E. Dummit’s Math 7315 ~ Algebraic Number Theory, Fall 2024 ~ Homework 1, due Mon Sep 23rd.

Solve whichever problems you haven’t seen before that interest you the most (suggestion: between 20 and 40 points’
worth). Starred problems are especially recommended. Prepare to present 1-2 problems in class on the due date.

0.1 In-Lecture Exercises

0.1.1 Exercises from (Sep 4)

1. [3pts] If @ and b are relatively prime, show that Q(Cup) = Q(Ca, (). Deduce that Q(C2n) = Q(¢,) for odd
integers n. Do there exist distinct even integers 2m and 2n such that Q((om) = Q(C2n)?

2. [1pt] Suppose K/Q is a number field. Show that K = Q(«) for some complex number «. [Hint: Apply the
primitive element theorem.|

3. [1pt] Suppose K/Q is a number field. For any a € K, show that the minimal polynomial m(z) of « is
irreducible in Q[z].
0.1.2 Exercises from (Sep 5)

1. [1pt] Show that the set of algebraic integers of Q is Z.

2. [3pts*| Suppose D is squarefree. Show that the set of algebraic integers of Q(v/D) is Z[v/D] when D = 2,3
1++vVD
2

(mod 4) and that it is Z]|
polynomial of a + bv/D is m(z) = 2% — 2a + (a®> — Db?), and then classify when the coefficients are integers.]

| when D = 1 (mod 4). [Hint: First verify that for b # 0 the minimal

3. |2pts| For algebraic integers o and 3, recall that if Z[a] has basis {1,q,...,a" 1} and Z[B] has basis
{1,8,...,8™71} then Z[a, ] is spanned by {a’7}1<i<n.1<j<mn. By computing an appropriate determi-
nant, use this observation to find a monic integer polynomial satisfied by v/2 + /3 and by v2 - (/3 — 1).

4. [1pt] Show that K is the fraction field of its ring of integers Ok-.

5. [1pt] For a separable extension K/F, show that the trace and norm as defined above are still Galois-invariant,
that the trace is additive and F-linear, and that the norm is multiplicative.

0.1.3 Exercises from (Sep 9)

1. [2pts] Compute the four complex embeddings of Q((g) = Q(4,/2) instead using the Q-basis {1,/2,1,iv/2},
and find the trace and norm of p + q\/§ + 70 + siv/2.

2. |10pts*| Let K/F be an extension of number fields with o € K and define T, : K — K to be the F-linear
transformation of multiplication by «, namely with T,,(z) = oz for all z € K.

(a) Show that the minimal polynomial of the linear transformation T, is the minimal polynomial of the
algebraic number «. |[Hint: Show that F[T,] is ring-isomorphic to Fa].]

(b) Show that the eigenvalues of T, in C are the elements o; (), where o1, . . ., 0, are the complex embeddings
of K fixing F.

(c) Show that the characteristic polynomial p(x) = det(xI — T,) of T, is m(z)EF (@] where m(x) is the
minimal polynomial of « over F'.

(d) Show that tr(Ty) = trg/p(a) and that det(7,) = Ng/p ().

(e) Use (a) and (d) to compute the trace, norm, and minimal polynomial of & = /2 + /7 from K =
Q(¥/2,V/7) to Q. [Suggestion: Compute the matrix T}, with respect to the basis {1, /2, /4, V7, /27, V4V/7} ]

0.1.4 Exercises from (Sep 11)
1. [2pts*] Show that when D < 0, the only units of OQ(\/E) are +1, except in the case D = —1 with units &1, &
and in the case D = —3 with units +1, £3, £(3.

2. |2pts| Show that if K/F is a degree n-extension of number fields and O is a PID, then Ok is a free O p-module
of rank n.



0.1.5 Exercises from (Sep 12)

1.

2.

3.

(crar+- -+ cpay) for d = disck g, . . ., an)
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[2pts] Use the result that any 5 € Ok can be written as § =

to prove directly that Ok is a free Z-module of rank n.

[1pt] Suppose G is isomorphic to Z™ and H is a subgroup of rank n. Show that G/H is isomorphic to a direct
sum of n finite cyclic groups. [Hint: How many generators does it have?|

[2pts*| Show that for ay, ..., a, € Of, if disck/g(au, ..., ay) is squarefree, then O = Za1 @ - - - @ Zay,.

0.1.6 Exercises from (Sep 16)

1.
2.

[2pts*] If a3 4+ e+ 1 = 0, show that the ring of integers of Q(«) is Z[a]. [Hint: Compute the discriminant.

[1pt] Suppose « is algebraic of degree n over Q. If f(x),g(z) € Q[z] are such that f(a) = g(a) and both f,g¢
have degree less than n, show that f(z) = g(z).

0.1.7 Exercises from (Sep 18)

1.

2.

0.2

. [3pts*] Show that the ring of integers of Q(+/3,/7) has integral basis {1,/3,

[2pts] Show that the discriminant of the cubic polynomial p(x) = 23 + az + b is —4a® — 27b.

[3pts*] Suppose m(z) € Z[x] is monic, irreducible, and has squarefree discriminant. If « is any root of m(x),
prove that the ring of integers of K = Q(«) is Z[a].

[3pts] Show that the ring of integers of Q(+/5) is Z[+/5]. [Hint: First note d; = 1, then show do|10. Eliminate
the possibility that ds is even, then show that dy = 5 leads to an eventual contradiction modulo 5.]

. . 1+ v/10 + /100
[3pts] Show that the ring of integers of Q(+/10) has integral basis {1, /10, + 3+ }. [Hint: First

note d; = 1, then show d5|30. Use traces to eliminate the possibility that dy is even or divisible by 5, and
then conclude dg = 3]

V34T 14+4V/21
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[3pts] Compute an integral basis for the ring of integers of Q(v/2,+/3). [Hint: It’s bigger than Z[v/2,/3]]

Additional Exercises

. [6pts*] Let K = Q(«) be a number field of degree n over Q. The goal of this problem is to prove that if

|o; ()| =1 for all complex embeddings o; of K, then « is a root of unity. So suppose that |o;(«)| = 1 for all
complex embeddings o; of K.
(a) If m(z) = 2™ + cp_12™ "' + -+ 4 ¢o is the minimal polynomial of o over Q, show |¢;| < (%) for each 4.
(b) Show that there are only finitely many possible c.

(c) Show that o must be a root of unity. [Hint: Consider the powers of «.]

. [6pts] Let K be a number field of degree n over Q with complex embeddings o1, ..., 0,, and with Ok having an

integral basis v, ..., ay,. Consider the determinant D of the n x n matrix with (4, j)-entry o;(a;). Expanding
the determinant as a sum over all n! permutations in S, let P be the sum of terms corresponding to even
permutations and N be the sum of terms corresponding to odd permutations, so that D = P — N.

(a) Show that P+ N and PN are both integers. [Hint: Show they are both Galois-invariant. Note that by
working inside the Galois closure of K, one may view the o; as automorphisms.]

(b) Deduce Stickelberger’s criterion: that disc(K) = (P — N)? = (P + N)? — 4PN must be congruent to 0
or 1 modulo 4.




