E. Dummit’s Math 3527 ~ Number Theory 1, Fall 2026 ~ Homework 5 Solutions

1. Calculate each of the following things:

(a) The values of ¢(101), »(40000), and (69).

e We have p(101) = since 101 is prime.
o Also, p(40000) = p(265%) = (26 — 2%)(5* — 5%) = 32 - 500 = [ 16000 ].
e Likewise, ¢(610) = p(210310) = (210 — 29)(310 — 39) = .
(b) The number of positive integers less than or equal to 2025 that are relatively prime to 2025.
e This is asking for the value of ((2025) = (3%52) = (3* — 3%)(5% — 5') =[1080]
(c) The last two digits of 519242 when it is written out in base 10.
e This is asking us to find a two-digit integer congruent to 519242 (mod 100).
e By Euler’s theorem, we have 519*° = 1 (mod 100).
e S0 519?42 = 5192 . (519%0)6 =192 . 16 = 361 = (mod 100).
(d) A unit that has order ¢(18) modulo 18.
e Equivalently, we want a primitive root mod 18. There are 6 units mod 18: 1, 5, 7, 11, 13, 17.
e [t is easy to compute their orders as 1, 6, 3, 6, 3, 2. Thus, there are two answers: or .
(e) The order of 10 modulo 41.
e By Fermat (or Euler), the order of 10 divides ¢(41) = 40, and 10 = 1 (mod 41).
e Using successive squaring we can compute 10%9/2 = 1020 = 1 (mod 41) and 10%0/5 = 10% = 16 (mod
41), so the order of 10 in fact divides 20.
e Then we can compute 102°/2 = 10'° = 1 (mod 41) so the order divides 10, and in fact 10'%/? =
10° = 1 (mod 41) so the order divides 5. Since the order is not 1, we conclude that 10 has .
(f) The order of 10 modulo 89.
e By Fermat (or Euler), the order of 10 divides ¢(89) = 88, and 10%® =1 (mod 89).
e Using successive squaring we can compute 10%8/2 = 10 = 1 (mod 89) and 1088/11 = 108 = 45 (mod
89). Hence the order in fact divides 44.
e Then we can find 10**/2 = 10?2 = —1 (mod 89) and 10**/'* = 10* = 32 (mod 89). Since neither of
these is congruent to 1, we conclude that the order cannot divide 22 or 4, so 10 has .

2. Calculate each of the following things:

(a) The rational number with decimal expansion 0.2026.

2026

e If x = 0.2026 then 10*z = 2026.2026 so (10* — 1)z = 2026 and so x = 9999 |

(b) The rational number with decimal expansion 0.123456789.

123456789 13717421

If  =0.1234 hen (10° — 1)z = 1234 = = .
o If x = 0.123456789 then (10 S 3456789 so x 999999999 — 11111111l

(¢) The rational number with decimal expansion 3.14592.

314278 4247
99900 1350 |

(d) The period of the repeating decimal 9/41 and its expansion. [Hint: See le.|
e The period is the order of 10 modulo 41, which was calculated in le to be .

e Then the repeating part is %(105 —1) =21951, so % =10.21951 |

o If 2 = 3.14592 then (10° — 10%)z = 314592 — 314 = 314278 so & =




(e) The period of the repeating decimal 7/89. [Hint: See 1f.]
e The period is the order of 10 modulo 89, which was calculated in 1f as .
e Indeed, one can evaluate 7/89 = 0.4494382022471910112359550561797752808988764.
(f) The period of the repeating decimal 4/23.
e The period is the order of 10 modulo 23. This order divides ¢(23) = 22.
e Since 1022/2 = 10! = —1 (mod 23) and 10?%/1' = 102 = 8 (mod 23), the order must be | 22].
e Indeed, one can evaluate 4/23 = 0.1739130434782608695652.
(g) All primes p such that 1/p has a repeating decimal expansion of period exactly 5.
e If 1/p has period 5, then p must divide 10> —1 =9-11111 = 32 - 41 - 271.
e Since 1/3 has period 1, we see that p = . Indeed, 1/41 = 0.02439 and 1/271 = 0.00369.
(h) All primes p such that 1/p has a repeating decimal expansion of period exactly 6.

e If 1/p has period 6, then p must divide 106 —1=3%.7-11-13-37.
e Since 1/3 has period 1, 1/11 = 0.09 has period 2, and 1/37 = 0.027 has period 3, we see that
p= . Indeed, 1/7 = 0.142857 and 1/13 = 0.076923.

