E. Dummit’s Math 4571 ~ Advanced Linear Algebra, Spring 2020 ~ Midterm 2 Review Problems
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. If V is an inner product space and (v,x) = (w,x) for all x € V, prove that v = w.

. Prove the Pythagorean theorem: If a and b are orthogonal vectors in an inner product and ¢ = a + b, then
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[la]|” + [[b]~ = [le]|".

. IfT:V — V has an adjoint 7" and T*T is the zero transformation, show that T is the zero transformation.
. If V is finite-dimensional, show that T': V' — V is invertible if and only if 0 is not an eigenvalue of T'.
. If T:V — V is invertible, show that ) is an eigenvalue of T if and only if A~! is an eigenvalue of 71,

. If V is a complex vector space and T : V' — V is diagonalizable and only has one eigenvalue A, prove that T’

is the multiplication-by-A map AI.

. For any field F, prove that similarity is an equivalence relation on M, «, (F).

. For any n x n matrix A, prove that A and A7 have the same characteristic polynomial and hence the same

eigenvalues.

. Suppose A € M,,«,(F) has two distinct eigenvalues A and p. If the A-eigenspace has dimension n — 1, prove

that A is diagonalizable.
Prove that T : V — V is diagonalizable if and only if V' is the direct sum of the eigenspaces of T

If Ais an n x n matrix, define the subspace W C M,,»,,(F) as W = span([l,,, A, A%, A3,...). Prove that
dimp W <n.

It 8 ={vo,V1,...,Vi} is a chain of generalized A-eigenvectors (i.e., with (T"— AI)v; = v;4; for each 0 <i <
k —1 and (T — AI)vy = 0) show that (3 is linearly independent.

Prove that, up to similarity, there are exactly 5 different matrices in Mgy«g(C) with characteristic polynomial
p(t) =% — ¢

Suppose A € M,,«,,(C) such that A2 —2A = 0. Prove that the Jordan canonical form of A must be diagonal.

Suppose T : V' — V is diagonalizable. Prove that for any \ in the scalar field of V, it is true that rank(T—\I) =
rank(T — \I)2.

Suppose T : V — V has the property that rank(7T — A\I) = rank(7T — AI)? for every ) in the scalar field of V.
Prove that T is diagonalizable. [Hint: Consider the A-blocks in the Jordan canonical form.]|

If V is a complex inner product space and T : V — V is Hermitian, prove that ||T(v) + iv||* = ||T(v)|[*+|v|[,
and deduce that T + 41 is invertible. [Hint: Show T + 4I is one-to-one.]

If V is a finite-dimensional inner product space and T : V' — V has an adjoint T*, prove that all eigenvalues
of T*T are nonnegative real numbers, and deduce that I + 77T is invertible.




