E. Dummit’s Math 4555 ~ Complex Analysis, Fall 2025 ~ Homework 1 Solutions

1. Express the following complex numbers in rectangular a + bi form:
(a) B+1i)—(4—2i)(1—1).

o We have (3+i) — (4 —2i)(1 —i) = (3+14) — (2 6i) =[1+7i|
(b) (44 3i)/(5—1i).

o We have (4+3i)/(5 — i) = {Z0EH) = | 1T 4 19,

(c) delin/s.

e We have 4e77/6 = 4 cos(7m/6) 4 4isin(77/6) = .

(d) €iﬂ/4+3€3iﬂ-/4.

e We have e'™/4 + 3e37™/4 = [cos(n/4) + 3 cos(37/4)] + i[sin(r/4) + 3sin(37/4)] = .

(e) €2025im/3,

e We have €29257/3 = ¢0s(20257/3) + i sin(20257/3) = .
(®) (14202,

o We have (1 4 )20%4 = (/2¢i7/4)2024 _ 91012,506im _ M_

2. Express the following complex numbers in exponential re?’ form:

(a) 3i.

e We have 3i = .
(b) —2 — 2i+/3.

e We have —2 — 2iv/3 = .
(¢) =1+1.

e We have 71+i:.
(d) 7+ ei.

e We have m + ei = \/meiarctan(e/ﬂ—) .

3. Find all z € C satisfying the following equations:

(a) 22 +22+2=0.

e The quadratic formula yields z = W =|—-1=%7|
(b) 2% =3 + 4i.

e Using the square root formula from the notes yields z = m
(¢) 22 —(2—1i)z —2i = 0.

e The quadratic formula yields z = (271')3;(3“1') = (271'):5(2“') = .
(d) 23 =-1.

e The root formula yields z = | /™3, %7/3 %m/3 ‘: {sz/g’ -1, 1%‘/5}




(e) 28 =1.

e The root formula yields z *’ 2kiT/8 for 0 < k < 7‘ {1 144 2 i, _\1/5

(f) z* =3.

—1—3 - 1—14
L= Bk

e The root formula yields z = ’ 342k for 0 < k< 3 ‘ = {31/4,31/44, —31/4 _31/44},

(g) e*=1.

e By periodicity we have z = ’ 2kmi for integers k ‘

(h) e* =1 —1iV3.

e Converting to polar yields e* = 2e~*

=1In(2) —

% + 2kmi for integers k |

4. Plot each of the given regions in the complex plane (you may want to use a computer).

identify whether it is (i) open, (ii) closed, (iii) connected, and (iv) bounded.

(@) |2 —1] < 1.

e |z — 1] < 1 is open, not closed, connected, bounded.

(b) 1< |2 <3.

e 1 <|z+1| <2 isnot open, closed, connected, bounded.

(©) Io] > |z - 1.

e |z| > |z — 1] is open, not closed, connected, not bounded.

(d) 0 <Im(z) <1

e 0 <Im(z) <1 is not open, not closed, connected, not bounded.

(e) Re(z) < Im(z).

e Re(z) <Im(z) is not open, closed, connected, not bounded.

(f) Re(z)-Im(z) > 1.

e Re(z) -Im(z) > 1 is open, not closed, not connected, not bounded.

(8) l2(z-2)[ < 1.

e |2(z —2)] <1 is not open, closed, connected, bounded.

(h) |2(z — 4)] < 1.

e |z(z —4)|] <1 is not open, closed, not connected, bounded.

Plot of |z-1]<1
in

Plot of 1<|z|<3
i

Plot of |z|>|z-1]|

Plot of 0<Im(z)<1
m

For each region,

o
&

Plot of Re(z) < Im(z)
in

Plot of Re(z m(z)

Plot of |z(z-2)| <

Plot of |z(z-4)| < 1

o




5. Compute the following complex limits or show they do not exist:

23 -1
lim, ,; ———.
(aJ 1Mz 1 2 —1
3.1 —1)(z2 1
e We have limz_>12 1 =lim,_,; (=1 TZJF ):limz_ﬂ(zZ—l—z—&—l):.
z— =
23 —1
b) lim, ,;, ——.
() Mz z—1
3_1 31
oWehavelimzle 1 :z‘ 1 :-
zZ — 1 —

z
lim, g —.
(¢) lim,_ ]

t
e This limit . In fact, it does not even exist along the real axis, since lim;_, |— is —1

tf
along the negative real axis and +1 along the positive real axis.
3
(d) Tim, 0 —s.
|2]
P I P . .
e Note that W = W = |z|, so lim, 0 |f(2)| = lim,—0|2] = 0.
z z

e It is not hard to see using the definition of limit that if lim, ¢ |f(z)| = 0 then lim,_,q f(2) exists
and equals zero as well. So the limit exists and is @
22 -1

