E. Dummit’s Math 4555 ~ Complex Analysis, Fall 2025 ~ Homework 3 Solutions

1. For f, g, h as below, perform the requested calculations:

f=> n" = Z 4422 +92° + 1621 +252° 4 - -
n=0

922(1—1—271)2": 1432452247224+ 92" +112° 4 -+
n=0

h= Z (—1)"2" = 22—z 1l — 2422 -3t
n=—2

(a) Find f + 2¢g up through the terms of order 4.

o Add: f42g = (244224922 41624 - ) +2(14+324522 472349244 ) = ’ 2+ Tz 4 1422 + 2323 + 3424 + - |
(b) Find f + h up through the terms of order 4.
e Add: f+h = (24422+922+162"+-- )+ (2 -zl 41 —-2+4+22-234+21—...) =
’2727271+1+522+823+17z4+~~ \
(c¢) Find fg up through the terms of order 4.

e Multiply: fg = (2442249234162 4 - )- (14324522 472349214 ) = ’ 24 T2% 4+ 2623 4+ 702* + - - \
(d) Find fh up through the terms of order 3.
e Multiply: fh = (2 +422 +923 + 1627 + ) - 2 -z 4+ 1—2+4+22 23 +21—..) =
]z*1+3+6z+10z2+15z3+~~ \
(e) Find f? up through the terms of order 5.

e Multiply: f2 = (2+4224+9234+162%+ - - )- (244224923 41624+ - ) = ’ 22 4823 4+ 3424 10425 + - - ‘
(f) Find 1/g up through the terms of order 4.
o If gl =by+ b1z +byz? +b32% +byz? + - then we get 1 = (1+32+522+722+924 +---)(bo +
b1z + bo2? + b323 +byzt + ) = bo + (3bg + b1)z + (5bo + 3by + ba)22 + (Tbo + 5by + 3ba + b3 )23 +
(9bo + Tby + 5ba + 3bg + ba)z* + - - -
e Setting coefficients equal yields by = 1, 3bg + b1 = 0 so by = —3, 5byg + 3by + ba = 0 s0 by = 4,
Tbo + 5b1 + 3bs + b3 = 0 so bg = —4, 9bg + 7by + bbs + 3b3 + by = 0 so by = 4, and so forth.
e Sog! z‘l—3z+4z2—4z3—|—4z4+~-~ ‘
(g) Find 1/f up through the terms of order 3.
e Taking out the factor of z, we need to find the inverse of f/z =1 + 4z + 922 + 1623 +252% +---.
e If the inverse is by + b1z + bg2? + b323 + by2* + -+ then we get 1 = (1 + 4z + 922 + 1623 + 2524 +
cee )(bo +bi1z+ b222 + 6323 + b42:4 + - ) =bo+ (4b0 + bl)Z + (9()0 +4by + bg)ZQ + (16b0 + 9by + 4by +
b3)z® + (25bg + 16by + by + 4bs + by)z* + - - -.
e Setting coefficients equal yields by = 1, 4bg + b1 = 0 so by = —4, 9bg + 4by + b2 = 0 s0 by = 7,
166y + 9by + 4by + b3 = 0 so by = —8, 25bg + 16by + 9by + 4b3 + by = 0 so by = 8, and so forth.
e So(f/2)7! = (1-424722—-823+82%+- - )and thus f~1 = z71(f/2) ! = ’ 24 T 822 48 4|
(h) Find 1/h. [Hint: It is a polynomial.]
e Taking out the factor of 22 yields that we need to find the inverse of 22h = 14+ 24234244+ 25+- -+,
which as we have calculated is 1 — z. Then A~ = 22(22h) ! = 22(1 — 2) =| 2% — 23|,
(i) Find f/g up through the terms of order 3.
e We simply evaluate f-g~' = (2 +422 + 923 + 1627 + -+ ) - (1 =32+ 422 — 423 + 42 +...) =
et 24 234204




2. Find the radius of convergence for each power series:
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3. The goal of this problem is to prove the Ratio Test. So suppose {a,},>1 is a complex sequence whose terms
are nonzero.

(a) Suppose that there exists a real number p < 1 and positive N such that |a,41/a,| < p for all n > N.
Show that > -, a, converges absolutely. [Hint: Explain why |anx| < |an]|p" for all k > 0 and use this
to show that > 2\ |an| is finite.]

e Suppose p < 1 and that |an41/a,| < p for all n > N. Then by multiplying the inequalities for
n=N,N+1,...,N+k—1wesee that |ax,z| < |an]|p* for all & > 0.



[e%e] ) n __|GN|Pn
o Then 3%y fan] < S50y fan] o7 = 5

does Y>° | |ay|, since it only has a finite number of additional terms.

. This means Y 7 \ |a,| converges, and therefore so

e This means >~ a, converges absolutely as claimed.

