E. Dummit’s Math 1465, Fall 2024 ~ Midterm 1 Review Problems

1. Suppose the logical operator * is defined so that P x ) = =P A Q. Using a truth table or otherwise, determine whether
the following pairs of statements are logically equivalent for arbitrary propositions P, @, and R:

(a) P (P« P)and —P. (¢) PxQ and -(Q = P). (e) (P*Q)*Rand Px(Q=*R).
(b) (P = Q)= (PxQ) and True. (d) (@+Q)*Pand PAQ. (f) (PxQ)VRand (R*x—Q)*(Px*R).

2. Suppose that A = {1,2,{1},{2},{1,3}} and B = {1,{1,2},{1,3},{2}}. Find the truth value of each statement:
(a) 1€ A. (c) {1} € B. (e) {1} e ANnB. (g) {1,2} € AUB. (i) {1,3} € AnB.
(b) 1 C A. (d) {1} € B. (f) {1} CANB. (h) {1,2} CAUB. () {1,3} C AnB.

3. Suppose that A ={1,3,5,7,9} , B=1{1,2,4,8}, and C = {2,3,5,7} with universal set U = {1,2,3,4,5,6,7,8,9}. Find:
(a) AnB. (c) A°nCe. (e) (BNC)N (AU B®). (g) (ANB)x (BNC).
(b) AUC. (d) Bcu(AnAQO). (f) Ax (BNCO). (h) (AxC)n(C x A).

4. Write a negation for each of the following statements:

(a) VaVy3z, x +y + 2z > 5. (e) The integer n is a prime number and n < 10.
(b) Every integer is a rational number. (f) Ve > 030 >0, (|]z — a| < 6) = (J2® — a?| < ¢).
(¢) Vie AVye B,x-ye AN B. (g) For any x € R there exists an n € Z such that = < n.
(d) There is a perfect square that is not even. (h) There exist positive integers a and b with /2 = a/b.

5. Find the truth values of the following statements, where the universal set is R:

(a) VaVy, y # x. (¢) JxVy, y # x. (e) VaVy, y? > . (g) Javy, y? > x.
(b) Va3y, y # = (d) 323y, y # = (f) Va3y, y* > x. (h) 323y, y* > x.

6. Calculate the following things:

(a) The ged and lem of 256 and 520. (c) The ged and lem of 2019 and 5678.
(b) The ged and lem of 921 and 177. (d) The ged and lem of 2332547 and 24335%11.

7. Suppose A, B, and C are arbitrary sets contained in a universal set U. Identify which statements are true and which
are false. Then prove the true statements and give a counterexample for the false ones.

(a) (AUB)\A = B\A. (c) (ANB)*UB C (A°U B)".
(b) A\(BNC) = (A\B) N (A\C). (d) A°N BeC (A\B)°N (B\A)".

8. Write, and then prove, the contrapositive of each of these statements (assume n refers to an integer):
(a) If @ and b are integers, then 3a — 9 # 2.

(b) Suppose a,b € Z. Iff ab=1thena <1orb<1.
(c) If 5n + 1 is even, then n is odd.

(d) If n? is odd, then n is odd.
(e)
(f)

If n is not a multiple of 3, then n cannot be written as the sum of 3 consecutive integers.

Suppose a,b € Z. If n does not divide ab, then n does not divide a and n does not divide b.




9. Find a counterexample to each of the following statements:

(a) For any integers a, b, and ¢, if a|b and alc, then blc. (f) If n > 1 is an integer, then /n is always irrational.
(b) If p and ¢ are prime, then p + ¢ is never prime. (g) If n # 3 then n? # 9.
(c) If n is an integer, then n? +n + 11 is always prime. (h) There are no positive integers m, n with m? —2n? = 1.
(d) There do not exist integers a and b with a? — b2 =7. (i) V2 € R, Jy € R, y* = .

)

)
(e) The sum of two irrational numbers is always irrational. j)

P

The sum of two perfect squares is never a perfect cube.

10. Prove the following (recall the Fibonacci numbers F; are defined by F} = F» =1 and F,, 11 = F,, + F,,_ for all n > 2):

If F, is the nth Fibonacci number, prove that Fy + F3 + F5 + -+ + Fo, 11 = Fo, 40 for every positive integer n.

)
) Suppose n is an integer. Prove that 2|n and 3|n if and only if 6|n.

1 1
) Prove that 1+ 3 + 1 4+ 4 on = 2 — o for every positive integer n.
) For any sets A, B,C, prove A\(BNC) = (A\B) U (4\C).
) Suppose p is a prime and a is a positive integer. If p|a?, prove that pla.
) Prove there do not exist integers a and b such that a? = 33 + 9b. [Hint: Use (e).]
)
)

Prove that any two consecutive perfect squares (i.e., k? and (k + 1)2) are relatively prime. [Hint: Use (e).|
Prove that 1 + 1 + 1 4+ L - for every positive integer n.

1-2 2-3 3-4 n-(n+1) n+1
If A={4a+6b: a,b€Z} and B={2¢c : ¢c € Z}, prove that A = B.

Show that the propositions —[Q A ~(P A Q)] A =P and —Q A =P are logically equivalent.

)
)
) If p is a prime, prove that ged(n,n + p) > 1 if and only if p|n.
) Suppose a; =1 and a,, = 3a,—1 + 4 for all n > 2. Prove that a,, = 3™ — 2 for every positive integer n.
) fC ={6c:ceZ}and D={10a+ 14b : a,b € Z}, prove that C C D.
(n) Suppose by = 3 and b,,41 = 2b, —n + 1 for all n > 2. Prove that b,, = 2" + n for every positive integer n.
) Suppose ¢; = ¢ = 2, and for all n > 3, ¢, = ¢,_1¢,_2. Prove that ¢, = 2™ for every positive integer n.
) Suppose d; = 2, dy =4, and for all n > 3, d,, = d,,_1 + 2d,,_». Prove that d,, = 2" for every positive integer n.
) For any sets A, B inside a universal set U, prove AU B¢ = U if and only if A°N B = (.
) Show that 7" — 1 is a multiple of 6 for every positive integer n.
) Prove that a and b are relatively prime if and only if a® and b* are relatively prime. [Hint: Use (e).]
) For any sets A, B,C, prove A C BUC if and only if A\B C C.




