’Algebraic Number Theory - Notes ‘ (by Evan Dummit, 2024, v. 0.20)

Contents

0 Algebraic Number Theory 1
0.1 (Sep 4) Overview, Number Fields and Algebraic Integers . . . . . . ... ... ... ... ... .... 1
0.2 (Sep 5) Rings of Integers, Trace and Norm 1. . . . . . . . . .. ... ... ... ... ... 3
0.3 (Sep 9) Complex Embeddings, Trace and Norm 2 . . . . . . .. .. ... ... ... ... ... .... 5
0.4 (Sep 11) The Group Structure of Ok, Discriminants 1 . . . . . . . .. . ... ... ... .. .... 8
0.5 (Sep 12) Discriminants 2 . . . . . . . . . .. 11
0.6 (Sep 16) Constructing Integral Bases for O . . . . . . . . .. . . . 13
0.7 (Sep 18) Some Examples of Integral Bases for O . . . . . . . . . .. . .. ... ... 16
0.8 (Sep 19) The Ring of Integers in Q((n) - - -+« « v v o v o o o i 18

0 Algebraic Number Theory

These are lecture notes for the graduate course Math 7315: Algebraic Number Theory, taught at Northeastern in
Fall 2024.

0.1

(Sep 4) Overview, Number Fields and Algebraic Integers

e The goal of this course is to provide an introduction to algebraic number theory, which (broadly speaking)
uses the language and tools of abstract algebra to study number theory.

o To illustrate, here are some fundamental things from classical number theory: primes, unique factoriza-

tions, congruences and modular arithmetic, Fermat’s and Euler’s theorems, the prime number theorem,
quadratic reciprocity (and higher reciprocity), and the prime number theorem.

o It was observed in the 1700s and early 1800s that many of these same ideas extend in fundamentally

similar ways to other kinds of numbers beyond the integers — various natural examples being the Gaussian
integers, other kinds of algebraic numbers such as the nth roots of unity, and polynomials with coefficients
in the field F,,.

o However, it was not until some of the fundamental constructions from abstract algebra were better

understood that these ideas coalesced into an understandable form — precisely, the central ideas are
the closely-related notions of a ring, a module, and of an integral extension — which arose between the
1860s and 1880s in the work of Dedekind and Kronecker, and were extended greatly over the subsequent
decades by Noether, Hilbert, Krull, and others.

o As a matter of history, the questions we will study about unique factorization and algebraic number

fields motivated the development of a great deal of abstract algebra, but we will reverse the historical
trend and start by developing the needed algebraic facts before applying them to study number theory.

e Our general goal is to study the problem of unique factorization (and quite often its failure!) in the ring of
integers of a number field.

o Now, one may certainly adopt the position that the existence or nonexistence of unique factorization in

an integral domain is already an intrinsically interesting question by itself, but the question is rather
trivialized simply by noting that such rings are, by definition, unique factorization domains.



o

o

The more specific question of whether we can tell if a particular ring has unique factorization is more
interesting, but still, we are really interested only in rings of interest for their utility in answering questions
about number theory.

So let us first formulate the proper class of rings that we will study.

e Definition: A number field is a field extension K/Q whose vector space dimension over Q is finite.

o

e}

(¢]

Equivalently, a number field is a finite-degree extension of Q.

Since the complex field C is algebraically closed and contains Q, by standard facts about algebraic field
extensions, K can be embedded into C.

As such, we may equivalently think of a number field as a subfield of C that has finite degree over Q.

e Example: The quadratic field Q(v/D) = {a + bv/D : a,b € Q} for any squarefree integer D # 1 is a number
field of degree 2 over Q.

[¢]

For positive D the field Q(v/D) is a real quadratic field, while for negative D the field Q(v/D) is an
imaginary quadratic field.

We could spend a tremendous amount of time just studying properties of factorization in quadratic
fields, since even by themselves they already provide interesting examples of unique and non-unique
factorization.

As is well known (and which we will prove properly later), the ring Z[i] of Gaussian integers, which is a
subring of the quadratic field Q(4), has unique factorization.

Ou the other hand, in Z[v/—3], a subring of Q(v/—3), we have 4 =2-2 = (1++/-3)- (1 — v/-3), and
these two factorizations are inequivalent because the terms are all irreducible but are not associates of
one another.

However, this “example” is not really so interesting, because inside the corresponding field Q(1/—3) there
does exist a subring where these two factorizations are equivalent up to unit factors: namely, the subring
-14++v-3

2] = 2=,

More interestingly, in the ring Z[/—5], a subring of Q(1/—5), we have a similar lack of unique factor-
ization: 6 =2-3 = (14++v/—5) - (1 —v/—5). Yet as we will see, there is no similar way to “enlarge” this
subring (while still maintaining the desired kind of integrality of the elements) in order to salvage unique
factorization of elements.

e Example: For a primitive nth root of unity ¢, such as ¢, = €*™/", the cyclotomic field Q((,) is a number
field of degree ¢(n) over Q, since the minimal polynomial of ¢,, over Q is the nth cyclotomic polynomial which
has degree p(n).

(¢]

[¢]

There are many properties of the roots of unity, and some simple ones lead to relations among the
cyclotomic fields.

Exercise: If a and b are relatively prime, show that Q((us) = Q(¢4, (). Deduce that Q(¢2n) = Q(¢,) for
odd integers n. Do there exist distinct even integers 2m and 2n such that Q((a2m) = Q((2n)?

e We can generalize the two examples above rather substantially:

e Example: For any irreducible polynomial p(z) € Q[z] of degree n with a complex root «, the field Q(a) =
{coa+ -+ + cp_1a™ 1 1 ¢; € Q) generated by « over Q is a number field of degree n.

[¢]

(e}

In fact, every number field is really of this form:

Exercise: Suppose K/Q is a number field. Show that K = Q(«) for some complex number «. [Hint:
Apply the primitive element theorem.]

e Now, in order to discuss unique factorization fruitfully, we need to identify the analogue of the integers Z
inside our number field K, which will give us (in a very strong sense) the “proper” subring of K in which to
consider factorizations:



e Definition: For a number field K, an algebraic number o € K is an algebraic integer if there exists a monic
polynomial p(z) with integer coefficients such that p(a) = 0.

o Examples: Integers are algebraic integers, as are /2 and i, and more generally a'/"

and positive integer n. The roots of 2 — 2 — 1 = 0 are algebraic integers.

for any integer a

o Indeed, it is not so trivial to show that a given complex number is not an algebraic integer using this
definition, since it would require showing that there is no monic polynomial with integer coefficients of
which it is a root.

o Let us give a better way to determine whether an algebraic number is an algebraic integer, while also
reviewing some properties of algebraic numbers in general:

e Proposition (Algebraic Integers I): Suppose « is an algebraic number, so that « is the root of some nonzero
polynomial ¢(z) € Q[z].

1. The set of all polynomials p(z) € Q[z] for which p(a) = 0is an ideal of Q[z]. The unique monic generator
m(z) of this ideal is the minimal polynomial of «, and is the unique monic polynomial in Q[z] of smallest
degree having « as a root.

o Proof: It is easy to see that the set of p(z) with p(«) = 0 is an ideal. Since Q[z] is a principal ideal
domain, this ideal is principal, and therefore has a unique monic generator.

o Since m(x) divides all elements of this ideal, its degree is smallest among all nonzero elements of the
ideal.

o Exercise: Show that the minimal polynomial m(z) is irreducible in Q|x].

2. The algebraic number « is an algebraic integer if and only if its minimal polynomial (over Q) has integer
coefficients.

o Proof: If the minimal polynomial m(z) has integer coefficients, then m(z) itself is a monic polynomial
with integer coefficients of which « is a root, so obviously « is an algebraic integer.

o Conversely, suppose « is an algebraic integer. Let p(x) be the monic polynomial of minimal degree
such that p(a) = 0 and p(x) has integer coefficients. If p(x) were reducible in Q[z], then by Gauss’s
lemma! p(z) would have a factorization in Z[z]: say p(z) = f(z)g(z). But then at least one of f
and g would have « as a root, contradicting the minimality of p.

o Thus p is irreducible. Now, since p(a)) = 0, we see that m(z) divides p(z), so since p is irreducible
we must have p(z) = c¢- m(z) for some ¢ € Q, but as both p and m are monic, we have ¢ = 1. Thus,
m(zx) € Z[x] as claimed.

0.2 (Sep 5) Rings of Integers, Trace and Norm 1

e Using the criterion in (2) above allows us to compute the algebraic integers in a number field K by finding
the elements of K whose minimal polynomials have integer coefficients.

o Exercise: Show that the set of algebraic integers of Q is Z.

o Exercise: Suppose D is squarefree. Show that the set of algebraic integers of Q(v/D) is Z[v/D] when

1++vVD
2

D = 2,3 (mod 4) and that it is Z| | when D =1 (mod 4). [Hint: First verify that for b # 0 the

minimal polynomial of a + bv/D is m(z) = 22 — 2a + (a> — Db?), and then classify when the coefficients
are integers.]

e In the examples above note that the algebraic integers in these number fields both form rings. In fact, the
algebraic numbers in any number field always form a ring, as we will now show.

o After noting rather obviously that 0 is an algebraic integer and the negative of an algebraic integer is
an algebraic integer, the claimed fact is equivalent to proving that the set of algebraic integers is closed
under addition and multiplication.

IThe formulation of Gauss’s lemma we use here is that if a polynomial with integer coefficients factors in Q[z], then in fact it factors
in Z[z].



o This fact can be proven directly from the definition using rather tedious polynomial elimination: the
idea is that if o and 8 are algebraic integers with integer polynomials p,q with p(a) = ¢(8) = 0, then
one may do polynomial elimination on the sets {p(z), ¢(y),z — x — y} and {p(z), ¢(y),z — zy} to obtain
a single monic polynomial in z with integer coefficients in each case, which then establishes that o + 3
and «af are algebraic integers.

o But this approach is very tedious to implement in practice, and is not particularly enlightening. Let us
give a much more natural approach using modules.

e Proposition (Rings of Integers): Suppose K is a number field.