(b) Give an example of a series with |a,+1/a,| < 1 for all n but where Show that if we weaken the hypothesis
of (a) only to require that |a,41/a,| <1 for all n, then > | a, need not converge absolutely.

1 1
e A simple counterexample is to take a, = —: then a,41 < a, for all n, but > a, = > .--; — does
n
not converge absolutely (or at all).

e The issue is that even if |a,4+1/a,| < 1, we can still have lim,,_ o |an+1/a,| = 1, in which case we
don’t get the necessary exponential decay in the sizes of the terms.

(c) Suppose that there exists a positive N such that |a,41/a,| > 1 for all n > N. Show that > 7, a,
diverges. [Hint: The terms cannot go to zero.|

e Suppose that |a,41/a,| > 1 for all n > N. Then by a trivial induction we have |ayyi| > |an]| for
all £ > 0.

e Then the terms of the series do not tend to zero, since their absolute values are all at least |ay| > 0,
so the series diverges.

(d) Prove the Ratio Test: If lim,,_ o0 |an+1/an| = r exists, then Y -, a, converges absolutely if r < 1 and
S>> | ay, diverges if 7 > 1. [Hint: For the convergence, take any p with r < p < 1 in (a).]

n=1

e Suppose that lim, 0 |ant1/an| = p.

o If r <1 then take any p with » < p < 1. Then by the definition of limit there exists N such that for
all n > N we have |a,11/a,| < p, so using this p in (a) immediately yields that >~ , a, converges
absolutely.

e If 7 > 1 then similarly by the definition of limit there exists N such that for all n > N we have
lan+1/an| > 1, in which case (c) immediately yields that Y7, a, diverges.

n

(e) Find the radius of convergence of the power series >~ —a"
n!

e We try using the Ratio Test to analyze the ratios between consecutive terms. With a,, = —'z”, we
n!
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e Thus, lim,, = lim,, 00 (1 + =)™ |2| = e|2] by the usual limit lim,, (1 + =)" =e.

Ap+1

e So by the Ratio Test, if |z| < 1/e we see that lim,, < 1 and so the power series converges,

n

An+1

while if |z| > 1/e then lim,,_, > 1 so the series diverges.

n

e Thus, the radius of convergence must be .

4. Suppose f = ZZOZO anz" is a power series with radius of convergence R; and g = ZZOZO b,z™ is a power series
with radius of convergence R, where Ry < R,,.
(a) Show that f + ¢ has radius of convergence at least Ry.

e Asshown in class, f(z) converges absolutely for |z] < Ry and g(z) converges absolutely for |z| < R,
hence in particular for |z| < Rj.

e Thus the sum f(z)+ g(z) also converges absolutely for |z| < Ry, meaning the radius of convergence
is at least Ry.

(b) If Ry < Ry show that f + g has radius of convergence exactly Ry.

e By (a) we just need to show that the radius of convergence cannot be larger than Ry.



e Since Ry < R, suppose z has Ry < |z| < R,. Then f(z) diverges (as shown in class) but g(z)
converges.

e Then f(z) + g(z) must also diverge, since if it converged, so would [f(z) 4+ g(z)] — g(z) = f(2).

e This means f + g diverges whenever |z| > Ry, and so the radius of convergence of f + g cannot be
larger than Rjy.

(c) Find an example of power series f and g with R; = R, such that f + g has radius of convergence strictly
greater than Ry.

e A simple example is to take g = —f where f has a finite radius of convergence (e.g., f =Y oo ;2"
with Ry = 1): then g has the same radius of convergence as f, but f+¢ = 0 has radius of convergence
00.

e In fact, in any possible example we must have ¢ = — f + h where h has radius of convergence bigger
than f. But in fact, all such examples actually work since by (b) g and f have the same radius of
convergence while f + g = h has a larger radius of convergence.

. |Challenge] The goal of this problem is to discuss a useful summation technique known as Abel summation
(also called summation by parts), and then use it to derive some series convergence tests. So suppose {ay, }n>1
and {b, },>1 are two complex sequences, and define S,, = >";'_, ayby and B,, = > _, by.

(a) Show the Abel summation formula: that S, = a, B, + ZZ;II Bi(ar — ag+1)-

e We induct on n. For the base case n = 1 we have S| = a1 B; + 0 as required.
e For the inductive step suppose that S,, = a, B,, + Zz;ll By(ar — ag+1)-

e Then
Sn+1 - an+1bn+1 + Sn
n—1
= ant1bnt1 +[anBn + Y Brlar — axi1)]
k=1
n—1
= ani1Boi1 + (a0 — ani1)Ba 4+ Y Brlax — app1)
k=1

= apt1Bni1 + Z Bi(ar — ax41)
k=1

as required.