224222

e This limit [does not exist |
(1+t)?%-1

e Along a horizontal line with 2 = 1+ ¢ as ¢ — 0 we have lim;_,q A+ 07+ (0402050 =

(e) lim,_q

lim;_0 igii; = lim;_,q ii—i = 2, while along a vertical line with z = 1 4 it as t — 0 we have
i (1+it)2 -1 i t(—t+2i) _ i, - EH2E 2

O a2 + (T 4dt) — 2(1 —it) (=t + 5i) 0 45 5

2720

72046 4720
s - . ; . - € 3
e This limit | does not exist |. Along the line z = ¢!t for an arbitrary angle # we obtain lim,_,q —

™0 wwhich for different values of 6 (e.g., # = 0 and 6 = 7/720) can take different values.
Re(z) - Im(z)?
Re(2)? + Im(z)*

0
e This limit . Along the real axis z =t + 0i as t — 0 the limit is lim;_,q 2 = 0 while

1
along the path z = t? + it as t — 0 the limit is lim,_,q 5= 3

(g) lim,_ [Hint: Try the path z =t +it as t — 0.]

6. The goal of this problem is to illustrate some uses of complex exponentials for trigonometry. You may
assume in this problem that indefinite integrals involving complex parameters behave the same way as if the
parameters were real (we will later prove this), and you may use Euler’s identity ¢** = cosx + i sin z.

eiw + e—iw eiw _ e—im

(a) If z is real, show that cosx = —s and sinz = 5
i

e From Euler’s identity we have e!* = cosx + isinx and so e™** = cosx — isinx.



e Adding and subtracting the equations gives ¢ + e~ = 2cosz and e** — ¢~ = 2isinx, and then
rescaling yields the desired formulas.

(b) Compute [ cos*zdz and /Sin4$d$. [Hint: Use (a).]
el 4 p—iT 4 1 ) ) ) ) 1
] = — [eY7 + 4€¥7 4 6 + de7 2T 4 e 1T] = 3 [cosdx + 4 cos 2z + 6].

oWehavecos4x:[ 5 _16[

1 1 1 3
Integrating then yields [cos*zdx = [ =(cos4x +4cos2x+6)dr =| — sindx + ~sin2zx + ~x + C |
SHating 8 32 1 1

. . . . 1
[t — 4T 4 6 — e 2T 4 e~ HT] = 3 [cosdx — 4 cos 2z + 6].

eim _ e—ix 4 B i
2i 16

e Likewise, sin*z = [

4 4

1 1 1 3
Integrating then yields [sin®zdx = [ =(cos4x —4cos 2z +6) dr =| — sindz — - sin 2z + —x + C'|.
SHating 8 32

(c) Compute / € cos bx dr and / e sinbr dx. [Hint: Take real and imaginary parts of / elattT gy ]

) (a+bi)x — bi)e® b , sin b b. bsin b
atbile .. € _ (a —bi)e*(cos bx +isin bx) _acosbr +bsinbr
e Note [el@t0)edy = Py +C = pr— +C = N e 4
—bcosbz +asinbr .
e®i+ C.

a? + b2
e The real part is Re[[ e(®+*)7 dz] = [Re[e(®+*)]dz = [ cosbx dz and similarly the imaginary
part is [ e®” sinbx du.

sbx + bsinb —bcosb inb
° Thus,/eazcosbxdx: @.CosbT + Hsin b @y C while/e“” sin bx dxr = cosbr + asin xe”—l—C.
a? + b2 a? + b2
, 4 , (n+1yic _ 1 sin[%H g
(d) Prove that 1+ €@ + 2% 4 ... yeine = &~ e("/QWM for any positive integer n and
er —1 sin(z/2)

any 0 < z < 2.

e First, note that 1 4 €@ + €2 4 ... 4 €™ is a geometric series with » = ¢, and that r # 1 since
,r.n+1 -1 e(n+1)ia: -1

0 < z < 2m. So by the usual formula, the sumis 1 +r + 72 4 ... + " = 1 - w1

(For completeness, the formula follows immediately from the difference-of-powers identity 1 —r"+! =
1—=r)A+r+r2+-4r"))