1. For o € K, the following are equivalent:

(a) « is an algebraic integer.

(b) The ring Z[«] is finitely generated as an additive group (i.e., as a Z-module).

(¢) «is an element of some subring of C that is finitely generated as an additive group.
(d) There exists some finitely generated additive subgroup G of C with aG C G.

o Proof: (a) = (b): If the minimal polynomial of « is m(z) = 2™ + ¢,2" ! + -+ + c12 + ¢y then we
claim {1,q,...,a" !} generates Z[a] as an additive group. To see this it suffices to observe that each
power of « is an integral linear combination of {1,c,...,a™ 1}, which follows by an easy induction
relying on the fact that o™ = —co — cia — - - — @™ L.

o (b) = (c¢): Obvious, since « € Z[a].

o (¢) = (d): Obvious by taking L to be the given subring.

o (d) = (a): Suppose G is generated by Si,...,8,. Then afi,...,aB, are all elements of G hence

P B
can be expressed as integral linear combinations of 5, ..., 3,: thus, « : =M : for an
B B
appropriate M € M, «,(Z). This means « is an eigenvalue of the matrix M, and so the characteristic
polynomial p(z) = det(xl — M) has a as a root; as M has integer entries, p(x) is then a monic
polynomial with integer coefficients having « as a root.

2. The set of all algebraic integers forms a ring. The set of algebraic integers in K also forms a ring, which
is called the ring of integers of K and is denoted Ok .

o Proof: Suppose « and § are algebraic integers. Then Z[«] and Z[5] are finitely-generated Z-modules,
hence so is Z[a, ] since it is generated by the pairwise products of the generating sets. Hence so are
the submodules Z[a — 3] and Z[af].

o We deduce that the set of all algebraic integers is closed under subtraction and multiplication, so it
is ring. The intersection of it with K is therefore also a ring.

o Remark: All of the argument above can be made completely explicit: if Z[a] has basis {1, a,...,a" 1}
and Z[f] has basis {1, 8,...,8™ '} then Z[a, (] is spanned by {a’7}1<i<n,1<j<mn- Then to com-
pute a polynomial with, say, a + 8 as a root, simply compute the coefficients of multiplication by
« + (B on this spanning set, and evaluate the appropriate determinant.

o Exercise: Use the procedure described above to find a monic integer polynomial satisfied by v/2+ /3
and by v2- (V/3 - 1).

3. For every element a € K there is some nonzero d € Z such that do is an algebraic integer.

o Proof: Suppose that the minimal polynomial of « is m(z) = 2™ + ¢, 2" ! + -+ + c12 + ¢ € Q[7]
and let d be the lem of the denominators appearing in m.

o Then 0 = d"m(a) = (da)™ + cpd(da)” =t + -+ + c1d"~(da) + cod™, so for m(z) = 2™ + cpdx™ ™ +
<o+ epd™rx + cod™ we see m(da) = 0. Since mm has integer coefficients, we see da is an algebraic
integer, as claimed.

o Exercise: Show that K is the fraction field of its ring of integers O

e We would like now to study further the structure of the ring of integers Ok, both additively and multiplica-
tively. In order to do this efficiently, we require a few additional tools from the basic theory of algebraic field
extensions, the first two of which are the trace and norm maps. We will give a few different approaches for
these constructions.



The most natural is for Galois extensions, so suppose K/F is a Galois extension with Galois group G.
For an element o € K, we define the trace of a to be trgx/r(a) = >  c;9(a) and the norm to be
Ngyr(a) =]l eq 9(). In other words, the trace is the sum of all the Galois conjugates of «, while the
norm is the product of all the Galois conjugates of a.

It is easy to see that both the trace and norm are Galois-invariant (simply reindex the sum), so the trace
and norm are in fact both elements of the base field F'.

The main reason we are interested in these maps is that the trace is additive and F-linear, while
the norm is multiplicative: trg/p(a + cf) = trg/p(a) + ctrg/p(B) for any ¢ € F, and Ng/p(aff) =
Ng/r()Ng p(B), as is easily seen by the definitions (note g(c) = ¢ since c € F).

Thus, the trace and norm give us convenient ways to relate the respective multiplicative and additive
structures of the larger field K to the smaller field F'.

Example: For K = Q(v/D) and L = Q, which is Galois with Galois group G = Z/27 generated by the
conjugation map o(a + bv/D) = a — bv/D, we have tr(a + bv/D) = 2a and N(a 4 bv/D) = a® — Db?.

e However, not all extensions are Galois (including many number field extensions we will be interested in, such
as Q(v/2)/Q). To extend our definitions to this more general situation, suppose now we only have a separable
finite-degree extension K/F and suppose K /F is its Galois closure (i.e., the smallest Galois extension of F
containing K) now with Galois group G.

o

By the Galois correspondence, the intermediate field K of R'/F corresponds to a subgroup H of G
(namely, the subgroup of G that fixes K). Letting S be a set of coset representatives for H in G,
for an element a € K, we define the trace of a to be trgx/r(a) = > g g(@) and the norm to be
Nir(a) =]l es 9(a).

The trace and norm are well defined because the value g(«) is independent of which coset representative
is used: if g; and go represent the same coset, then gflgg € H hence gflgg fixes all elements of K; then
91 'g2() = a s0 g1(a) = ga(a).

Exercise: For a separable extension K/F, show that the trace and norm as defined above are still
Galois-invariant, that the trace is additive and F-linear, and that the norm is multiplicative.

Example: Consider K = Q(4/2) and L = Q, whose Galois closure is K= Q(+¥/2, ¢3) with Galois group
isomorphic to S3 with generators o, 7 with o(v/2,() = (3v/2,¢3) and 7(V/2,¢3) = (¥/2,¢2). Then K
is the fixed field of the subgroup H = (7) so we can take coset representatives {1,0,02} for H in K.
Then for any o € K we have tr(a) = a + o(a) + 0?(a) and N(a) = a - o(a) - 0?(a). Explicitly, for
a=a+bV2+cV4d we see o(a) = a+b(3V/2 + c(3V/4 and 0%(a) = a + bC3V/2 + c(3V/4, so tr(a) = 3a
and N(a) = a® + 2b% + 4¢® — 6abe after some simplification.

In the example above, notice that the three Galois conjugates a, o(a), o%(a) correspond to the three

different complex embeddings of a (this is more obvious with the specific choice a = V/2, where o(a) =
(3V/2 and o%(a) = (33/2 are the other two complex cube roots of 2).

0.3 (Sep 9) Complex Embeddings, Trace and Norm 2

e We will now give another approach to the trace and norm that is more amenable to explicit calculations, in
terms of the complex embeddings of the number field K.

e}

(¢]

Let us review some of the basic properties of complex embeddings, which are the nonzero ring homo-
morphisms from a field to C.

The connection to our previous discussion is that the various complex embeddings of K are simply the
images of K under the Galois group of the Galois closure of K.

e Proposition (Complex Embeddings): Suppose K/F is an extension of number fields of degree n, with K and
F explicitly considered as subfields of C.

1.

For a fixed embedding o : F' — C, there exist exactly n embeddings 7 : K — C extending o (i.e., with
Tk = 0).

o Proof: For n = 1 the result is trivial so now assume n > 1.



o For an embedding 7 : K — C, since we know the value of 7 on F' and since K = F(«), the choice of
7(a) determines T uniquely, so we just have to determine the possible values of 7(a).

o Let K = F(a), let m(z) be the minimal polynomial of o over F' (which necessarily has degree
n), and let m(z) be the polynomial obtained by applying o to all the coefficients of m(z). Then
m(z) € o K[z] is the minimal polynomial of o(«), as it is clearly irreducible and has o(«) as a root.

o Any embedding 7 : K — C restricting to ¢ on F must map m(x) to m(x), and so 7 must map the
root a of m(x) to some root 5 of m(x).

o On the other hand, for any root S of m(x), there is a unique isomorphism from F(«) to ocF ()
that restricts to ¢ on F and that sends o to B3; such a map must take coox + -+ + ¢_1” ! to
o(co)B + -+ + o(ca_1)B"1), but this determines it uniquely, and we can see it is well defined
by noting that it is obtained as the composition of the isomorphisms F(a) “3" Flz]/(m(z)) %

~ 0
o F[z)/(m(x)) “ o F(B).
o Since the degree of m(x) is the same as the degree of m(x), namely n, the degree of the extension
L/K, we conclude that there are exactly n embeddings 7 : K — C extending o.
2. For any number field K/Q of degree n, there are exactly n complex embeddings 7: K — C.

o Proof: Apply (1) with F' = Q, noting that there is only one embedding of Q into C (as 0 must map
to 0 and 1 must map to 1).

3. If o1,...0, denote the n complex embeddings of K fixing F', then for a € K we have trg /p(a) =
>y oi(e) and Ng/p(a) =T, oi().

o Proof: Consider the Galois closure K/F as a subfield of C, and consider the action of the Galois
group G = Gal(K/F) on K.

o For any o € G we see that o(K) is a subfield of C isomorphic to K (as the inverse isomorphism is
simply 0~ !), and so o : K — C yields a complex embedding of K.

o Conversely, by (1), any complex embedding of K extends to one of K but since K is Galois, any
complex embedding is an automorphism of K: thus, all of the complex embeddings of K are obtained
as o(K) for some o € G.

o Two complex embeddings o7 and o3 of K are equal when o1(a) = o2(a) for @ € K <= 0] "02(a) =
aforall o € K <— Jfloz fixes K <— 0;102 lies in the subgroup H of G fixing K <= o3
and o9 represent the same coset of H in G.

