E. Dummit’s Math 4555 ~ Complex Analysis, Fall 2025 ~ Homework 10 Solutions

1. Evaluate the following real integrals, making sure to explain all steps (e.g., introducing contours, calculating
residues, defining branch cuts, bounding integrands, etc.).
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e Using the method from class we calculate f(z) = r(z te , : 2; ) = 10212502 =10 which
has simple poles at z = —i/2, —2i. The only one of these inside the unit circle is z = —i/2, and the
1
residue of f there is limz_mo m = 1751
™ 1 o1 2
e Hence by the residue theorem we see that f02 0O E df = [ f(z)dz = 2mi- (1—5%) = 175r :
2
oo x
b ——— dx.
2
e Take f(z) = (zQZT‘x)‘l and the upper-semicircle contour:
o . 1. a3 N3 1.
e Then ~ encloses the pole of order 4 at z = 2¢ with residue 30 lim,_,o; ] [(z—20)° f(2)] = 30 im0, [—24(z+
20) 4 +1202(2 + 20) 7% — 12022 (2 + 2i) 6] = —ﬁ, so by the residue theorem we have [ f(2)dz =
T
omi - %) = —.
mi - Resy(29) 513 2
t
e On ~; we have f’n f(z)dz= ffR Wdt — I as R — oo.
e On 2 we have | f(z)| = O(R™®) so since the arclength of v, is TR we see fw f(z)dz=O(R™%) — 0.
e So taking R — oo yields I = 5% )
(©) foo cos 2x d
oo 2 11 %
21z
e Take f(z) = 211 and the upper-semicircle contour.
-2
e Then 7 encloses the simple pole at z = ¢ with residue lim,_,;(z — ) f(z) = 62—,, so by the residue
i
theorem we have [ f(2)dz = 2mi - Resy(i) = m/e.
21z o 59, o 5in 2
e On v; we have f'Yl f(2)dz = f_RR z;;—kl dt— [~ ;2:_3; de+i [~ ;12n+ai dr as R — oo.
—2Rsint
e On v, we have | f(Re')| < 6R2771 = O(R™?) so since the arclength of 7, is TR we see [ f(z)dz =
O(R™1) — 0.
e So taking R — oocand extracting the real part yields I = .
00 sin 3x
d ——— dx.
(@ Sos z(x?+1) *
3iz
e Take f(z) = —° __ and a contour that detours around the pole at z = 0:
2(22+1)

Semicircular ‘Detour’ Contour y




o On 7y we have [ f(2)dz

e On v, we have |f(2)| =

e On 73 we have fv3 f(z)dz

e Take integrand f(z) =

o We take f(z) =

1
e Then ~ encloses the simple pole at z = ¢ with residue lim,_,;(z — i) f(z) = —56’3, so by the residue

theorem we have [ f(z)dz = 2mi - Resy(i) = —mie >.
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(Re”)(RQeQ” +1)| ~ R(R*-1)
R we see [ f(z)dz=O(R™2) — 0.
72

dt as R — oo.

= O(R™3) so since the arclength of 75 is

2it —24t

e o €
ﬁ%_ktw+n

R
—fl/Rm dt as R — oo.

e On y, since it is a clockwise semicircle tending to zero around the simple pole at z = 0 of f(z) at

which the residue equals lim,_,o zf(z) = 1, by the fractional residues lemma the integral tends to
—mi as R — oo.

3it o—3it
e So taking R — oo yields —mie % = [ m dt+0— [;° m dt — 7i which simplifies to
. 2usin 3t sin 3t 3

7T'L(17€ fo mdtsothatfoomdt:ﬂ'(lfe )

- Uz
dz.
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elog(2)/3

where the branch cut of the logarithm is along the negative imaginary

22
axis, and a semicircular contour that detours around 0.
— 9 elog(Qi)/3
e Then ~ encloses the simple pole at z = 2i with residue hmzﬁgZ +4 elog(2)/3 — -
i
21/3 iw/6 21/3 iw/6 )
5 so by the residue theorem f f(z)dz =2mi - —u 7r2_2/3e”/6.
i 7}
elog(t)/3 NG
oOn'ylwehavefvlf(z f/R o *fl/RtQ dt — I as R — oo.
e On vy, we have | f(z)| = O(R™5/3) so since the arclength of Y2 is TR wesee [ f(z)dz= O(R™%/3) —
0.
log( t)/3 B ei7r/3\3/z o
e On 73 we have [ f(2)dz fl/R NER = I/Rmdtﬁe /3T as R — oo.

