E. Dummit’s Math 4555 ~ Complex Analysis, Fall 2025 ~ Midterm Review Answers

2 =2i,v3—1i, —/3—1i.

z =21, —3i.

z = +/45, +/45i.

z = Y(In4 + 2mik), k integral.

e* =3,-1/3s0 z = —iln3 + 27k or z = iln3 + 7 + 27k, k integral.
In(2)/2 + in/4 4 2wik, k integral.

i + 2mik, k integral.

e~™/2727k L integral.

—iln2tm/2tdnk — om/2447k (cosIn 2 — isinIn 2), k integral.

1/z

2. Using the series definition of e* gives e# = > 7 z"/nl =Y /2" /n!l = ¢* = e'/# since 7 = 1/z for |z| = 1.

3. R, is open, not closed, bounded, connected, not simply connected.
R5 is not open, closed, not bounded, connected, simply connected.

4. (a) Of 0z = 322, 0f 0z =i, f is not holomorphic on any region.
(b) f=eED/2 50 0f /02 = Of /07 = Le(*+5)/2] f is not holomorphic on any region.
(c) Of )0z = e*1°8(2) (Log(z) + 1), 8f/<T =0, f is holomorphic on C\[0, c0) because of the branch cut for Log(z).

5. f(2) :fE so 0f /0Z = z which is zero only at z = 0. At z = 0 we have f/(0) = limp_o % = limy,_0 h—hﬁ =
limy,_,o h = 0 so the derivative exists and is zero.
6. For u = e~ 2% cos(z2 —y?), v = e~ 2®¥ sin(z? —y?) we have du/dx = —2ye =2 cos(z? —y?) —2we 2% sin(z2 —y?) = Ov/dy

and Ou/0y = —2xe=2%Y cos(x? — y?) + 2ye 2 sin(z? — y?) = —Ov/dz. So f satisfies the Cauchy-Riemann equations
hence is holomorphic. Alternatively, observe f(z) = ¢** which is holomorphic with derivative f'(z) = 2izei®

7. (a) lim, o [3"|Y/™ = 3 so radius is 1/3, disc is |z| < 1/3.
(b) hm,Hoo |1/2"|1/” =1/2 so radius is 2, disc is |z — i| < 2.
(€) 2pzo2"2"
(d) Yoo(=D)"Hi2n(z = 1",
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8. We have lim,, .o |1/n|/" = 1 so f has radius of convergence 1. Inside the radius we can differentiate term by term,
yvielding f/(z) =Y 02 ;2" ' =142+ 224 --- =1/(1 — 2), which holds for |z| < 1 as claimed.

9. For z = x + iy using cosz = £(e* + e %) we see that cosz = $(e”* + e 7*) = L(e7¥" 4 ¢V~ and therefore
|cos z|* = (cos z)(cos z) = T(e7UTT 4 eUTiT) (YT 4 eUHIT) — L(e72 4 e 2T 4 e2i% 4 e2V) = L(cosh 2y + cos 2z).

10. Note that for line integrals of a non-holomorphic function, our only option is to set them up with a parametrization.
For line integrals of a holomorphic function on a non-closed contour, we usually want to use the fundamental theorem
of calculus. For line integrals on closed contours, we usually use a power series expansion or Cauchy’s integral formula.

I= [} 13(2t + 3t%) dt = 1/2 + 3/5i.

Antiderivative is F(2) = 23/3 so I = F(y(1)) — F(v(0)) = (3 + 6i)3/3.

Function is holomorphic on the interior of the closed contour so I = 0 by Cauchy’s theorem /formula.

Antiderivative is F(2) = 2% + 2Log(z) so I = F(1+4) — F(1) = (1 +4)* 4+ 2Log(1 + i) — 1 = =5+ In2 + im /2.

I= TF/Q (3ie®) dt = im/2.
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) sz (3ie™) dt = 2mi, or 2mi directly by Cauchy’s integral formula.
) I =0 by deforming the contour to a point.
h) For f(z) = e* Cauchy’s integral formula gives I = 2wiW.,,(0) f(0) = 2.
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For f(z) = e* Cauchy’s integral formula gives I = 2miW,, (1) f(1) = 2mei.
fz

(j) For f(z) = 2% Cauchy’s integral formula gives I = 2miW.,, (1) f(1) = 2.

(k) For f(z) = e* +sin(2z) Cauchy’s integral formula gives I = 2miW, (1) f(1) = 2mi(e + sin2).

(1) Ascosz/2® =27°— 1273+ L27! — Loz + ... the power series formula gives I = 2miW,(0)a_; = 2%
(m) By deforming the contour this is the same as the previous integral, which was %.

For f(z) = e* Cauchy’s integral formula gives I = 2miW.,(5)f(5) = 0 since 5 is not in the circle.

For f(z) = 1/(z + 2i), zo = 2i Cauchy’s integral formula gives I = 2miW,(2i)f(2i) = 7/2 since f is holomorphic
inside the circle as it doesn’t contain —24.

(p) For f(2) =1/(2 —5), 2o = 0 Cauchy’s integral formula gives I = 2miW,(0)f(0) = —2mi/5 since f is holomorphic
inside the square as it doesn’t contain 5.

(q) By partial fractions f(z) = 21155 - ﬁ and by Cauchy on each term we see I = (27i/5) — (2mi/5) = 0.

11. (a) The winding numbers are +2, +1, +1, —1, =1, +1, 0.
(b) f,y % dz = 2mi - W,(0) = 4mi by the definition of winding number.
(c) fv zig dz = 2mi - W,(3) = —2mi by the definition of winding number.
(d) fv - e 5 dz = 2mi - W, (2) f(2) = 2mie? by Cauchy’s integral formula.
(e) fw < dz = 2mi- W, (4)f(4) = —2mie* by Cauchy’s integral formula.
(f) f,y m dz =3 . Ze; dz — % 5 Ze; dz = —mie* — wie? by partial fractions and the above.
(8) 2 =23—Z214224- 50 fy 93 dz = 2mi - W,(0) - a_y = —27i via series expansion.

12. By the differentiation—via—integration formula we have f (Zji (ZZO))Q dz = f'(z0), so f'(zp) is identically zero on C. As shown

in class (or as follows by noting f(b f f'(2)dz = 0 on any contour ' from « to b) this means f is constant.