1

o Thus, the n possible complex embeddings o; of K are given precisely by a set of a coset representatives
for H in G. The claimed formulas for the trace and norm then reduce immediately to our earlier
definition.

e Example: The quadratic field K = Q(v/D) has two complex embeddings: the identity embedding o;(a +
bv/D) = a4 bv/D, and the conjugate embedding with o (a + bv/D) = a — bv/D.

o Here, we can see that both embeddings represent field automorphisms of Q(v/D); that is because Q(v/D)
is Galois over Q.

o We then have trK/Q(aer\/TD) = 2a and NK/Q(aer\/E) = a? — Db?, just as we computed in our example
earlier.

e Example: The cubic field K = Q(+/2) has three complex embeddings: the identity embedding and the two
embeddings obtained by mapping /2 to the other roots of its minimal polynomial p(z) = 2% — 2: namely,
(3v/2 and & /2, the other two complex cube roots of 2.

o Explicitly, these maps o1, 02, o3 send a+b+/2+ c+{/4 respectively to a+b3/2+c/4, to a+bl33/2+ 3 VA4,
and to a + bche/ﬁ + 043\3/41.

o Here, we can see that only the identity embedding maps K back to itself, illustrating that K is not
Galois over Q. The other two embeddings map K to its Galois conjugates o2(K) = Q((3¥/2) and
03(K) = Q(¢2+/2), the fields generated by the other two roots of the minimal polynomial.

o We can as before compute the trace and norm trg g(a + by/2 + C\B/Z) = 3a and Ng/g(a+ by/2 + 0\3/41) =
(a+bV2+ cV/4)(a+ bC3V/2 + cC2V/4) (a+ bC2V/2 + c(3V/4) = a® + 2b° + 4¢3 — 6abe.



e Example: The cyclotomic field Q(¢,) has ¢(n) complex embeddings, obtained by mapping ¢, to the ¢(n)
roots of its minimal polynomial®, which are (2 for a € (Z/nZ)* (i.e., relatively prime to n).

o Writing these maps in general is rather cumbersome, so we will just give a few examples for specific n.

o For n = 8, we see that Q((s) = Q(i,/2) has ¢(8) = 4 complex embeddings obtained by mapping
(s = (V2+iv/2)/2 to the roots (s, (3, (8, ¢ = (£v2+iv/2)/2 of the cyclotomic polynomial ®g(z) = z*+1
over Q.

o Noting that Q((s) has a basis {1,(s,(2,(3} over Q, we may compute the embeddings oy, 09,03,04
explicitly as the maps sending a+ b(s + c(2 + d(3 respectively to a+ bl +c(2 +d(3, to a+b(3 + c¢§ +d(s,
to a + b¢S + (2 + d¢Z, and to a + b¢I + c¢§ + d¢E.

o Then we have try q(a+ bls + c(§ +d¢3) = 4a and Nk g(a+bCs +c(§ +d¢3) = (a® 4 ¢*)* + (b* + d*)? —
4(ab + cd)(ad — be) after some simplification.

o Exercise: Compute the four complex embeddings of Q(Cs) = Q(i,v/2) instead using the Q-basis {1,/2,1,iv/2},
and find the trace and norm of p + ¢v/2 + ri + siv/2.

e These definitions of trace and norm also have a convenient, and in some sense even more natural, interpretation
in terms of the linear transformation given by multiplication by «, which also explains the linearity of the
trace (and its name) and the multiplicativity of the norm:

e Exercise: Let K/F be an extension of number fields with o € K and define T, : K — K to be the F-linear
transformation of multiplication by «, namely with T, (z) = ax for all z € K.

1. Show that the minimal polynomial of the linear transformation T, is the minimal polynomial of the
algebraic number «. [Hint: Show that F[Ty,] is ring-isomorphic to Fa].]

2. Show that the eigenvalues of T, in C are the elements o;(«), where 01, .. ., 0, are the complex embeddings
of K fixing F.

3. Show that the characteristic polynomial p(z) = det(xI — T,) of T, is m(x)
minimal polynomial of « over F.

4. Show that tr(T,) = trg/p(c) and that det(To) = Ng/p(a).

[K:F(o)] where m(x) is the

5. Use (a) and (d) to compute the trace, norm, and minimal polynomial of & = /2 + /7 from K =
Q(¥/2,V7) to Q. [Suggestion: Compute the matrix T}, with respect to the basis {1, /2, /4, V7, V/2V/7, V4V/7} ]

e Let us now prove a few other basic properties of the trace and norm:

e Proposition (Trace and Norm): Let K/F be an extension of number fields of degree n. Then the following
hold:

1. For any 7 € Q and o € K we have trg/p(r) = nr, trg/p(ra) = rtrg/p(a), Ng/p(r) = r"

NK/F(’FOé) = ’I“nNK/F(Oé).
o Proof: The complex embeddings of K all fix Q, so o;(r) = r for each 1 < ¢ < n. The claimed
formulas then follow immediately from the linearity of the trace and multiplicativity of the norm.

, and

2. (Transitivity) If L/ K is another extension of number fields and a € L, we have try, /p(a) = trg p(trp g (o))
and Np,p(o) = Ng;r(Np/x (@)
o Proof: Consider the Galois closure L of L/F with Galois group G. Let Hg be the subgroup of G
fixing K and Hp, be the subgroup of G fixing L.

o Let o1,...,0, be a set of coset representatives for Hy in G (these represent the complex embeddings
of K fixing F') and 71,...7,, be a set of coset representatives for Hy, in Hg (these represent the

SUSTL L) >

of coset representatives for Hy in G.

o Thus trp/p(a) = 3, s ourj(a) = 3200, D00 ou(ri(a) = 00 ou[D070 mi(@)] = 2o, oiltrr k(@) =

trg/p(trr/x (@)), and finally the norm formula is the same with sums replaced by products.

2 As we will prove along the way later, the nth cyclotomic polynomial &, (z), which is the minimal polynomial of ¢,, factors in C as
Pn(z) =Il.e@/nzyx (@ — ¢3)- In particular, its degree is ¢(n).



3. If o has minimal polynomial m(z) = 2 + ¢,—12" "' + -+ + ¢o over F, then trg/p(a) = —gcn_l and
n . n/d
Ni/p(a) = (-1) e/

o Proof: The possible Galois conjugates of « are the d different roots of its minimal polynomial over

F.

o By our earlier result on extensions of embeddings, for any other root 5 of m(z), there is a unique
embedding of F(«) fixing F that maps « to 8. Then applying the result again, there are exactly
[K : F(a)] = n/d embeddings of K fixing F' that map « to §.

o We conclude that in the list of values o;(a) for 1 < i < n, the value 8 occurs exactly n/d times, and
this holds for all d possible roots S3.

o Then try/p(a) = >, 0i(a) is n/d times the sum of the roots of m(x) while Ng/r(a) =[]} 0i()
is the product of the roots of m(x) to the n/dth power. The formulas follow immediately.

4. If v is an algebraic integer, then trg p(a) and Nk, p(a) are both algebraic integers in F'. In particular,
trg/g(a) and Nk g(c) are both integers.

o Proof: If « is an algebraic integer, its Galois conjugates are also algebraic integers, hence so too are
the sum and product of all these conjugates.

o By the argument in (3) above, trx/r(a) is an integer times the sum of the Galois conjugates of «
while Nk /p(a) is an integer power of the product of the Galois conjugates of . The result follows
immediately.

5. The units in the ring of integers Ok are precisely the elements of norm +1 (i.e., the a € Ok with
Nk gla) = £1).
o Proof: If a € Ok is a unit with multiplicative inverse § € O, then aff = 1 so taking norms yields
Nk o(a)Nk/o(B) = Nkjo(aB) = Nkjg(1) = 1 by multiplicativity and (1).
o But now by (4), both N ,g(a) and N ,q(f) are integers, so we must have Ny g(a) = £1.

o Conversely, if Nk g(a) = %1, then this says o times a product of its Galois conjugates 31 --- 3,
equals +1. But then £0; --- 3, is an algebraic integer that is a multiplicative inverse of «, so it lies
in Ok and thus « is a unit in Og.

0.4 (Sep 11) The Group Structure of Ok, Discriminants 1

e Using this convenient characterization of units in O we can easily test whether specific elements of Ok are
in fact units, and in some simple cases we can characterize all of the units.

o Example: In the quadratic field K = Q(v/D) with D = 2,3 (mod 4) so that Ox = Z[v/D], we see that
N(a+bvVD) = a® — DV?, so the element a + bv/D is a unit if and only if a> — Db?> = +£1. When D = 1
(mod 4) so that O = Z[#], we see that N(a+ b#) = a®+ ab+ 2520, so the element a+bv'D
is a unit if and only if a® + ab + %Iﬁ = +1.

o The unit behavior actually is quite different for real and imaginary quadratic fields. Imaginary quadratic
fields have only finitely many units:

o Exercise: Show that when D < 0, the only units of (’)Q( v/D) are +1, except in the case D = —1 with
units +1, +i and in the case D = —3 with units 1, +(3, +¢3.

o However, real quadratic fields always have infinitely many units: we will show more general results later,
but this claim follows from the fact that Pell’s equation® a2 — Db? = 1 always has a nontrivial solution

(i.e., one with b > 0) for any squarefree positive integer D. If u = a + bv/D represents such a solution,
then since u > 1 we see easily that the powers u” yield infinitely many distinct units in (’)Q( VD)

e We now exploit the trace and norm maps to establish some other basic information about the structure of
Ok as an additive abeliam group and as a module.

3To summarize this argument: first one shows (via the pigeonhole principle or via continued fractions) that for any real number z
there are infinitely many p/q € Q with |z — p/q| < 1/¢%. Taking x = /D yields infinitely many positive (p,q) with ’\/D - p/q‘ <1/q?

whence |p? — Dq2| < 2+/D + 1. Picking some r for which p? — Dg? = r has infinitely many solutions, if (p,¢) and (p,¢’) are solutions
congruent mod r then (a,b) = (pp’ — Dqq’, |pqg’ — p'q|)/r has a®> — Db? =1 and b > 0.



o Recall in particular that we showed earlier that for every element o € K there is some nonzero d € 7Z
such that da is an algebraic integer.

e Proposition (Additive Structure of Ok ): Suppose K is a number field.

1. The ring of integers Ok is a torsion-free, finitely generated abelian group.

o

o

Proof: Clearly O is torsion-free since it is a subset of C; it remains to show finite generation.
Suppose K/Q has degree n and let aq,...,«, be a Q-basis for K; by scaling these basis elements
by integers as needed, we may assume the o, are elements of Ok.

