minimum distance between a point on the plane = + y + z = 1 and the point (2, -1, —2).

o The distance from the point (z,y,2) to (2,—1,2)isd = /(z — 2)2 + (y + 1)2 + (2 + 2)2. Since x+y+2 =

1 on the plane, we can view this as a function of z and y only: d(z,y) = /(z —2)2 + (y +1)2 + 3 —z — y)2.

o We could minimize d(z,y) by finding its critical points and searching for a minimum, but it will be much
easier to find the minimum value of the squared distance f(x,y) = d(z,y)? = (2—2)?+(y+1)*+(3—x—y)>.

o We compute f, =2(x—2)—-2(3—z—y) =4z+2y—10and f, =2(y+1) - 28—z —y) = 2z + 4y — 4.
Both partial derivatives are defined everywhere, so we need only find where they are both zero.

o Setting f, = 0 and solving for y yields y = 5 — 2z, and then plugging this into f, = 0 yields 2z + 4(5 —
2x) —4 =0, so that —6z + 16 = 0. Thus, = 8/3 and then y = —1/3.

o Furthermore, we have f,, =4, fzy = 2, and fyy = 4, so that D = fo, fyy — fgy =12 > 0. Thus, the
point (z,y) = (8/3,—1/3) is a local minimum.

o Thus, there is a unique critical point, and it is a minimum. We conclude that the distance function has
its minimum at (8/3,—1/3), so the minimum distance is d(8/3,—1/3) = 1/(2/3)2 + (2/3)2 + (2/3)2 =

2/V3|.

o Notice that this calculation agrees with the result of using the point-to-plane distance formula (as it
should!): the formula gives the minimal distance as d = |2 — 1 —2 — 1| /v/12 + 12 + 12 = 2//3.

2.5.2 Optimization of a Function on a Region

e If we instead want to find the absolute minimum or maximum of a function f(x,y) on a region of the plane
(rather than on the entire plane) we must also analyze the function’s behavior on the boundary of the region,
because the boundary could contain the minimum or maximum.

o Example: The extreme values of f(z,y) = 22 — y? on the square 0 < z < 1, 0 < y < 1 occur at
two of the “corner points” the minimum is —1 occurring at (0,1), and the maximum +1 occurring
at (1,0). We can see that these two points are actually the minimum and maximum on this region
without calculus: since squares of real numbers are always nonnegative, on the region in question we
have -1 < —y2 <22 — 92 <22 < 1.

e Unfortunately, unlike the case of a function of one variable where the boundary of an interval [a,b] is very
simple (namely, the two values z = a and x = b), the boundary of a region in the plane or in higher-dimensional
space can be rather complicated.

o One approach is to find a parametrization (x(t),y(t)) of the boundary of the region. (This may require
breaking the boundary into several pieces, depending on the shape of the region.)

o Then, by plugging the parametrization of the boundary curve into the function, we obtain a function
f(z(t), y(t)) of the single variable ¢, which we can then analyze to determine the behavior of the function
on the boundary.

o Another approach, detailed in the next section, is to use Lagrange multipliers.
e To find the absolute minimum and maximum values of a function on a given region R, follow these steps:

o Step 1: Find all of the critical points of f that lie inside the region R.

o Step 2: Parametrize the boundary of the region R (separating into several components if necessary) as
x = z(t) and y = y(t), then plug in the parametrization to obtain a function of ¢, f(z(t),y(¢)). Then

d
search for “boundary-critical” points, where the t-derivative pr of f(z(t),y(t)) is zero. Also include

endpoints, if the boundary components have them.