(n+1)iz _ 1 [(n+1)/2)iz [ [(n+1)/2liz __ ,—[(n+1)/2]iz %
e For the second formula, observe that c = le c 1/(20) =

el _ ciz/2 [e%/2 — e~ix/2] /(2)
s [ntl
(n/2)iz sin[*3~x]
e sin(z/2) using (a).
sin[2L 7] cos[ 2]
(e) Deduce that 1+ cosx + cos2x + --- + cosnz = 2 2 and sinz + sin2z + -+ + sinnz =
sin(x/2)
sin[%41 2] sin[ %] L
: for any positive integer n and any 0 < x < 2.
sin(x/2)
e Simply take the real and imaginary parts of the identity from (d): the real part of the LHS is
) . sin[2H 2] cos[Z 2] L
14 cos x+cos2x+- - -+cos nz while the real part of the RHS is in(z/2) , and the imaginary
sin(x
L . . . . . . sin["THx] sin[§ ]
part of the LHS is sin +sin 22+ - -+sin nz while the imaginary part of the RHS is in(z/2)
sin(x

7. The real numbers are an example of an ordered field, which is a field containing a subset P (the “positive”
elements) such that (i) P is closed under addition, (ii) P is closed under multiplication, and (iii) every nonzero
element of the field is either in P or its additive inverse is in P but not both. Prove that C is not an ordered
field for any possible choice of P. [Hint: Consider i.]

e Suppose C is an ordered field. By (iii), since ¢ # 0, either i € P or —i € P.



e If i € P then since i* = —i by (ii) we would have —i € P, which contradicts (ii).
e But if —i € P then since (—i)® =i by (ii) we would have i € P, which also contradicts (iii).

e In either case we have a contradiction, so C cannot be an ordered field.

. The goal of this problem is to illustrate one of the original historical applications of the complex numbers:
that of solving the cubic equation.

(a) Suppose that 23 + az? + bz + ¢ = 0. Show that t = 2z + a/3 has t3 + pt + ¢ = 0 where p = b — a?/3 and
q = (2/27)a® — ab/3 + c. Thus, it suffices to solve cubics of the form ¢* + pt 4+ q = 0.

e We have
trpt+q = (2+a/3)?+(b—a?*/3)(z+a/3)+[(2/27)a® — ab/3 + (]
= [+ a2® + (a®/3)z + (a®/27)] + [bz — (a®/3)z + ab/c — a®/9] + [(2/27)a® — ab/3 + (]
= 2442 +bz+c=0
as claimed.

(b) Suppose that 3 + pt + ¢ = 0. Define new variables = and y such that z +y = ¢ and 3zy = —p. Show
that 2% + 3> = —¢ and then solve for 2% and y°.

e First, we have 23 + ¢y = (v + )% — 3zy(x +y) =3 + pt = —
e The equation 3zy = —p implies y = —p/(3z), and then 23 + y3 = —q becomes x> — p3/(2723) = —q,

6 o
h ——=0.
whence x° + qx o7
q ¢ P
e This is a quadratic in 23, so solving yields x> = —5 + il 97 and then 32> = —¢ — 2% =
7 3
q q p
> TV Tar

(¢) Conclude that the solutions to the cubic ¢* + pt + ¢ = 0 are the three numbers of the form ¢t = A + B,

N s a | PP
with A = 5 + x + 77 and B = 5V + o7 where the cube roots are selected so that

AB = —p/3. These formulas are known as Cardano’s formulas.
q ¢
e Combining (b) and (c) shows that t = x + y where 3zy = —p, 2% = ~5 + v + 57 and y® =
2 3
q q p
> TV T

e Letting A3 be the term with the plus sign, we obtain t = A + B where AB = —p/3 and A3

2 3 2 3
- N o1 [ 7
+ +27 and B +27.

e Taking cube roots yields the desired t = A+ B, with A = \/— + \/ — —|— ﬁ and B = \/— — \/ — —|— 2—7

where AB = —p/3. Since there are three possible choices of cube root for A (and then B is deter—
mined uniquely) these yield the three possible roots of the cubic.

(d) Verify that the cubic f(t) = t> — 15t — 4 has three real roots and that they are 4 and —2 + /3.

e We have f(4) =43 —15-4—4 =0 so 4 is a root. Factoring yields t> — 15t —4 = (¢t — 4)(t? + 4t + 1)
and the quadratic has roots —2 + /3 by the quadratic formula.

e Since a cubic cannot have more than three roots, f(¢) has only the three given roots, which are
clearly real.