For each nonzero 8 € K, consider the map ¢35 : K — Q given by ¢g(a) = Trgg(Ba). This map is
Q-linear and nonzero since ¢g(87') = Try (1) = n, and so the map from the vector space K to its
dual space K= Homg (K, Q) sending 5 to g is injective. However, because both vector spaces are
n-dimensional, it is in fact an isomorphism.

Therefore, we see that every linear functional on K is of the form ¢g for some g € K.

Consider the elements «f,...,«), € K giving the dual basis to ag,...,q,: in other words, with
Trg/g(ajoy) =1 for i = j and 0 otherwise. (Such elements exist because any linear functional, such
as the one mapping all of the basis elements aq, ..., a, to zero except for a; which is mapped to 1,
is of the form ¢, for some «.)

Since af,...a}, are then clearly linearly independent, they are a Q-basis for K.

Now suppose S is some element of Ok: since {a],...al,} is a basis for K, there exist some ¢; € Q
with = c1a) + -+ + epal,.

Multiplying by ; and taking the trace then yields Trx /g (Ba;) = c1Tr g g (i) +- - 4 Tr g g (iar,).
But all of the traces are 0 except for the trace of a;a) which equals 1, so the trace is simply ¢;. But
because S is an algebraic integer, its trace is an integer, so we see each ¢; € Z.

We conclude that 8 € Zao), +Zaoh+- - -+ Zal,, so Ok C Zay +Zah+- - -+ Zal,. Thus O is contained
in a finitely generated abelian group, hence is itself a finitely generated abelian group.

2. If K/F is an extension of number fields of degree n, then Ok is a torsion-free Op-module of rank n.

(e]

(e]

Note here that the Op-module structure of Ok is inherited from the ring structure of Ok.

Proof: To show that it has rank n, suppose that K = F(«a), where (by rescaling) we may assume «
is an algebraic integer.

Then the set {1,q,...,a" 1} is F-linearly independent and consists of elements of Ok, so it yields
an Op-linearly independent set in Og. Thus Ok has rank at least n.

On the other hand, if f51,..., 8,41 are any elements of Ok, then there exists some F-linear depen-
dence ¢181 + -+ + ¢ny1Bny1 =0 for ¢; € F.

Scaling by an appropriate integer d such that dc; € Op for all i yields an Op-linear dependence of
these 8;. Thus the maximal size of an Op-linearly independent set in O is n, so since by (1) Ok
is finitely generated, we see that Ok has rank n.

3. If K is a number field of degree n over QQ, then Ok is a free abelian group of rank n: in other words,
there exist 81,82, ...,0n € Ok such that O =ZB1 D ZPs D -+ D Zfy,.

o

Proof: By (1) we know that Ok is a torsion-free finitely generated abelian group, and by (2) we
know it has rank n. by the structure theorem for finitely generated abelian groups, such an abelian
group is free of rank n.

The second statement is then simply the definition of a free rank-n abelian group.

Exercise: Show more generally that if Op is a PID, and K/F has degree n, then Ok is a free
Op-module of rank n.

Remark: In general, Ok need not be a free Op-module. (In other words, although there exist
Op-linearly independent sets of size n, none of them span O, but rather, will give some proper
submodule.) Later, once we study the multiplicative structure of rings of integers further, we will

be able to give explicit examples, which (per the exercise above) can only happen when Op is not a
PID.

4. The ring Ok is Noetherian (i.e., every ideal is finitely generated).



o Proof: Any ideal I of O is (a fortiori) an additive subgroup of Ok, which per (3) is a free abelian
group of rank n. Then [ is also a free abelian group of rank at most n, and a set of additive-group
generators for I certainly also generates I as an ideal.

o Hence every ideal [ is generated by at most n elements, so Ok is Noetherian.

o Remark: This bound of n generators is not sharp: in fact, as we will show later, every ideal of O is
generated by at most two elements. (And of course, saying that O is a PID is the same as saying
every ideal is generated by just one element.)

e While the general results we have just shown are useful in understanding the abstract structure of Ok as
an abelian group (and to some extent as a ring), they are not sufficiently explicit to allow us to compute an
actual integral basis for Ok. In order to make calculations, we require one more tool: the discriminant.

e Definition: Let K/F be an extension of number fields of degree n, and let o1,...,0, : K — C be the

complex embeddings of K fixing F. For an ordered n-tuple (ai,...,a,) € K, we define the discriminant
o1(a) o1(ag) - o1(ay)
) ) oz(a1) o2(a) - oa(an)
disck/p(ai, ..., a,) of the tuple (o, ..., an) tobediscy p(ay, ..., an) = . . . . ,
on(1) on(az) -+ onlan)

the square of the determinant of the n x n matrix whose (¢, j)-entry is o;(c;).

o We note immediately that taking the square of the determinant means that the ordering of the em-
beddings o; and of the elements «; is irrelevant, since swapping rows or columns will not affect the

value.
2

V2 = 8 and discg/g(1 + 2v2,3) =

o Example: For K = Q(v2) we have discx/q(1,v2) = ‘ 1 -2

‘14—2\/5 3

2
= 288.
1-2v2 3' 58

I
o Example: For K = Q(v/2) we have discx/q(1, V2, V4) =| 1 (V2 (3V4 | =-108.
1 V2 (V4

e Here are some basic properties of the discriminant:

e Proposition (Properties of Discriminants): Let K/F be a degree-n extension of number fields.

1. discx/p(a1,...,an) is equal to the determinant of the n x n matrix whose (i, j)-entry is trg/p(a;o;).
In particular, disck/p(a1,...,an) € F.
o Proof: Let M be the matrix whose (i, j)-entry is o;(a;), so that disck/p(a1,. .., a,) = det(M)2.
o Then the (i, j)-entry of the product M7 M is Y}, op(as)on(a) = 31—y on(aioy) = trrr(oua;).
The result follows immediately by taking determinants.
o The second statement follows immediately from the fact that the discriminant is the determinant of
a matrix with entries in F' (since the traces are all in F).

2. If ay,...,a, € Of, then discg/p(u1,...,a,) € Op. In particular, disck/g(au,...,q,) is always an
integer.
o Proof: From (1) we see that discgx/p(,...,a,) € F. Furthermore, if all of the a; are algebraic

integers, then so are all of the entries in the determinant expression (either the one from the definition
or the one in (1)), so the discriminant is also an algebraic integer.

3. The discriminant discx/p(1,...,a,) = 0 if and only if the o; are F-linearly dependent.

o Proof: Clearly if the a; are F-linearly dependent, then so are the columns of the matrix with
entries o;(c;), since the embeddings o; preserve F-linear dependence, and so the determinant (hence
discriminant) will be zero.

o Conversely, suppose discg/p(a1,...,a,) = 0: then the rows of the matrix {trg/p(cic;)}i<ij<n
are F-linearly dependent, so there exist some ¢; € F, not all zero, with citrg /p(ora;) + -+ +
cntrg/p(ana;) = 0 for each 1 < j < n.

10



o But by linearity of the trace, for § = ciay + .-+ + ¢y, this means trg p(Ba;) = 0 for each
1 < j < n. However, this implies § = 0, since as we noted earlier, the linear map g : K — F given
by ¢s(a) = Trg/p(Ba) is nonzero for 3 # 0.

o This means there exists some ¢; € F, not all zero, with c;a;+- - -4cpa,, = 0, so the a; are F-linearly
dependent.

4. Ifay,....an € Ok and discg/p(ag, ..., an) # 0, then Opay @ Opas @ - -+ © Opay, is an Op-submodule
of Ok of finite index (as an additive group).

o Proof: By (3), if discx/p(au,...,a,) # 0 then ay,...,q, are F-linearly independent (hence Op-
linearly independent, so they generate a free submodule M = Opa; & Opas & - -- & Opa,, of Ok of
rank n.

o But as we proved earlier Ok is finitely generated and has rank n, so the quotient Ok /M is finitely
generated and has rank 0: in other words, it is finite.

5. Suppose that aq,...,a, € Ok and B1,...,8, € Ok span the same additive subgroup of Og: Za; ®
@ Loy =Ly D - - © LBy Then disckg(ai, ..., an) = disck (b1, -, Bn)-
o Proof: If the subgroup has rank less than n, both discriminants are zero by (3). So now assume
both subgroups have rank n. By hypothesis, there exist n x n integer matrices A and B with
B1 g 851 B
Dl=Al || =B
Bn (879 Qp Bn
o Then since each set is an F-basis of K (since the rank is n) we see AB = I, and so det(A) =
det(B) = £1 since both matrices have integer determinant.
ai(B1) oi(ar)
o Applying o; to each side of the first matrix equation yields : =A :

04(Bn) oi(crn)

o Thus, diSCK/Q(ﬁl, e ,ﬁn) = det[{o’i<5j)}1gi7]‘§n}2 = det[A{O’i(Oéj)}lgi,jgnP = det(A)2diSCK/Q(Oél, e

and since det(A) = £1 the result follows.

6. Suppose a1, ..., a, and By, ..., B, are two integral bases for Ox. Then discx /g(au, ..., a,) = disck/g(B1, - - -

o Proof: Immediate from (5).

0.5 (Sep 12) Discriminants 2

e From (6) above we see that the discriminants for any two integral bases of the ring of integers Ok are the
same, and more generally (5) says that the same is true for any rank-n subgroup of Og. We may therefore
view the discriminant as an invariant of the ring of integers (or, as is exceedingly common) the number field
K itself:

e Definition: For a number field K, the discriminant of K (or of its ring of integers Of) is defined to be the
discriminant of any integral basis of Q. The discriminant is variously denoted disc(K), disc(Ok), or D,
or Ag. When S is a subgroup of finite index in O, we likewise define disc(S) to be the discriminant of any
integral basis of S.

o We will mention here that we can also define the discriminant for a relative extension K/F, but it is
more complicated because Ok need not possess an Op-basis. Instead, the approach is to consider the
discriminant ideal Dk, an ideal of OF, generated by the discriminants of all n-tuples of elements of
Ok.

e Example: For K = Q(v/D), we have an integral basis for O given by {1,v/D} when D = 2,3 (mod 4) and

1 D
by {1, +2\F} when D =1 (mod 4).

2
o For D =2,3 (mod 4) we have disc(K) = disc(1,v/D) = ‘ 1 _\/\/5» =4D.