*x A line segment from (a,b) to (¢,d) can be parametrized by x(t) = a + t(c — a), y(t) = b+ t(d — b),
for0 <t <1.
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* A circle of radius r with center (h, k) can be parametrized by z(t) = h+r cos(t), y(t) = k+r sin(t),
for 0 <t < 2m.

o Step 3: Plug the full list of critical and boundary-critical points into f, and find the largest and smallest
values.

e Example: Find the absolute minimum and maximum of f(z,y) = 2° + 62y — y> on the triangle with vertices
(0,0), (4,0), and (0, —4).

o First, we find the critical points: we have f, = 3z% + 6y and f, = —3y® + 6x. Solving f, = 0 yields
x = y?/2 and then plugging into f, = 0 gives y*/4 + 2y = 0 so that y(y> + 8) = 0: thus, we see that
(0,0) and (2, —2) are critical points.

o Next, we analyze the boundary of the region. Here, the boundary has 3 components.

* Component #1, joining (0,0) to (4,0): This component is parametrized by z = ¢,y = 0for 0 < ¢ < 4.
On this component we have f(t,0) = t3, which has a critical point only at ¢t = 0, which corresponds
to (z,y) = (0,0). Also add the boundary point (4, 0).

x Component #2, joining (0,—4) to (4,0): This component is parametrized by x = ¢, y =t — 4 for
0 <t < 4. On this component we have f(t,t —4) = 18t — 72t + 64, which has a critical point for
t = 2, corresponding to (x,y) = (2, —2). Also add the boundary points (4,0) and (0, —4).

*x Component #3, joining (0,0) to (0,—4): This component is parametrized by = = 0, y = —t for
0 <t < 4. On this component we have f(0,¢) = 3, which has a critical point for t = 0, corresponding
to (z,y) = (0,0). Also add the boundary point (0, —4).

o Our full list of points to analyze is (0,0), (4,0), (0, —4), and (2, —2). We compute f(0,0) =0, f(4,0) = 64,

f(0,—4) =64, f(2,—2) = —8, and so we see that ’maximum is 64 ‘ and the .

e Example: Find the absolute maximum and minimum of f(z,y) = 2% — y? on the closed disc 2% + y? < 4.

o First, we find the critical points: we have f, = 2z and f, = —2y. Clearly both are zero only at
(z,y) = (0,0), so (0,0) is the only critical point.

o Next, we analyze the boundary of the region. The boundary is the circle 22 4+ y? = 4, which is a single
curve parametrized by z = 2cos(t), y = 2sin(t) for 0 < ¢ < 27.

* On the boundary, therefore, we have f(t) = f(2cos(t),2sin(t)) = 4 cos? t — 4sin? t.

)
d
x Taking the derivative yields di; = 4[2cos(t) - (—sin(t)) — 2sin(¢) - cos(t)] = —8 cos(t) - sin(t).

* The derivative is equal to zero when cos(t) = 0 or when sin(¢) = 0. For 0 < ¢ < 27 this gives the
possible values t = 0, g,w, 37#, 27, yielding (x,y) = (2,0),(0,2), (—2,0), (0,—2), and (2,0) [again].
* Note: We could have saved a small amount of effort by observing that f(t) = 4 cos®t —4sin? t is also
equal to 4 cos(2t).
o Our full list of points to analyze is (0, 0), (2,0), (0,2), (—2,0), and (0, —2). We have f(0,0) =0, f(2,0) =

4, £(0,2) = —4, f(~2,0) = 4, and f(0,~2) = —4. The and the [ minimum is -4 .

e Example: Find the absolute maximum and minimum of f(z,y) = zy — 3z on the region with z? <y < 9.

o First, we find the critical points: since f, =y — 3 and f, = z, there is a single critical point | (0,3) |
o Next, we analyze the boundary of the region, which (as a quick sketch reveals) has 2 components.

* Component #1, a line segment from (—3,9) to (3,9): This component is parametrized by = = ¢,
y =09 for —3 <t < 3. On this component we have f(¢,9) = 6¢, which has no critical point. We only

have boundary points | (—3,9), (3,9) |
* Component #2, a parabolic arc parametrized by = ¢, y = t for —3 <t < 3. On this component we
have f(t,t?) = t3 — 3t, which has critical points at ¢ = &1, corresponding to (z,y) = .