e On v, we have | f(2)| = O(R™'/3) so since the arclength of v, is m/R we see [ f(z)dz = O(R™4/3) —

0.
71_272/361'#/6 71_272/3

e So taking R — oo yields m272/3¢'7/6 = [ +0—¢'™/314-0 so that I = - = — - =

1 +ez7r/3 e—im/6 +627r/6

n272/3 T
2cos(m/6) | 22/3\/3 [

o T2cos2z

() )2

—— dz.
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ZQesz

——— and integrate around the rectangle with vertices =R and £ R + iR.
(22 +1)2

e There are poles at z = +i, but only the pole at z = ¢ lies inside the contour. The residue at z =i is

d ) ) ) 1
lim, _,; d—[(zfz)zf(z)] = lim,_,; [22€%% (2 + 1) 72 + 2i22e¥% (2 + i) 7% — 2222 (2 +0) 73] = 716721',
z
1
so by the residue theorem the integral on the contour is §7re_2.

e For z = +R+it and iR+t with —R <t < R, we see that |f(z)| = O(R~?) so since each component

has length O(R), the integral on each component is O(R~!) hence tends to 0 as R — oo.

2 ,2ix
e On the real axis the integral tends to [~ L dx as R — oo.
e Thus fioo (J,‘ZGW dx = 571-@ 2 50 taking the real part yields f - % dr = 57re*2




(2) fooo

Inx
— dx.
2 41 v

Log(z)?
2241

Take integrand f(z) =

Keyhole Contour y

zZ41
Then 7 encloses the simple poles at z = +i with residues Res¢(—i) = lim._,_; +

1
_722,(1%/2)2 and Resy(¢) = lim,_,; ;7_1_1
21 [Resy (1) + Res; (—3)] = 27
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On ~; we have f'Yl f(2) Z*f = 7 t2 dt as R — co.

On 72 we have |f(z)] = O(R™ 2ln R) so since the arclength of 2 is < 27R we see fw f(z)dz

O(R 'In*R) — 0.

L 2 oo |1 27i)?
On 73 we have [ f(z)dz = — I og <) dt — — [, Mdtasﬁf—ﬂw.

VR ( 241 241

On 4 we have |f(z)] = O(In® R) so since the arclength of v, is < 27/R we see fw f(z)dz

O(R~'In*R) — 0.

oo 2 ~ 1
So taking R — oo yields 27% = [ t2 dt—[° %m] dt = 4n* [[7 —

l t
so taking imaginary parts yields fo 1 dt @

2241

+1

and integrate around the keyhole contour v = v; Uvys U3 U4t

og(2)? =
— 1
! Log(2)? = 2—@_(32%/2)2, so by the residue theorem f7 f(z)dz

Int
b

1 2
(Inz) dx.
2 +1
. Log(2)*
Take integrand f(z) = 21 and integrate around the keyhole contour v = vy; Uys U3 U~4.
z
Then 7 encloses the simple poles at z = +i with residues Resy(—i) = lim._,_; %
z

1 _
T(3m/2)3 and Res; (i) = lim,_,; ———

13 2241 21
i-[Resg (i) + Resg(—i)] = Z’L'TKA.
Log(t
On’ylwehavefvlf( )dz ffR to—l-ge% = [ t2 dtasR%oo.

On 7, we have |f(z)| = O(R™21In® R) so since the arclength of 72 is < 27R we see f,m f(z)dz

O(R'In®* R) — 0.

L 3 oo [In(t) + 2mi]?
On 43 we have [ f(z)dz= — fR Ogid — [In(t) + 2] dt as R — oc.

i)
t — -7 -
2+1 Jo =

On 4 we have |f(z)] = O(In® R) so since the arclength of v, is < 27/R we see f% f(2)

O(R~'In* R) — 0.
(n(t) 4 2mi]?

13 co In(t)? 50
So taking R — oo yields —iw4 =/ n(t) dt — [,

dt = 127°
241 241 f“
S| l t)?
873 [, e — 67 fo (In dt i so taking imaginary parts yields 873 fo
3 . o 1 T . oo (Int)? 1
—*. Since [j P dt = 5 e obtain [, T dt = gw?’

0g(2)* =
1
Log(z)3 = —(im/2)3, so by the residue theorem fv f(2)dz

dz

lnt)
241

dt =



2. The goal of this problem is to evaluate the Fresnel integrals [;* sin(z?)dz and [ cos(2?)dz using the
Gaussian integral fooo e do = %\/E (see problem 4). Let R > 0 and let 7 = 3 U~y2 U3 where 7 is the line
segment from 0 to R, 7o is the counterclockwise circular arc of |z| = R from R to Re’™/*, and 73 is the line
segment from Re'™/* to 0.