D

11
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1 (1+vD)2 "

1+ VD
L )= a-vpyp | TP

o For D =1 (mod 4) we have disc(K) = disc(

e We would now like to use discriminants to construct integral bases for additional rings of integers Ok . To do
this, it is useful to broaden our focus to the wider array of rank-n subgroups of Ok.

e Definition: Suppose K is a number field of degree n over Q with ring of integers Ox. An order of Ok is a
rank-n subgroup S of Ok.

o Since O is also free abelian of rank n, orders in O are necessarily free abelian groups of rank n, hence
are of the form Za; @ - - - @ Zay, for some (necessarily linearly-independent) aq, ..., a, € Ok; conversely,
any such subgroup is an order of Ok-.

o We can also see easily that for any order S, the quotient group Ok /S is finite, since it is a quotient of
two finitely-generated abelian groups of the same rank, and as we will see, the index [Ok : S| is closely
related to the discriminant.

o Let us now illustrate further how discriminants arise in the context of an integral basis for Ok

e Proposition (Discriminants and Bases): Let K be a number field of degree n over Q.

1. Suppose that aq,...,a, € Ok are Q-linearly independent. Then any 5 € Ok can be written in the form
B = E(clal + -+ + cpa,) Where d = discg/g(a, ..., an) and each ¢; € Z, where furthermore d|c? for
each 1.

o Proof: Since aq,...,«a, are a Q-basis for K, we may write 8 = ejaq + - - - + e, for unique e; € Q.

o Now let o1,...,0, be the complex embeddings of K, and observe that applying each o; to the
equation above yields a system of n linear equations of the form o;(8) = ejo1(a1) + - + enoi ()
for 1 <i<n.

t(M; oa(en) oa(az) - oa(an)
o Solving this system using Cramer’s rule yields e; = L where M = . .
det(M) : :
on(a1) op(az2) -+ on(an)
and M; is the matrix obtained by replacing the ith column of M by the vector [o1(B),...,0,(8)]%.
det(M) det(M;)

o Multiplying numerator and denominator by det(M) yields e; = — Qg where d = discg /(a1 ..., an).

o Observe now that since the entries in M and M; are algebraic integers, det(M) det(M;) is an algebraic
integer, and since e; and d are both rational, det(M ) det(M;) must also be rational, hence it is some
integer c;.

o Finally, for the last statement, observe that ¢?/d = det(M;)? is both rational and an algebraic
integer, hence is also an integer.

o Remark: We can see in this argument that the discriminant naturally arises in this context of trying
to express 0 € Ok as a Q-linear combination of the «a;, and specifically in attempting to compute
the denominators of these expressions. The point is that the initial denominator det(M) is not
necessarily rational, but (as we showed) its square is, and this gives a convenient uniform choice for
all of the denominators we need to use.

o Exercise: Use the result above to prove directly that Ok is a free Z-module of rank n.
2. If S is any order of Ok, then discx/q(S) = [Ok : S]*disck /g(Ok).

o Exercise: Suppose G is isomorphic to Z" and H is a subgroup of rank n. Show that G/H is
isomorphic to a direct sum of n finite cyclic groups. [Hint: How many generators does it have?]

o Proof 1: By the exercise, we see that Ok /S is isomorphic to a group of the form (Z/d1Z) ® --- @

(Z/d,Z).
o Letting f1,...,08, € Ok be preimages of the generators of each component, we see that f1,..., 5,
is an integral basis for Ok while d; 51, ...,d, 3, is an integral basis for S.

12



2 2

or(diB1) -+ o1(dnfn) o1(B1) - o1(Bn)

o Then disck/g(S) = : . : = (didz---dp)? : : =
on(dif1) -+ on(dnBn) on(B1) o on(Bn)
[Ok : S]*disck g(Ok), as desired.
o Proof 2: Let a1, ..., a, be an integral basis for S and f1, ..., 3, be an integral basis for Ok. Since
Qg B
B1,- .-, By is an integral basis for Ok, there exists an integer matrix 7" such that : =T :
an ﬁn

By the volume-transforming property of the determinant, we then see that [Ok : S] = |det T|.
o Applying each of the complex embeddings o1, ..., to each side and combining into a matrix then

or(a1) -+ oion) o1(f1) -+ o1(Bn)
yields g . : =T : . :
Un(al) e Un(an) O'n(ﬁl) e Un(ﬁn)
o Taking determinants and squaring then yields discx /g (S) = (det T')*discx/q(Ok ) = [Ok : S]*disck/g(Ok ),
as claimed.

3. If S is any order of O, we have S = Of if and only if disck/q(S) = disck/g(Ok). Equivalently, a set

ai,...,an € Ok is an integral basis for O if and only if discx/g(a, ..., an) = disck/g(Ok).
o Proof: Immediate from (2), since S = Ok if and only if [Ok : 5] = 1.
o Exercise: Show that for ay,...,a, € Ok, if discg/g(u,. .., a,) is squarefree, then O = Za; ©
e @ Zan‘

e Let us now try to construct a convenient integral basis for Ok. If K = F(«) where by rescaling we can take
a € Ok, then certainly the “power basis” 1,,a?,...,a" ! is a (field) basis for K/Q and generates an order
S=Z&Za®d - & ZLa""1

o We might hope that we can always find a basis for Ok of this form, but (unfortunately) that is not
always the case.

o Nonetheless, we can use this order as a starting point to try to find an integral basis. Obviously, we can
certainly find one where each element is a rational polynomial in «, for entirely silly reasons: namely,
because every element of K is a polynomial in « because K = Q(«).

o What we would like is to have more control on what these polynomials look like.

o It seems plausible that we should be able to do some sort of “replacement argument” (similar to Gram-
Schmidt), starting with the set of powers 1,a,...,a"~! that constructs an integral basis one polynomial
at a time by dividing o by some integer d; (necessarily dividing disc(Of), since these are the worst
denominators needed per (1) above), and then taking a linear combination of the previous basis elements
to obtain another algebraic integer.

0.6 (Sep 16) Constructing Integral Bases for Ox

e Qur first order of business is to compute the discriminant for the order obtained from a power basis, and then
to modify it by introducing appropriate denominators to obtain an integral basis for Og:

e Proposition (Discriminants and Bases): Suppose K = Q(«) for an algebraic integer « and let S be the order
of Ok generated by a, sothat S=Z @ Za @ --- @ Za" 1.

1. Suppose a has minimal polynomial m(x) € Z[z] with roots a,...,a, € C. Then disck/g(S) =
[li<icjcn(ai— a;)? = (=)D N o[ (o)

o Note that [[;; <, (@i — a;)? is the polynomial discriminant of m(x), so we see that our use of the
same word for both quantities is consistent.

13



o Proof: Label the roots a; so that o; = o;(a). Then discy/q(S) = disci/g(l,a,...,a"!) is the

n—1
1 %} N aq .
1 Qs e ag’7
square of the Vandermonde determinant | .. . |, whose value is [T, ;<. (i — ),
-1
1 o, o

yielding the first part of the formula.

o For the second part, switch the order on half of the terms (a total of n(n —1)/2) to see disck /g (S5) =
(G Ve | I1;.i(ai — o ).

o Factoring m(z) = (v — a;)qi(z) where ¢;(x) = [[;;(z — a;), now differentiate to see m’(z) =
qi(z) + (z — a;)q;(z): thus setting x = a; yields m’(a;) = gi(as) = [ ;4 (s — o).

o Therefore we see [[;_, [[,; (i — ;) = [T;2, m/(a;) = Nig[m’ ()], whence the second part of the
formula.

o Exercise: If a® + a + 1 = 0, show that the ring of integers of Q(a) is Z[a]. [Hint: Compute the
discriminant of {1, a, a?}.]

fol@) fila) fao(a) fn—1(@)
do 7 di 7 dy T dy

Z[z] is monic of degree i and where the d; are positive integers with 1 = dg|d;|da]| - - - |dpn—1]|d.

1

=l

2. There exists an integral basis for Ok of the form where each f;(x) €

o Proof: Let d = discx/g(1,c,...,a" 1). Foreach 0 < k <n—1,let Fy, = = [Z®Za®--- & Za*] and
observe that F} is a free abelian group of rank k + 1. Also let Ry = Ok N F} be the additive group
of algebraic integers in Fj.

o We now show by induction that we can select d; and f; so that

basis for Ry.

o For the base case n = 0, start with 5y = 1.

fol@) fi(a) fr(a)
d )

U, is an integral
0 1 d;

o Now suppose we have selected Sy, ..., Sr_1 that is an integral basis for Ry_1, where g; = fig(la) for
i

integers 1 = dp|dy|- - - |dx—1 and monic polynomials f;(z) € Z[z] of degree i.
o Consider the linear functional T} : K — Q mapping an element 8 = cy +--- + ¢,_1a" ! € K (with

1
the ¢; € Q) to its basis coefficient ¢;, of . The image Ty (Ry) lies inside Ty (Fy) = gZ, which is an

infinite cyclic group. Furthermore, since o*~! € Ry, the image contains 1, so the image is itself an

1
infinite cyclic group of the form —7Z for some d|d.

dy,

1
o We claim that we can choose any i € Ry such that Ty(8x) = 0 and it will have the desired
k
properties.

o We can see that for any = € Ry, if T (z) = fl—k then Ty (z — cxBk) = 0 whence the a*-coefficient of

k
x is zero. But then x — ¢ 8 € Ri_1 so by the induction hypothesis we see x — ¢S is an integer
linear combination of fy, ..., Sx—1, whence z is an integer linear combination of Sy, ..., Bk_1, Bk-

fr(a)

for some
dy,

o Thus By,...,Br—1,0k is an integral basis for R;y. Now we just have to show g =

monic fi € Z[z] of degree k, and that dj_1|dy.