The boundary points (—3,9), (3,9) are already listed above.
o Our full list of points to analyze is (0,3), (—3,9), (3,9), (-1,1), (1,1). We have f(0,3) =0, f(-3,9) =
—18, f(3,9) = 18, f(~1,1) = 2, and f(1,1) = —2. The | maximum is 18] and the | minimum is -18
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2.6 Lagrange Multipliers and Constrained Optimization

e Many types of applied optimization problems are not of the form “given a function, maximize it on a region”,
but rather of the form “given a function, maximize it subject to some additional constraints”.

o Example: Maximize the volume V = 7r2h of a cylindrical can given that its surface area SA = 27r? +
27rh is 1507 cm?.

e The most natural way to (try to) solve such a problem is to eliminate the constraints by solving for one of
the variables in terms of the others and then reducing the problem to something without a constraint. Then
we are able to perform the usual procedure of evaluating the derivative (or derivatives), setting them equal
to zero, and looking among the resulting critical points for the desired extreme point.

o In the example above, we would use the surface area constraint 1507 cm? = 2712 + 27rh to solve for h
1507 — 2712 75— r?
27r N

in terms of r, obtaining h = , and then plug in to the volume formula to write it

,
9 75 — 2

as a function of r alone: this gives V(r) = mr? - 3

= 757r — wre.

o Then dV/dr = 75 — 3712, so by (setting equal to zero) we see the critical points occur for r = 45.

o Since we are interested in positive r, we can do a little bit more checking to conclude that the can’s
volume is indeed maximized at the critical point, so the radius is r = 5 cm, the height is A = 10 cm, and
the resulting volume is V' = 250mrcm?.

e Using the technique of Lagrange multipliers, however, we can perform a constrained optimization without
having to solve the constraint equations. This technique is especially useful when the constraints are difficult
or impossible to solve explicitly.

e Method (Lagrange multipliers, 1 constraint): To find the extreme values of f(z,y, z) subject to a constraint
g(x,y,z) = ¢, it is sufficient to solve the system of four variables x, y, z, A given by Vf = AVg and g(z,y, z) = ¢,
and then search among the resulting triples (x,y, ) to find the minimum and maximum.

o The value A is called a Lagrange multiplier, which is where the name of the procedure comes from.

o Another way of interpreting the hypothesis of the method of Lagrange multipliers is to observe that, if
one defines the “Lagrange function” to be L(z,y, z,\) = f(z,y,2) — A+ [g(z,y, z) — ¢, then the minimum
and maximum of f(z,y, z) subject to g(z,y, z) = c all occur at critical points of L.

o If we have fewer or more variables (but still one constraint), the setup is the same: Vf = AVg and g = c.

o Proof: Let r(t) = (z(¢),y(t), 2(t)) be any parametric curve on the surface g(z,y,z) = c that passes
through a local extreme point of f at ¢t = 0.

. . . 9 Of aof o iy _ / 99 _
o Applying the chain rule to f and g yields 5~ 95" (t) + Byy (t) + 95 ° (t) = Vf-r'(t) and %
99 1y £ 29 i+ 99 iy — vy v
axx(t)—i—ayy(t)-i—azz(t)—Vg r'(t).

o Since g is a constant function on the surface on the surface g(z,y, 2) = ¢ and the curve r(¢) lies on that
surface, we have dg/0t = 0 for all ¢.

o Also, since f has a local extreme point at t = 0, we have 9f/0t =0 at t = 0.
o Thus at t = 0 we have Vf(0) - r'(0) = 0 and Vg(0) - r'(0) = 0.

o This holds for every parametric curve r(t) passing through the local extreme point. One can show using
a geometric or algebraic argument that this requires that V f and Vg be parallel at ¢t = 0.

o But this is precisely the statement that, at the extreme point, Vf = AVg. We are also restricted to the
surface g(z,y, z) = ¢, so this equation holds as well.

e Here is the intuitive idea behind the method of Lagrange multipliers:

o Imagine we are walking around the level set g(x,y, z) = ¢, and consider what the contours of f(z,y, 2)
are doing as we move around.