(e) Use Cardano’s formulas to find the roots of f(t) = > — 15t — 4, and then show that they do simplify to
yield the same answers in (d) using the calculation (2 +4)3 = 2 + 11i.

e Plugging into Cardano’s formulas yields the roots t = A + B where A3 = 2 + /=121 and B3 =
2 —+/—121 and AB = 5.



e Noting that (2 + 1) = 2 + 114, we see that one possible cube root of 2 + /121 is A = 2 + i, which

i =2—4,in which case t = (2+i)+ (2—1) =4

e Another possible cube root is A = (2 4 i)e2™/3 = # + Lg’_lz which has a corresponding
B = (2—i)e 2"/3 = #—@i, in which case t = (_‘/2§_2+ ‘/52_21')—1— _‘/23_2 - ‘/52_22' = —2-+/3.
e The third possible cube root is A = (2 +14)e*™/3 = @ + %z which has a corresponding B =
(2—i)e 2mi/8 = 322 _ =231 iy which case t = (Y372 4 =23=1) 4 V32 —2VBol;— 94 /3
e We do obtain the same three roots as in (d), as claimed.

yields a corresponding value B =

e Remark: The calculation in (e) was performed by Bombelli in 1572. This rather perplexing appearance
of square roots of negative numbers in the formulas for real solutions to cubic equations was the original
impetus that led to the development and acceptance of complex numbers in mathematics (although
unsurprisingly, it did take a while!).

9. [Challenge] The goal of this problem is to justify the remark following problem 8 by showing that for any
cubic polynomial whose roots are real, Cardano’s formulas necessarily involve non-real radicals. Suppose
f(z) =23 +az?+bz+c=(2—r1)(z —re)(z — r3) is a cubic polynomial with real coefficients a,b,c € R and
complex roots 1,72, 73 € C. Define its discriminant as A = (r; —r2)?(r; —r3)?(ro —r3)? and let p = b—a?/3
and q = (2/27)a® — ab/3 + c.

(a) Show that A = 0 when f has a repeated root, that A > 0 when f has three distinct real roots, and that
A < 0 when f has a pair of nonreal complex-conjugate roots.

e Clearly A = 0 occurs if and only if one of the terms ry — ry, 71 — r3, 79 — r3 is zero, which happens
precisely when two of the roots of f are equal.

e If f has three distinct real roots, then each of the squares (r; — r;)? is positive so their product A
is also positive.

e Finally, suppose f has a real root r and two complex-conjugate roots x 4+ yi. Then A = (r — z —
yi)2(r — x + yi)?(2yi)? = —4y?[(r — x)? + y?] which is negative because y # 0.

(b) Show that the discriminant of f(t) is the same as that of g(t) = t3 + pt + ¢ where p = b — a?/3 and
q=(2/27)a® —ab/3 + c.

e Note that adding a constant to all three roots does not change A, since it is a product of differences
of the roots. Thus, using the translation in 8(b) does not change the discriminant, but shifts f(¢) to
g(t), so their discriminants are equal.

(c) Show that the discriminant of f(t) equals —27p3 — 4¢%. [Hint: Ais a symmetric function in rq, ro, 73
and must therefore be a polynomial in the three functions ry + ro +r3 = 0, 172 + 7173 + ror3 = p, and
rirors = —q. Since it has degree 6, it must be of the form Xp? +Y¢?. Plug in values for ry, o, 73 subject
to r1 4+ ro + 73 = 0 to find the coefficients.]

e Following the hint, because Ais a symmetric function in 7y, ro, r3 of degree 6, it is a polynomial of
total degree 6 in the three elementary symmetric functions o1 = r1 +7r9+1r3, 09 = r17r9+ 1173 + 1273,
and o3 = rirars.

e By using the translation in (b), we may shift to make o1 = 0. Then since o5 has degree 2 and o3 has
degree 3, the only terms of degree 6 are o3 and 03. Since oo = p and 03 = —¢q by Vieta’s formulas,
that means we must have A = Xp? + Y¢? for some coefficients X and Y.

e Settingr1 =0,ro=1,r3=—1yileldsp=—-1,¢=0, A=4,s04=—-X.

e Settingry =ro=1and r3 = —2yieldsp=-3,¢=2, A=0,50 0= —27X +4Y hence Y = —27.

o We deduce that A = —27p? — 4¢? as claimed.

(d) Show that if f has three distinct real roots, then Cardano’s formulas require computing cube roots of
non-real complex numbers.

2 3
e By part (c) above, the term under the square root in the —% +1/ qz + ]2)—7 expression in Cardano’s

formulas from 8(c) is —A/108. By (a), if the polynomial f has three real roots, then the discriminant
A is positive, so the square root \/—A/108 is nonreal, as claimed.