o For the second statement, observe that « fkd71 () is an algebraic integer and in Fj, hence in Rj. Then
k-1
. 1 1 1
since fj,_1 is monic of degree k — 1 we see Tk(afk 1(&)) = : this means € Ty(Ry) = —Z
dr—1 dr—1 dr—1 dy,

and thus dj_1|dk.

fr—1(a)
dr—1

dy,

as noted
dr—1

o Now, observe that (3

is an algebraic integer and is in Fj hence is in Ry, as is «

di3 — afp—1()
di—1

KTIC [afi-a(@)] = dr—1 k=1

above, hence so is their difference v =

— dk
— dk,lTk[m _

zero, so in fact v € Ri_1.

o But since T} [7] = 0, the af-coefficient of v is
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fol@) file) fola) — fe-1(a)

, , ey , which since
do dy da dp—1

o Thus, by hypothesis v is a Z—linear combination of

g(a)

k—1

dold1|- - |dg_1, is of the form for some g(x) € Z[z] of degree at most k — 1.

o This (finally) means we may take fi(z) = zfr—1(x) + g(z) € Z[z]; since § = di[afk_l(a) + g(a)]
and fi(x) is monic of degree k, we have shown all of the required properties. *

o Remark: The integers d; are uniquely determined, but in fact there is a great deal of latitude to
choose the polynomials f;: in fact since the choice of § € Ry was arbitrary aside from requiring its
a¥-coefficient to be 1/d, we may take f; to be any monic polynomial in Z[x] of degree i such that
fi(a)/d; is an algebraic integer.

e In principle, the construction given in (2) above can be made mostly effective.

o To convert (2) to an algorithm clearly requires a way of computing coefficients with respect to an integral
basis: that is simply a special case of computing coefficients with respect to a Q-basis, which we can do
with linear algebra.

o We also require a way of computing what the terms dj are: in principle this could be done by searching
for algebraic integers with the desired properties and computing the denominators obtained, since we
know the worst possible denominators are the discriminant d. However, it would be more convenient if
we could calculate the terms dj directly, or at least describe them more explicitly.

e Proposition (Polynomial Bases): Suppose K is a degree-n number field, let @ € Ok, and suppose Ok

fola) fila) fa(e) fn-1(a)
do 7 di 7 dy T dy

degree i and where the d; are positive integers with 1 = dy|di|dz|- - |dp—1]d = disc(K). Also let Ry =

1
OKﬂg[ZQBZa@'HGBZak}.

has an integral basis of the form where each f;(x) € Z[x] is monic of

1. The set fo(a)’ fila) fa(a) fr(a)

is an integral basis of Ry for each 0 < k <n — 1.

do dy 7 ody T dy
o Proof: Since fo(oz), fl(a), f2(a) e fu(@) is clearly linearly independent, it suffices to show that
do dy da dy,
it spans Ry. So let B € Ry: then because 8 € Ok we may write § = cofoaga) +c f1d(04) +
0 1
RS cn_lﬂ;—il(a) for unique ¢; € Z, and because § € spang(l,c,...,a*) we may also write
n—1
8 =eg fo(@) +e1 fi(e) ot ekm for unique e; € Q.
do dq dy,

o Comparing the two expressions shows immediately that ¢; = e; for each i < k (and ¢; = 0 for i > k)
hence all of the e; are integers. The conclusion follows.

2. For each k, dj is the smallest positive integer such that dy Ry C Z[a]. In particular, for fixed «, all of
the dj are uniquely determined.

o Exercise: Suppose « is algebraic of degree n over Q. If f(x),g(x) € Q[z] are such that f(a) = g(«)
and both f, g have degree less than n, show that f(z) = g(x).

o Proof: Multiplying any element of Ry by dj, clears all of the denominators d; from the integral basis
expression (thus yielding an integer polynomial in «), so certainly dy Ry C Z[a].

o On the other hand, since fi(a)/dr € Ry by (1) and because fj is monic, no smaller multiple of
fx(a) can yield a polynomial with integer coefficients in @ (which by reducing modulo its minimal
polynomial we can assume is of degree less than n) by the exercise above.

o Thus, di is the smallest positive integer such that dy Ry C Z[a].
3. For S=Z®Za® - ®Za* 1, wehave d; - d,_1 = [Ok : 5]

o Proof: Since f; is monic of degree 4, it is easy to see that fo(«), f1(c),..., fu() is an integral
basis for S (the change-of-basis matrix is triangular with 1s on its diagonal). We can then see that
Ok/S=(Z/d1Z) x --- x (Z/d,Z); taking cardinalities yields the result immediately.
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o Remark: Note in fact that the divisibility condition d;]---|d,, implies that this product of cyclic
groups is the elementary divisor form of the finite abelian group O /S, which gives another proof
that the dj are unique.

4. We have dzd]|d1+j

fil@) fi(@)
d; d;

in o of degree ¢ + 7, so it is an element of R; ;.

o Proof: Note that v = is an algebraic integer and (when multiplied out) it is a polynomial

fola)  firs(@)

N
do diyj

1
must be an integer multiple of ——, which is to say, d;d; divides d; ;.

(] i+]
5. The discriminant disc(S) is divisible by d?(nfl).
o Proof: By a trivial induction using (4) we see that d}|dj for each k. Multiplying these and then
squaring, we see that d}" ") divides the product (dyds - - - dy_1)?, which by (3) equals [Ox : S]2.
o But by our earlier results we know that disc(S) = [Of : S]2disc(Ok), so the result follows.

o By (1), v is then an integer linear combination of ; comparing coefficients of o7

then shows that

o Remark: The point here is that we can actually compute disc(S) = £Ng g[m’(a)] where m(x) is
the minimal polynomial of «, and so we obtain a (typically short) list of possible values for d;. We
can use (4) to establish similar divisibility properties for the other d; which likewise help narrow
down their possible values.

0.7 (Sep 18) Some Examples of Integral Bases for Oy
e After all of that effort, we can now actually compute some integral bases for some other Og.
o Even in the relatively straightforward situation of cubic extensions, we generally still need to do some

nontrivial calculations in order to find the values of d; and ds to ensure we have the full ring of integers.

o A centrally useful tool here is the trace map, since it allows us to extract information about individual
coefficients. (In cases of extensions having nontrivial proper subfields, the relative trace maps to the
subfields are also quite useful, of course.)

e Exercise: Show that the discriminant of the cubic polynomial p(z) = 2® + ax + b is —4a® — 27b%.
e Example: Show that the ring of integers of Q(a) for a® — a+ 1 = 0 is Z[a], with integral basis {1, a, a?}.

o The generator a has minimal polynomial m(z) = x® — 2 over Q as this polynomial is clearly irreducible.

o By the exercise above, we have disc(a) = 31.

fila) fa(a)
di 7 dy

(d1ds)? divides disc(cr). So we must have d; = da = 1 hence we may take fi(a) = a and fo(a) = o?.

o From our results we know that O has an integral basis of the form 1, with dy|ds and where

o We conclude that {1,a,a?} is an integral basis for the ring of integers, meaning it is simply Z|[a/].

e Exercise: More generally, suppose m(z) € Z[z] is monic, irreducible, and has squarefree discriminant. If « is
any root of m(z), prove that the ring of integers of K = Q(«) is Z[a/.

e Example: Show that the ring of integers of K = Q(~/2) is Z[v/2], with integral basis {1, v/2, V/4}.

o The element o = /2 has minimal polynomial m(z) = 2° — 2 over Q as this polynomial is clearly
irreducible.

o Since m’(z) = 3z we see disc(ar) = (—1)3Ng q(3 - 2%/3) = —22. 33,

o From our results we know that Ok has an integral basis of the form 1, %, % where d;|ds|d and
1 2

where d$ divides disc(a). So we must have d = 1 and may then clearly take fi(a) = a.
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o We also know that (d;d2)?> = d3 divides disc(a), so dp divides 6: thus the other basis element is of
co+cra+ 62(12

6
cra + 02a2

the form 8 = for some integers cg,c1,co. Then tr(8) = c¢9/2 so ¢y is even. Then

(c1 + ca)?

3
1 has trace Z(Ci’ +2¢3),

vy=38—-cy/2 = is also an algebraic integer, but now 3 =

which can only be an integer when both ¢; and c; are also even.

do+d dya?
o We conclude that in fact § = W

appropriate polynomial in «, we may assume are each 0, 1, or 2.
(d% + 2d1d2) + <2d0d1 + 2d§)a + (d% + 2d0d2)a2

for some integers dy,d;,ds which, by subtracting an

o Squaring yields 52 =

be an algebraic integer, each of d2 + 2d;ds, 30d1 + d3, and d? + 2dyd, must be divisible by 3 (this
follows because d2|3, so we cannot have denominators of 9). If any of dy, d;,ds is zero, all of them must
be zero mod 3; otherwise, in the event all are nonzero, we see d2 = d7 = d3 = 1 (mod 3), whence
didy = dods = —dod; = 1 (mod 3). But this is a contradiction since the first two equalities require
do = d1 = dy mod 3, which contradicts the third condition.

o Therefore, all of dy, d1, d2 are zero mod 3, and (thus, finally) we see that 8 € Z[a]. We conclude that we
may take 8 = a? and so we obtain our integral basis {1, /2, V/4}.

In order for this quantity to

We remark that one may compute the ring of integers of Q(¢/m) for general (cubefree) m using a similar
approach. Here are two examples:

Exercise: Show that the ring of integers of Q(+v/5) is Z[¥/5]. |Hint: First note d; = 1, then show dy|10.
Eliminate the possibility that ds is even, then show that da = 5 leads to an eventual contradiction modulo 5.]

1+ V1 V1
Exercise: Show that the ring of integers of Q(+/10) has integral basis {1, /10, i \/703—1— 00 }. [Hint: First

note d; = 1, then show d3|30. Use traces to eliminate the possibility that ds is even or divisible by 5, and
then conclude dg = 3.]