(a) Show that [ e dz = 0.
e Since f(z) = e % is entire, we have f7 e=*" dz = 0 since ~ is a closed contour.

1
(b) Show that f'Yl e dz — 5\/7? as R — oo.

0o 1
e On v, we have [ e dz = fOR e dt = [Fe " du = 5\/77 as R — oo.
(¢) Show that fw e’ dz — 0 as R — oo. [Hint: Use the inequality cos2t > 1 —4t/m for 0 < ¢ < /4]
e On v, we have f,m e dz = foﬂ/4 e~ R?(cos2t+isin2t) ;peit gt

e~ R (cos2t4isin2t) | Reit| — Re=R*cos2t applving the inequality in the hint (which follows be-

e Since

cause cos 2t is convex and thus lies above its secant line on [0, 7/4]), yields Re~ R cos2t < Re—R (1—4t/m)

e Thus the triangle inequality yields ’fw e~ dz‘ < foﬂ/4 Re~R*(-4t/m) gt — %(1 — e ) | This
tends to zero as R — oo, as required.

(d) Prove that [ sin(2?)de = [, cos(z?) do = g
e On 73 we have [ e dz = — fOR e= (e gin/aqy _y _eim/4 fOR e dy = —eim/4 fOR[cos(—tg) -
isin(—t%)] dt, which as R — oo tends to fg[fooo cos(t?) dt-+ [ sin(t?) dt]fg [[5" cos(t?) dt — [ sin(t?) dt].
o Then since [ = [ + [ + [ wesee 0= %\/EJr 0 — e™/* [ cos(t?) dt + ie™/* [ sin(t?) dt. So

this implies %\/77 = @[fooo cos(t?) dt + [y sin(t?) dt] + ? [fo cos(t?) dt — [ sin(t?) dt].

2
V2T
2

e Finally, comparing real and imaginary parts yields [ cos(t?) dt+ [, sin(t?) dt = and [ cos(t?) dt—

oo . . . oo . oo \% 2 .
Jo sin(t?) dt = 0, which yields [ sin(2?) dz = [~ cos(x?) dx = Tﬂ, as desired.

3. The goal of this problem is to give another another another another proof of the fundamental theorem of
algebra. Let p(z) = agz? + - + a1z + ap be a polynomial with ag # 0.

P (2)
p(2)

(a) Let yr be the counterclockwise circle |z| = R. Show that limpg_, o f’m dz is not zero, and calculate

P/ (Re'™)
p(Re')

the exact value. [Hint: Show that Re' —dis O(R™1)]

.. ) . p’(z) o dad(Reit)dil—F"-—i-al
P t ) = Ret for0 <t < 2 1d AC) : ‘ '
e Parametrizing vy(t) e tor 0 <t < 27 yie Sf'yR p(2) z fo ag(Ret)d + - - - 4 a1 (Reit) + ag
; xd d—1)ag_1(Re)~1 4+ ... Reity1—d
iRett dt = i 02 aqg + ( )aq 1( f )T+ +a1( i ) Qb
ag+ ag_1(Re)=1 + ... + qo(Ret) 4

e As R — oo all of the terms after the first in the numerator and denominator tend to zero, and in

da
fact the difference between —2 = d and the integrand is O(R™!) as R — oo, since the difference is
aq

—ag_1+ -+ (1 —d)a; (Re't)>~4
ag 4 ag—1(Re)=1 4 -+ + ag(Re't) 4

(Rett)~1 and the second term has a limit as R — oo.

da,
e Therefore the integrand converges uniformly to —=d = d, so by our results the integral converges to
aq

i 27 ddt = 2mid as R — oo.



(b) Show that p(z) has d zeroes (counting multiplicities) in C.

e By our zero-counting results, for a simple closed contour «y oriented counterclockwise, we know that

I P'(2)

dz is equal to 274 times the number of zeroes of p(z) (counting multiplicities) inside -.

/
z
e By (a) since the integral has limit 27id, we see that |’ ()
= p(z)
the value is 27i times an integer. In particular, this means p(z) has exactly d zeroes inside vg for
sufficiently large R, which implies it has exactly d zeroes inside C.

dz = 2mid for sufficiently large R, since

. [Challenge] Recall the definition of the gamma function I'(«) = fooo t@~le=t dt, which converges for Re(a) > 0.