24



o In general the contours of f and g will be different, and they will cross one another.

o But if we are at a point where f is maximized, then if we walk around nearby that maximum, we will
see only contours of f with a smaller value than the maximum.

o Thus, at that maximum, the contour g(z,y, z) = ¢ is tangent to the contour of f.

o Since the gradient is orthogonal to (any) tangent curve, this is equivalent to saying that, at a maximum,
the gradient vector of f is parallel to the gradient vector of g, or in other words, there exists a scalar A
for which Vf = AVy.

e Example: Find the maximum and minimum values of f(x,%y) = 22+3y subject to the constraint z2+4y? = 100.

o We use Lagrange multipliers: we have g = 2% + 432, so Vf = (2, 3) and Vg = (2z, 8y).
o Thus we have the system 2 = 22, 3 = 8y, and 22 + 4y? = 100.

1 3
o Solving the first two equations gives x = X and y = 7% Then plugging in to the third equation yields

2 2
1 3 1 9 . . ) . )
(}\) +4 (8)\) = 100, so that F—FW = 100. Multiplying both sides by 16\* yields 25 = 100(16A%),
so that A2 = 1/64 hence \ = +1/8.
o Thus, we obtain the two points (z,y) = (8,3) and (-8, —3).
o Since f(8,3) = 25 and f(—8, —3) = —25, the maximum is| f(8, 3) = 25 |and the minimum is’ f(—8,-3)=-25 ‘

e Example: Find the maximum and minimum values of f(z,y,2) = z + 2y + 2z subject to the constraint
2 2 2
c+y +z2=9.

o We use Lagrange multipliers: we have g = 2% + % + 22, so Vf = (1,2,2) and Vg = (2z,2y, 22).
o Thus we have the system 1 = 22\, 2 = 2y, 2 =22\, and 22 + y2 + 22 = 9.

[}

Solving the first three equations gives x = 1/(2)), y = 1/A, z = 1/A; plugging in to the last equation
yields [1/(2X)]? + [1/A]? + [1/A]2 = 9, so that 9/A% =9 and thus A = +£1/2.

o This gives the two points (z,y,2) = (1,2,2) and (-1, -2, —2).
Since f(1,2,2) = 9 and f(—1,—2,—2) = —9, the maximum is | f(1,2,2) = 9| and the minimum is
[f(=1,-2,-2) = -9

o

e Example: Maximize the volume V = 7r2h of a cylindrical can given that its surface area SA = 2772 + 27rh
is 1507 cm?.

o We use Lagrange multipliers: we have f(r,h) = ar®h and g(r, h) = 27r?+27rh, so V f = (2wrh, mr?) and
Vg = (4mr + 27h, 27r), yielding the system 27rh = (4rr+27h)\, 7r? = (2rr) ), and 2772 +27rh = 1507.
o We clearly cannot have r = 0 since that contradicts the third equation, so we can assume 7 # 0.

o Solving the second equation yields A = r/2. Plugging into the first equation (and cancelling the 7s)
yields 2rh = (4r 4+ 2h) - r/2, so dividing by r yields 2h = 2r + h, so that h = 2r.

o Finally, plugging in h = 2r to the third equation (after cancelling the factors of 7) yields 272 +4r2 = 150,
so that 2 = 25 and r = +5.

o The two candidate points are (r,h) = (5,10) and (—5,—10); since we only want positive values we are
left only with (5,10), which by the physical setup of the problem must be the maximum.

o Therefore, the maximum volume is ’ £(5,10) = 250mcm?® |

e In problems involving optimization on a region, if the boundary of the region can be described as an implicit
curve or surface, we can use Lagrange multipliers (rather than a parametrization) to identify any potential
boundary-critical points:

e Example: Find the absolute maximum and minimum of f(z,y) = 22 — y? on the closed disc 2% + 32 < 4.
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First, we find the critical points: we have f, = 2z and f;, = —2y. Clearly both are zero only at
(z,y) = (0,0), so (0,0) is the only critical point.