1+5

Example: Show that the ring of integers of K = Q(v/2,v/5) is Z[v/2, ], with integral basis {1, /2,

2
o Note that K has the three quadratic subfields Q(v/2), Q(v/5), Q(v/10) with respective rings of integers

1++5

213, Z1—2Y0), Z[Vo)

o The Galois group of K/Q is isomorphic to the Klein 4-group, with generators o, 7 obtained by lifting
the conjugation automorphisms in the two subfields Q(v/2) and Q(+/5): thus o(v/2,v5) = (—v/2,V5)
and 7(v2,v5) = (v2,-V5), so o7(v/2,V5) = (—v2,—V5). (Note that o7 fixes the other quadratic
subfield Q(+/10).)

o Then the algebraic integer &« = v/2 + v/5 is a generator for this extension, since its Galois conjugates
+1/2+ /5 are all distinct. One option would then be to attempt to construct an integral basis using the
powers of a.

o However, in this situation, since we already know that the ring of integers of Q(v/2) is Z[v/2], that the
1 5
ring of integers of Q(v/5) is Z| +2\[], and that the ring of integers of Q(+/10) is Z[v/10], a more natural
choice would be to use the elements from these integral bases as a starting point.

o So let us instead suppose that o = a + bv/2 + ¢/5 + d/10 is an algebraic integer, for a,b,c,d € Q.

o Then in particular, the relative traces (and norms) of o from K to each of the quadratic subfields must
be algebraic integers.

° 80, try qyve (@) = a+7(a) =2a + 2bv/2 must be in Z[v/2], so 2a and 2b are integers.
1+V5
2

o Next, trp /.15 (@) = o+ o(a) = 2a + 2¢y/5 must be in Z] ], so since 2a is an integer, 2¢ must
also be an integer.

o Finally, trr o 19 (a) = @+ o7(a) = 2a + 2dv10 must be in Z[v'10], so 2a and 2d must be integers.
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p+qvV2+ V5 + sv/10
2

o Hence we must have o« =

(p—r)+(@—9)V2
2
form u + vv/2 for integers u, v.

for integers p, ¢, 7, s. Then a—r

L+V5 V24 V10 _
2 2 N

is also an algebraic integer, but this is an element of Q(1/2) hence must be of the

1+v5 V24410

1 2++v1
o We conclude that o = u+vv2+r +2\/5+s V2410 5 7

is an integral basis for the ring of integers, as claimed.

for integers u, v, r, s, and so 1, V2,

1++v5 1+13
2 ' 2

e Example: Show that the ring of integers of K = Q(v/5,v13) is Z]

. 1++v5 14+V13 (1++5)(1+V13)
L= 4 g

o Note that K has the three quadratic subfields Q(v/5), Q(v/13), Q(v/65) with respective rings of integers
1+v5, 1413, _ 1+65
o The Galois group of K/Q is isomorphic to the Klein 4-group, now with generators o, 7 such that
O-(\/ga \/ﬁ) = (_\/ga \4 13) and T(\/57 \/ﬁ) = (\[a _\/ﬁ) and UT(\/ga \/ﬁ) = (_\[a _\/ﬁ)
o Now suppose that o = a + bv/5 + ¢v/13 + dv/65 is an algebraic integer, for a,b,c,d € Q.

|, with integral basis

1
o Then try o5 (a) = a+7(a) =2a+ 2b+/5 must be in Z| +2\/5], so 4a and 4b are integers of the same
parity.
1++13
o Also, try g 13) (@) = a + o(a) = 2a + 2¢v/13 must be in Z[%], so 4a and 4c must be integers of

the same parity.

], so 4a and 4d must be integers of

1 65
o Also, tr e q(65) (@) = o+ o7(a) = 2a + 2¢v/65 must be in Z[%\/»

the same parity.

V1 V
o Hence we must have a = p+q\/5+r4 3+ 8v65 for integers p,q,r,s all of the same parity. By
1 5)(1 + 65 1 5+ 5v13+ 65
subtracting (1+ \[)i + ) .7 V5 + 1 * if all of p,q,r,s are odd, we can make all of
o P4+ dVE+1V13+5'vV65 (14 /5)(1 + /65)
p,q, 7, s even, in which case a = 5 +x 1 forx=0or 1.
1 1 /1 1 / A e e
o Then a—¢ +2\/5 -7 +2 3 _ s’ +2 05 _1r =4 5 " 7% must be an (actual) integer u, meaning
1 ) 1413 14+ +/65 1 5)(1++v13
that a = u+ ¢ +2\f +r’ +2 +5 +2 + x( + f)fl + ) for integers u,q’,r’, s, x.
14+ 1 14+ 1 1+v1
o Finally we note that %65 =3+ 2( i \/S)El V85 _ +2\/5 -5 +2 3, so the extra element

14+ /65
2

can be written in terms of the other four.

1+v5 1+V13 (1+V5)(1+V13)
2 2 4

o We conclude that {1,

as claimed.

} is an integral basis for the ring of integers,

V3HVT 1421
5 o b

e Exercise: Compute an integral basis for the ring of integers of Q(v/2,v/3). [Hint: It’s bigger than Z[v/2,v/3].|

e Exercise: Show that the ring of integers of Q(v/3,v/7) has integral basis {1,/3,

0.8 (Sep 19) The Ring of Integers in Q(¢,)

e Our other major source of examples where we can make explicit calculations is the cyclotomic fields Q(¢y)-
We will now build up to our main result in this case, which is that the ring of integers of Q(¢,,) is in fact just

Z[Cn]-
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o For completeness, we may as well build up our stockpile of information about Q(¢,,) from the beginning.

o We recall that an nth root of unity is a complex number z with 2™ = 1. For d|n, any dth root of unity is
also an nth root of unity, and the primitive nth roots of unity are those nth roots of unity that are not
dth roots of unity for any proper divisor d of n.

e Proposition (Cyclotomic Fields): Let n > 2 and let ¢, = €2™*/" be a primitive nth root of unity. The following

hold:

1. There are n distinct nth roots of unity, forming a cyclic group of order n under multiplication denoted g, .
The primitive nth roots of unity are the generators of this cyclic group, of the form (2 for ged(a,n) = 1.

o

(e]

(e]

Proof: Suppose z € C has 2™ = 1. Then |z| = 1 and so z = €% for some 6; then 2" = 1 is equivalent
to €™? = 1 whence 0 = 2kn /n for some integer k, which is to say, z = ¢F.

So these ¢* are the nth roots of unity, and since the group homomorphism ¢ : Z — p,, with p(k) = ¢*
is clearly onto and has kernel nZ, the group p, is isomorphic to Z/nZ.

Then the primitive nth roots of unity are the ones which have order exactly n (rather than some
proper divisor), so they correspond to the ¢(n) elements of (Z/nZ)* under the isomorphism: in
other words, they are the powers (2 for a relatively prime to n.

2. Let ®,(z) = Hae(Z/nz)x (x — ¢%) be the nth cyclotomic polynomial, whose roots are the primitive nth
roots of unity. Then ®,,(z) has integer coefficients.

(e]

o

Exercise: Show that 2" — 1 = [];,, ®a(x). [Hint: Group together the roots of unity of each order
d|n.]
Exercise: Show that &, (z) = Hd|n(xd — 1)#/4) where p(n) denotes the Mobius p-function u(n) =

0 if n is not squarefree . .
{ d . Use this recurrence relation to calculate ®g(x) and

(=1)* if n = p;---py for distinct primes p;
(I)QQ(.’I}).
Proof: Using the recursion provided by the exercises above, we can see by induction on n that ®,,(x)
will always have integer coefficients. The base case n = 1 is trivial.
For the inductive step, observe that [] dln,d<n ®,(z) is monic, has integer coefficients, and divides
2™ — 1 in Q(¢,)[z]: hence it divides 2™ — 1 in Q[z] since both polynomials have coefficients in Q.
Then by Gauss’s lemma, [, 4, Pa(®) divides 2" — 1 in Z[z], so the quotient ®;,(x) has integer
coefficients.

3. The polynomial ®,,(x) is irreducible and is therefore the minimal polynomial of ¢,, over Q.

o

Exercise: For a prime p, show directly that ®,(z) = 2P~! + 2P~2 4 ... + 2 + 1 is irreducible. [Hint:
(x+1)P -1 |
- .

Proof: Suppose that we have an irreducible monic factor of ®,,(z) in Q[z]. By Gauss’s lemma, this
yields a factorization ®,(z) = f(z)g(x) where f(z),g(z) € Z|z] are monic and f(z) is irreducible.
Let w be a primitive nth root of unity that is a root of f, and let p be any prime not dividing n.
Since f is irreducible, this means f is the minimal polynomial of w.

Use Eisenstein’s criterion on ®,(z +1) =

By properties of order, we see that w? is also a primitive nth root of unity, hence is a root of either
forofg.

Suppose wP is a root of g, so that g(wP) = 0. This means w is a root of g(a?), and so since f is the
minimal polynomial of w, it must divide g(zP): say f(z)h(x) = g(zP) for some h(z) € Z[z].
Reducing modulo p, we see f(z)h(z) = g(zP) = g(x)P in F,lx], so by unique factorization we see
f(z) and g(z) have a nontrivial common factor in F[x].

Then since ®,,(z) = f(z)g(x), reducing modulo p yields @,,(z) = f(x)g(x) and so ®,,(z) would have
a repeated factor, hence so would z" — 1. But this is a contradiction because since ™ — 1 is separable
in Fp[x] (its derivative is nz"~!, which is relatively prime to ™ — 1 because p does not divide n).
Hence we conclude that w? is not a root of g, so it must be a root of f. Since this holds for every
root w of f, we see that for any a = p1ps - - - p that is relatively prime to n, then w® = ((wP*)P2)Pn
is a root of f.

But this means every primitive nth root of unity is a root of f, and so ®,, = f is irreducible as
claimed.
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4. Both @, (z) and Q(¢,)/Q have degree ¢(n), and ®,(x) is the minimal polynomial of (,, over Q.

(e]

5. The extension Q((,)/Q is Galois with Galois group isomorphic to (Z/nZ)*.
the Galois group are the automorphisms o, for a € (Z/nZ)* acting via 04((,) =

(e]

o

o

o

Proof: By definition ®, () has degree ¢(n). Since ®,, is irreducible by (3), ®,,(x) is then the minimal
polynomial of ¢, hence [Q(¢,) : Q] = deg(P,,) = ¢(n).