(b) Prove Dirichlet’s convergence test: if {a,},>1 is a strictly decreasing sequence of positive real numbers
with lim,,_« a,, = 0 and the sequence {B,,},>1 is bounded, then Y, a;b) converges. [Hint: Suppose
|B| < M for all n. Use (a) on the partial sum S,, and then show that a, B, — 0 and that 22;11 By (ay —
ar+1) is absolutely convergent.|

e Suppose that {a,},>1 is a strictly decreasing sequence of positive real numbers with lim,, o a, =0
and the sequence {B,,},>1 is bounded, say with |B,| < M for all n.

e Following the hint, applying the Abel summation formula from (a) yields S,, = aan—i—ZZ;ll By (ax—
ak+1).

e Since |B,| < M for all n, we have |a,B,| < Ma, — 0 as n — oo since a,, — 0 by hypothesis.

e Furthermore, because a; > ap+1 we have |ay — apt1| = ar — ag41-

o Therefore 3232, |Bi(ak — ary1)| = S5y (ar — anga) [Be| < 352y (ax — appa)M = M(ar — ay), s0
taking the limit as n — oo yields May, which is finite. This means Y-, Bi(ar — ax41) converges
absolutely, hence converges.

e Putting this together we see that lim, o Sy, = lim, o0 @By, + > pey Br(ar — ag41) converges, as
required.

(c) Deduce the Alternating Series Test: if {a,}»>1 is a strictly decreasing sequence of positive real numbers
with lim,,_, o, a, = 0, then the alternating series Z;C’:l(fl)kak converges.




e This follows immediately from Dirichlet’s convergence test applied with by = (—1)*: clearly the sums
B, = Zzzl(—l)k are bounded since they alternate between —1 and 0, and so all of the hypotheses
are satisfied.

e We conclude that Y7 arby = > 7, (—1)Fay converges, as desired.

e Remark: The summation formula in part (a) is the discrete analogue of integration by parts, whence
its name “summation by parts”. Specifically, the sum Y ;_, f(k) is the analogue of the antiderivative
[ f(x) dx while the difference f(k + 1) — f(k) is the analogue of the derivative f/(z). The formula in
(a) is then the analogue of the integration by parts formula [ f(z)g(z)dz = f(z)G(z) — [ f'(2)G(x) dx
where G is an antiderivative of g (the minus sign arises because the differences in (a) are a; —ap4+1 rather
than ag11 — ag).

6. The goal of this problem is to study the convergence of the power series f = fozl ﬁz"
(a) Show that f has radius of convergence 1 and explain why f does not converge for z = 1.

|1/n

e We have lim,, , |a, = lim,,_,0o n~ /™ = 1 so the radius of convergence is 1 as claimed.

1
e Additionally, if z = 1 then the series becomes > 7 ; —, which diverges: it is the usual harmonic
n

1 1
series, which goes to oo by the integral estimate >\ _, — > flt n dt = In(t).
n

. 2
(b) Show that if 0 < 6 < 2m, then |Y_;_, ™| < Tk [Hint: Use problem 6(d) of homework 1.]
e

_ 1|
e(n+1)im -1

et —1
|e(n+1)i9 _ 1’
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e In problem 6(d) of homework 1, we showed that 1 + €i* + 2% 4 ... 4 i@ =

e Taking the absolute value and writing 6 in place of z yields |> ) _, €| =

‘e(n+1)w _ 1’ ‘e(n+1)i«9‘ +-1 9

[ L (R
immediately.

e Since by the triangle inequality, the result follows

(c) Show that f does converge if |z| = 1 but z # 1. [Hint: Use (b) with z = €% in Dirichlet’s convergence
test from problem 5(b); you just need to verify all of the hypotheses hold.]

e Suppose |z| = 1 so that z = €?. Then z # 1 allows us to assume 0 < § < 27.

1 ,
e Per the hint we will apply Dirichlet’s convergence test with a,, = — and b, = 2™ = ™"
n

, so we need
to check the hypotheses.
o Clearly {an}n>1 is a strictly decreasing sequence of positive real numbers with lim,,_, - a, = 0.
e Additionally, by part (b), the sums B,, = > ,_,2" = >__,€"? are all bounded in absolute value
2

by ———.
e =]

o0

1
e Therefore, by Dirichlet’s convergence test, the sum >, a,b, = >, —z" converges, as claimed.
n

e Combining with the result of (a) we deduce that f converges absolutely for all |z| < 1 and also when
|z| = 1 except at the point z = 1 where it diverges.

(d) Determine all z for which f =", % converges.

e From (a) since the radius of convergence is 1 we know that f converges for all |z| < 1 and diverges
for all |z| > 1. Also from (a) we know f diverges for z = 1.

e From (c) we know f converges for all |z| = 1 with z # 1.
e Thus, f converges for all |z| < 1 except for z = 1, and it diverges for all |z| > 1 along with z = 1.