3. Find the following things, and include relevant justification (you can just give the results of the needed modular
exponentiations; you do not need to give details of the calculations):
(a) The order of 5 modulo 97.
e By Fermat (or Euler), the order of 5 divides (97) = 96, and 5% = 1 (mod 97).
e Using successive squaring we can compute 5%6/2 = 5% = —1 (mod 97) and 5%9/3 = 5%2 = 35 (mod
97). Hence the order cannot divide 48 or 32, and so 5 must have .
(b) The order of 5 modulo 102.
e By Euler, the order of 5 divides ¢(102) = ¢(2-3-17) = 32, and 532 = 1 (mod 102).
e Then 5% = 25, 5% = 13, 5° = 67, 5' = 1 (mod 102). Hence 5 has [order 16
(¢) The order of 2 modulo 81.
e By Euler, the order of 2 divides ¢(81) = ¢(3*) = 3* — 33 = 54, and 2°* =1 (mod 81).
e Using successive squaring we can compute 2°4/2 = 227 = —1 (mod 81) and 2°%/3 = 2!% = 28 (mod
81). Hence the order cannot divide 27 or 18, and so 2 must have .
(d) The order of 5 modulo 2026.

e By Euler, the order of 5 divides ¢(2026) = (2 — 1)(1013 — 1) = 1012, and 5'°'2 = 1 (mod 2026).
Note 1012 = 2% - 11 - 23.

e Using successive squaring we can compute 5'912/2 = 5506 = _1 (mod 2026), 5'912/11 = 592 = 1127
(mod 2026), and 5'912/23 = 5% = 1105 (mod 2026), so the order cannot divide 1012/2, 1012/11, or

1012/23. Hence 5 has | order 1012 |.

(e) Which of the elements from (a)-(d) are primitive roots?

e A primitive root has order ¢(m) mod m: so (a) yes, (b) no, (c) yes, (d) yes.




4. The goal of this problem is to explore the ratio ¢(n)/n.

(a)

(b)

(c)

(d)

Find all integers such that ¢(n)/n = 1/2, and briefly explain how you know you have them all. [Hint:
Consider the largest prime factor of n.|

e If n has prime factorization n = p{*p3? - - - pi* then p(n) = (p* —pP* ) (P52 —ph>~ 1) - (ppF —pr 1)

and thus @(n)/n = (1 — 1/p1)(1 — 1/p) -+ (1 — 1/py).
e Soif p(n)/n=1/2then (1—1/p1)(1—1/p3)---(1—1/pg) = 1/2, meaning (pl_l)giz;l__)z‘);(pk_l) = 1.
e The key observation is that the largest prime factor py cannot be cancelled by any of the numerator

terms p; — 1 since it is larger than all of them.

e So if the ratio has denominator 2, the only possible prime factor that could be included is 2. And if
2 is the only prime factor, then immediately we see ¢(n)/n =1/2.

e Thus, n = for @ > 1 are all such integers.
Find all integers such that ¢(n)/n = 1/3 and briefly explain how you know you have them all.

e By the observations made above, if p(n)/n = 1/3 the largest prime factor of n would have to be 3. If
3 is the only prime factor then ¢(n)/n = 2/3, but if we also include 2 then ¢(n)/n =1/2-2/3 =1/3.

e So the desired integers are n = for a,b > 1.
Are there any integers such that ¢(n)/n = 1/4?7 Briefly explain why or why not.
. : forn = pi'py? - pi*, since p(n)/n = [(p1—1)(p2—1) - - - (p—1)]/(P1p2 - - - ) the denominator
is always a product of distinct primes, hence cannot equal 4.
Are there any integers such that ¢(n)/n = 1/5?7 Briefly explain why or why not.
. : if o(n)/n has denominator 5, then as in (a) and (b) the largest possible prime factor of n is 5,

but even if we include factors of 2 and 3, we have ¢(n)/n > (1-1/2)(1-1/3)(1-1/5) =1/3-4/5 >
1/5, so ¢(n)/n is always larger than 1/5.

5. Let p > 2 be a prime.

(a)

(b)

2:

Show that the only solutions of the congruence z (mod p) are z = 1 and = —1 (mod p).

e Clearly both values are solutions. Conversely, suppose x2 = 1 (mod p), so that p|(z? — 1). Factoring
yields p|(z — 1)(z + 1).
e Since p is prime, by the prime divisibility property we deduce that p|(z — 1) or p|(x + 1), which is to
say, z =1 or —1 (mod p).)
Suppose a has even order 2k modulo p. Prove that a* = —1 (mod p). [Hint: Let 2 = a* and consider 22
mod p.]
e Let z = a”: then 22 = a®* = 1 (mod p) since a has order 2k. So by part (a), that means z = 1 (mod
p) or z = —1 (mod p).
e We cannot have z = 1 (mod p) since #¥ = 1 (mod p) would contradict the order being 2k, so we
must have x = —1 (mod p).