The goal of this problem is to prove the reflection identity I'(a)I'(1 — a) = % for 0 < Re(a) < 1.
sin(ma

(a) If 0 < a < 1, show that T(@)I'(1 — a) = [~ [o% (s/t)%e~ (D) s~ ldt ds.
e Per the definition, we have I'(ar) = [ s* le *ds and T(1—a) = [t~ te~tdt = [ t=e ! dt.
e So the product is ['(a)[(1 — o) = [;° [ s* e~ T dtds = [° [77(s/t)*eCH) s~ dt ds.

a—1

< a < 1, show that s/t)%e™ s dtds = x. |Hint: Make a change of variables
b) If 0 L, show that [ [(*(s/t)%e” 0 s™ dt ds = [ ~—— dx. [Hint: Make a change of variabl
r=s+tand x = s/t and verify that 27 1(1 + 2)~ 1 drdo = s~ dt ds.|

e We have r = s+t and = = s/t, so the integration range 0 < s,¢ becomes 0 < r, x.

o(r, ) or/0s Or/ot | ’ 1 1

d(s, 1) dx/0s Oz/ot | | 1/t —s/t?
(s +1)/t?> = 2(1 + x)/s, meaning that =1 (1 + 2) " ldr dx = s~ dt ds.

e Changing coordinates and then separating variables yields [ [7(s/t)%e~(+t) s~ 1dt ds

e For the Jacobian, with r = s+t and x = s/t we get

— a—

— T 1 —[[® e T oo T :
= [ maT (1 2) Hdrde = [, poore dx][f dr] = [ x_'_ld:r,asclalmed.

0 0
o ma—l T
(c) If 0 < a < 1, show that [ po dx = Sn(ra) [Hint: Use the keyhole contour.]
a—1 e(a—l)Logz
o We integrate f(z) = i1 syl ™ the keyhole contour.
e The function f(z) has a branch cut discontinuity on [0,00) and a simple pole at z = —1 with
residue lim, ,_1(z + 1)f(z) = el@=Dlog(=1) — gimla=1) — _¢ima 56 by the residue theorem we see

fv f(z)dz = —2miet™.
e Now we calculate the integral on each piece.

(t+ei)*! ot

e On v; we have f’Yl f(z) dz = ff};, m dt, which tends to fO dt as R — oo.

ela=1)(In R+it) Ra-1

e On 72 we have |f(z)| = Rt 1 < o1 O(R>~2) so since the arclength of v is < 27R
we see that [ f(z)dz=O(R*"') = 0 as R — oo since o < L.

e On ~3, noting the reversed orientation, we have f% f(z)dz = fl/l;, t:))a_i_l dt, which because
of the selection of the complex logarithm has the argument of the numerator increased by 27 relative
to the original integral on ;. Thus this integral tends to —e?m*(@=1) foo ! dt as R — oo

o(@—1)(~ In R+it) Rl-o

e On 4 we have |f(z)] = R < 1R = O(R'~%) so since the arclength of 75 is
< 2m/R we see that [ f(z)dz=O(R™)— 0as R — oo since a > 0.

e So taking R — oo and putting all of this together yields —2mie’™ = (1 + e?™i(@=1)) [ " +_1 dx

zo—1 - mia
which produces [;° | de = : Q_Wé;m _ — _;Tem‘a)/(gi) _ Sing;_@)) as claimed.



(d) Show that I'(a)['(1 — «) = for all & € C with 0 < Re(a) < 1.

sin(ma)

e As shown in (a)-(c), the two sides are equal on the real interval (0,1). But since both sides are
holomorphic on the region 0 < Re(a) < 1 and they are equal on a set with an accumulation point,
they must be equal everywhere in the region.

1
(e) Compute T'(1/2) and use the result to evaluate the Gaussian integral fooo e~ dy = 5\/7?
e Setting o = 1/2 yields I'(1/2)? = (L/Q) = 7. Since the integral for the gamma function is clearly
sin(m

positive, taking the square root yields I'(1/2) = /7.

e For the second part we have by definition I'(1/2) = [ ¢t~1/2e~t dt.

e Substituting ¢ = z2 so that dt = 2xdx, and with ¢t = 0 corresponding to x = 0 and ¢t = oo
corresponding to « = oo, produces I'(1/2) = [ 2 le=®"  2xdr =2 I e~ So this immediately

oo 1 :
gives [; e~ dy = iﬁ as claimed.