Next, we analyze the boundary of the region. The boundary is the circle 22 +y? = 4, which we can view
as the constraint g(x,y) = 4 where g(z,y) = 2% + .

Now we use Lagrange multipliers: we have Vf = (2z,—2y) and Vg = (2z, 2y), yielding the system
2z = 22\, —2y = 2y, and 2% + 3% = 4.

The first equation yields z = 0 or A = 1. If z = 0 then the third equation yields y? = 4 so that y = 42,
and then the second equation is satisfied for A = —1: this yields two points (z,y) = (0,2) and (0, —2).

Otherwise, if A = 1 then the second equation yields y = 0, and then the third equation gives 22 = 4 so
that = £2: this yields two points (z,y) = (2,0) and (—2,0).

Our full list of points to analyze is (0, 0), (2,0), (0,2), (—2,0), and (0, —2). We have f(0,0) =0, f(2,0) =

4, £(0,2) = —4, f(~2,0) = 4, and f(0,~2) = —4. The and the [ minimum is -4

e Example: Find the absolute maximum and minimum of f(x,y) = 22 + y2z on the interior of the ellipsoid
2 4+ 4y2 +922 < 72.

o

First, we find the critical points: we have f, = 2z, f, = 2, f, = y. Clearly all three are zero only at
(z,y,2) = (0,0,0), so (0,0,0) is the only critical point.

Next, we analyze the boundary of the region. The boundary is the ellipsoid 2% + 4y% + 922 = 72, which
we can view as the constraint g(x,y) = 72 where g(x,y) = 22 + 4y + 922

Now we use Lagrange multipliers: we have Vf = (2, z,y) and Vg = (2, 8y, 18z2), yielding the system
2x = 2z, z = 8y\, y = 182, and x2 + 49> + 922 = 1.

Plugging the second equation into the third yields y = 144\%y so that y = 0 or \? = 1/144.

If y = 0 then the second equation would give z = 0, and then the fourth equation would become 2% = 1
so that z = £1. The first equation then reduces to 1, which is consistent. Thus we obtain two points:
(z,y,2) = (1,0,0) and (—1,0,0).

Otherwise, y # 0 and so A\? = 1/144. Then, because A\ # 1, the first equation requires z = 0. The system
then reduces to z = +2y and 4y? + 92% = 72, so plugging in yields 4y? + 4y*> = 72 and thus y? = 9 so
that y = +3. Thus we obtain four points: (z,y,z) = (0, 3,2), (0,3,—2), (0,—3,2), and (0, —3,—2).

Our full list of points to analyze is (0, 0, 0), (1,0,0), (—1,0,0), (0, 3,2), (0,3, —2), (0, —3, 2), and (0, —3, —2).
We have f(07 07 0) = 07 f(:t17070) = 17 f(07 37 2) = f(ou _37 _2) = 67 f(ou 37 _2) = f(07 _37 2) = —6. The

maximum is 6 | and the | minimum is -6 |.

e For completeness we also mention that there is an analogous procedure for a problem with two constraints:

e Method (Lagrange Multipliers, 2 constraints): To find the extreme values of f(z,y,2) subject to a pair of
constraints g(x,y,z) = ¢ and h(z,y,2) = d, it is sufficient to solve the system of five variables x,y, z, A, u
given by Vf = AVg + uVh, g(z,y,2) = ¢, and h(z,y,2) = d, and then search among the resulting triples
(z,y, 2) to find the minimum and maximum.

e}

The method also works with more than three variables, and has a natural generalization to more than
two constraints. (It is fairly rare to encounter systems with more than two constraints.)

Well, you’re at the end of my handout. Hope it was helpful.
Copyright notice: This material is copyright Evan Dummit, 2012-2021. You may not reproduce or distribute this
material without my express permission.
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