6. Suppose u is a unit modulo m. Prove that u® = u® (mod m) if and only if a — b is divisible by the order of u
modulo m.

Suppose the order of u is k, so that u* =1 (mod m).
First, if a — b is divisible by k, say with a — b = dk, then u® = ub*%* = yb(u*)? = wb - 19 = ub (mod m)
as required.

Conversely, if u® = u® (mod m) then since u hence u® is a unit, multiplying both sides by u~? yields
u? % =1 (mod m).

But by properties of order, u®~? = 1 occurs only if the exponent a — b is a multiple of the order of w.




7. Let p = 2029. Notice that p is prime and also that the prime factorization of p — 1 is 2028 = 22 - 3 - 132.

(a) Show that 2 is a primitive root modulo p. (You can just give the results of the needed modular expo-
nentiations; you do not need to give details of the calculations.)

e By Euler’s Theorem, since ¢(2029) = 2% -3 -13% and 22°2® = 1 (mod 2029), we just need to show
that 22028/2 92028/3 3 22028/13 gre not congruent to 1 modulo p.

e Successive squaring yields 2202/2 = —1 (mod 2029), 2202%/3 = 975 (mod 2029), and 22028/13 = 302
(mod 2029). Since none of these is 1 (mod p), we see that ’ 2 is a primitive root ‘

(b) Find all four solutions to the congruence x* =1 (mod p). (You can leave your answers as powers of 2.)

e We can solve the congruence by taking discrete logarithms to the base 2. This yields 4log,(z) =0
(mod 2028). (Remember that discrete logarithms yield congruences modulo ¢(p) in general.)

e Since ged(4,2028) = 4, dividing through by 4 yields log,(z) = 0 (mod 507), which has the four
solutions log, x = 0, 507, 1014, 1521 (mod 2028).

e Then z =|2°, 2°7, 2% 91521 | (nod p). Equivalently, this is = = [1, 992, 2028, 1037] (mod p).

(c) Find both solutions to the congruence 2 = 3 (mod p), given that 3 = 21980 (mod p).

e We can solve the congruence by taking discrete logarithms to the base 2.

e From the given information we know that z? = 2198 (mod 2028), so taking logarithms yields the
equality 2log,(z) = 1980 (mod 2028).

e Cancelling the factor of 2 yields log,(2) = 990 (mod 1014), which has the two solutions log, z =
990, 2004 (mod 2028).

e Then z = (mod p). Equivalently, this is z =| 1755, 274 | (mod p).

8. The goal of this problem is to show that if IV is the product of two primes, then computing ¢(N) is equivalent
to factoring N.

(a) Suppose that N = pq and ¢ = (p — 1)(¢ — 1), where p, ¢ are real numbers. Find a formula for p and ¢ in
terms of N and ¢.
e Since N = pq we have ¢ = N/p, and substituting into the equation for ¢ gives ¢ = (p — 1)(N/p—1).
e Multiplying by p and rearranging yields the quadratic equation p?> — (N — ¢ + 1)p + N = 0, whose
(N—p+1)£/(N—¢p+1)2—4N
2

(b) Deduce that if N = pq is a product of two primes, then factoring N is equivalent to computing ¢(N), in
the sense that if one of these pieces of information is known, then the other can be computed immediately.

roots are p,q = by the quadratic formula.

e If we know the factorization of N then we certainly can compute ¢(N) = (p —1)(¢ — 1).
e Conversely, by part (a), if we know N and ¢(N), then we can compute p and g.

(¢) Given the information that N is a product of two primes, where

N = 103844716960445402193805079702089067247188827630229127863601755937646200451604515187
p(N) = 103844716960445402193805079702089067247188112511261417396345991678627954028481301160

find the prime factors of N. (You can just give the first six and last six digits of each: e.g., as
123456 ...135791.)

e We can simply use the formula from (a), since if N = pg then ¢(N) = (p — 1)(¢ — 1). This gives

1
D, q 3 [715118967710467255764259018246423123214028 + 309864922405719716515473028652590568139506)

’ 202627022652373769624392994796916277537261, 512491945058093486139866023449506845676767 ‘

Warning: Some calculators (physical or online) may not have enough precision to give correct results for (c).
You are strongly encouraged to use software like Mathematica built to handle high-precision arithmetic.