ExpliCitly, the elements of

Proof: Since K = Q(¢,) is the splitting field of 2™ — 1 (or ®,(x)) over Q it is Galois, and
#Gal(K/Q) = [K : Q] = ¢(n).

Furthermore, any automorphism ¢ must map ¢, to one of its Galois conjugates over Q, which are
the roots of ®,,(x) by (4): explicitly, these are the p(n) values (% for a relatively prime to n.

Since there are in fact ¢(n) possible automorphisms, each of these choices must extend to an auto-
morphism of K/Q. Hence the elements of the Galois group are the maps o, as claimed.
Since 04(04(¢n)) = 74 (¢8) = (2, the composition of automorphisms is the same as multiplication of

the indices in (Z/nZ)*, and since this association is a bijection, the Galois group is isomorphic to
(Z/nZ)*.

e Let us now prove our main result about the ring of integers in Q(¢,):

e Theorem (Cyclotomic Ring of Integers): Let n > 2, let (,, = 2™/ he a primitive nth root of unity (so ¢, is
a root of ™ — 1). The following hold:

1. For any prime power p? > 2 we have NQ(C 2)/0(Cpa) =1 and NQ(CPd)/Q(l — (i) =p

o

o

(e]

o

o

Exerc1se For any prime power p?, show that pa(z) = ép(xpd_l). [Hint: Show both sides equal
[ @ =Gl
Proof: By the exercise above, we know that the minimal polynomial of (,a is ®,a
2®=DP" 4 =2 4 20" 1) and we also have the factorization P 0 ()
c).

_ d—1 _ d—1 d—1 o
Thus, z®@~DP7 4 =207 4 oo P 1 = Hae(z/de)X (x — de).
Now, setting « = 0 yields 1 = [[,¢z/paz)x (=Ca) = (= 1)¢<Pd)N(§pd) = N((pa) since p(p?) is even.
Also, setting = 1 yields p = [, ¢ z/paz)x (1 — ng) = N(1—(pa).

d—l

a(z) = Qp(a? ) =
= Hae@/piz« (@ =

2. For any odd prime p with K = Q((,) and S = Z[(,], we have discx q(S) = (—1)PP=D/2pr=2,

(e]

(e]

Proof: For brevity, all norms and discriminants are from Q(¢,) to Q.

By our results on discriminants we know that disc(S) = (—1)?®~Y/2N[m/((,)] where m(z) =
®,(r) = 2P + P72 + .-+ + x + 1 is the minimal polynomial of (.

A direct evaluation of m/((,) using the expansion above is rather unpleasant. Instead, note that
(x—1)m(x) = aP —1: then differentiating and setting © = ¢, yields m((p)+((—1)m/((p) = ph~" =

p/Cp» whence m’(¢p) = since of course m((,) = 0.

G=6) —Cp)

Then using (1) yields disc(S) = (=1)?®~V/2N[m’((,)] = (—l)p(p_l)m% = (—1)plp=1)/2pp=2,

N(G)N( = ¢p)
Exercise: Let p be an odd prime. Show that Q(¢,) contains a unique quadratic subfield and that
it is Q(1/(—1)®=1/2p). [Hint: Use Galois theory for uniqueness, and discriminants to get the field
itself.|

Exercise: Show that every quadratic field is a subfield of some cyclotomic field Q({,). [Hint: Take
a composite of Q((s) and the Q(¢,) for various p.] This is a special case of the Kronecker-Weber
theorem: every number field K with abelian Galois group over Q is a subfield of some cyclotomic
field.

3. For any n > 2 and S = Z[(,], the discriminant discqc,)/q(S) divides n#(™,

o

Proof: For g(z) = [14,,a<n(z — ¢4), we have 2" — 1 = ®,,(v)g(x). Differentiating and then setting
@ = Gn yields n¢; " = 7, (Ca)g(Cn) + P (Cn)g (Cn) = 1, (Cn)g(Cn)-
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o

Taking norms from Q(¢,) to Q (noting that N (¢ ') = =£1 since it is a unit) then yields +n®(") =
Noe) /2[5 (6n)] - Noe,)/elg(Ga)l, and so No,,) /(@) (Cr)] divides n#(™).
The desired result then follows immediately from disc(S) = (—1)""~V/2N[®/ (¢,)]

4. For any prime power p?, the ring of integers of K = Q((,4) is Z[(,q)-

(e]

(e]

Proof: For brevity write ¢ = (,a. First, since Z[¢] = Z[1 — (] = Z®Z(1 — () @ --- ® Z(1 — ¢)#®")
since the minimal polynomial for ¢ (hence 1 — ¢) has degree (p?), by (3) we know that disc(1 — ()
divides pd‘P(pd), which is a power of p.

Then from our earlier results on discriminants, we know that any element of Ok can be written in
) + 01(1 — C) + e+ Cgo(pd)(l — <)W(pd)
Pk
If O # Z[(pa], then by scaling the expression above by an appropriate power of p, we may suppose
o+ er(l =)+ cppay (1 — )P
b

the form

for some integer k.

there is an element in O of the form o = where not all of

the ¢; are divisible by p.

As calculated in (1) we have N(1 — (,a) = p, which explicitly says (1 —¢)--- (1 — defl) = p. Since
each of the p(p?) terms on the left-hand side is divisible by 1 — ¢ in Z[¢], we see that (1 — <)¢(pd)
divides p in Z[(].

Thus, we see p/(1 — C)‘P(pd) is an algebraic integer, hence for each 1 < i < o(p?) so is (lpBC)i =
co(1=0) " 1 (1=¢) i et (10 +- - -—l—cw(pd)(l—()“"(pd)_i. Since the terms from c; onward
are clearly algebraic integers, subtracting them yields that co(1—¢) ~*+cy (1—) 4 41 (1-¢) 71
is an algebraic integer for each ¢, and then by an easy induction, this implies ¢;_1/(1 — ¢) is an
algebraic integer for each 1 < i < ¢(p?).

But now taking norms yields that N(1— () = p divides N(¢;—1) = cf_(]id), hence each ¢;_; is divisible
by p. This is a contradiction, and so we must in fact have Ox # Z[(,a].

Exercise: For a prime p, show that p = u(1 — gpd)“’(pd) where v is a unit in Z[(,q].

5. Suppose K and L are number fields such that disc(K) and disc(L) are relatively prime and such that
[KL:Q]=[K:Q]L:Q]. Then Ok = Ok - Or.

e}

Proof: Suppose Ok has an integral basis ag, ..., a, and O, has an integral basis S, ..., B, where
we note [K : Q] =n and [L: Q] = m.

Then since [KL : K] = [L : Q] the set a1, ..., ay, is a basis for the field extension K L/K, and so the
set of mn pairwise products ay 1, ..., a, B, is a basis for the extension K L/Q, so in particular, it
is linearly independent.

Since each product «;f3; is an algebraic integer and there are mn = [KL : Q] of them in total, we see
that these products generate an order in the ring of integers Ok : we now show this order equals
the full ring of integers Okr..

So let v € Ok since the o;8; are a Q-basis for KL, taking out common denominators allows

. Ci
us to write y = >, D00 zi’] a;f3; for some integers c; ; and some positive integer d, where

ng(d, Cl1y--- 7Cn,m) =1.

It suffices to show that d divides disc(K), since then by symmetry it also divides disc(L) hence must
be 1 since disc(K) and disc(L) are relatively prime.

Let o be any complex embedding of K. Since [KL : K] = [L : Q] there are exactly [L : Q] complex
embeddings of KL that extend o: say they are 7i,..., 7. If 7| = 75| then Ti_lTj would fix both
K and L hence all of KL, hence must be the identity. Thus, the restrictions of the 7; to L are all
distinct, but since there are only [L : Q] = m possible embeddings, all m complex embeddings of L
must occur exactly once.

So now consider the complex embedding of KL that restricts to o on K and to the identity on L,
which (by mild abuse of terminology) we also call o.

Then o(a) = 3311, Y0, d o(a)B; = > iy o(a;)z; where z; = >0 Gy B;. Running over all of

J=1 g
the complex embeddings of K yields n linear equations in the n variables x1, ..., x,.
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det(M;)  det(M;)det(M)
det(M) disc(K)
matrix with (i, k)-entry equal to ok (a;) and M; is the matrix obtained by replacing the ith column
of M with [0y (), ... ,0n(a)]T.

- disce(K
o Then disc(K)z; = 3771, %‘slc()

integeral basis for Op, each of the coefficients

o Solving the system using Cramer’s rule yields z; = where M is the n xn

B; is an algebraic integer for each ¢, but since the 3; are an

¢; jdisc(K
cigdisc(K) must be an integer. But now since

ged(d,c11,- -+, Cn,m) = 1, this implies d divides disc(K), as desired.
6. For any positive integer n, the ring of integers of Q((,) is Z[(,].

o Proof: By (4) we already know this result holds when n is a prime power.

o Now suppose n = p}' ---py? for distinct primes p;; we wish to apply (5) recursively.

o Observe that Q(¢n) is the compositum of the fields Q((,e:) for 1 < i < d, and since ¢(n) =
o(pl) - - p(pg?) the degree requirement from (5) is satisfied.

o Additionally, from (3) we know that the discriminant of Q((,2: ) is a power of p;, so the discriminants
of the fields are all pairwise relatively prime. Thus the discriminant requirement from (5) is also
satisfied for each composition of fields.

o We conclude that the ring of integers of Q(¢y) is the product Z[C,e1] - - Z[Cpgd] = Z[(,], as desired.

o Exercise: If D and E are relatively prime squarefree integers congruent to 1 modulo 4, show that

the ring of integers of Q(v/D,VE) is Z[l +2\/§» ! +2\/E

], and compute an integral basis for it.

Well, you’re at the end of my handout. Hope it was helpful.
Copyright notice: This material is copyright Evan Dummit, 2024. You may not reproduce or distribute this material
without my express permission.
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