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0 Elliptic Curves and Modular Forms

These are lecture notes for the graduate course Math 7359: Elliptic Curves and Modular Forms, taught at North-
eastern in Fall 2023.



0.1 (Sep 7) Overview + The Group Law

e The goal of this course is to give an overview of elliptic curves and modular forms, highlighting in particular
the modern development of modularity, which establishes a very deep connection between these two otherwise
very different classes of objects.

o Elliptic curves are algebraic curves of genus 1 that arise in a wide variety of contexts in mathematics
and their study involves techniques from nearly every discipline: algebra, analysis, geometry, topology,
and (of course) number theory.

o Modular forms are analytic functions on the complex upper half-plane satisfying a certain functional
equation, and although they are intrinsically analytic objects, they turn out to have surprisingly deep
connections to the (seemingly far more) algebraically-flavored elliptic curves.

o In particular, the connection between elliptic curves and modular forms is central to Wiles’s proof of
Fermat’s Last Theorem, and one of the end goals of the course is to elucidate some of the major ideas of
this connection.

e In elementary coordinate geometry, one begins by studying the behavior of lines in the plane, which have the
general equation ax + by + ¢ = 0, and then afterwards studies quadratic curves (i.e., the conic sections) having
the general equation ax? + bxy + cy? + dx +ey + f = 0.

o In each case, we often perform simple algebraic manipulations and changes of variable to put the equations
into a more standard form.

o For example, if b # 0, we can rewrite ax + by + ¢ =0 as y = (—a/b)z + (—c/b), which for m = —a/b and
b’ = —c¢/b has the more familiar form y = ma + b'.

o Similarly, if a # 0, we can perform a change of variable 2’ = y + (b/(2a))x in the equation az? + bxy +
cy? +dx + ey + f = 0 to remove the cross term bry, and then we can complete the square in = and in
y and then rescale the variables to obtain an equation of the form 2% + y? = 1 or y = 22, depending on
which quadratic coefficients are zero.

e Our goal now is to study cubic curves in the plane, which have the general form ax® + bz?y + cxy? + dy® +
ex® + fxy + gy®> + he +iy+ 5 = 0.

o Like in the case of quadratic curves above, we can perform various changes of variable to reduce the
general form to a simpler one.

o We will not give the full details of the procedure now, as it relies on some facts about cubic curves that
we will prove later.

o Instead, we will summarize matters by saying that as long as the equation is actually cubic (i.e., it is not
the case that all of a,b,c,d are zero), then the general equation above can always be transformed using
rational changes of variable into one of the form y? + a2y + asy = 3 + asx? + a4x + ag, for appropriate
coefficients aq, as, as, aq, ag.

e Definition: An elliptic curve E over a field K is a curve having an equation of the form y2 4+ a,zy +asy = 2> +
asx®+asx+ag, for appropriate coefficients a1, as, as, a4, ag in K. This expression is called the Weierstrass form
of E.

o This expression is not the simplest possible one: as long as the characteristic of K is not 2 or 3, we can
simplify it further by completing the square in y and completing the cube in z.

o Explicitly, if we set ¥’ = y+(a1/2)x+ (a3/2) and 2’ = z+ (a2/3), we can reduce the Weierstrass equation
above to one of the form (y)? = (2')® + A(z') + B.

o An elliptic curve having an equation of the form 32 = 23 + Az + B is sometimes said to be in “reduced”
Weierstrass form.

o This reduced form is much more amenable for computations, and (in fact) it is nearly unique: the only
change of variables that preserves it is one of the form z = w22/, y = w3y’ for some nonzero u, from
which we see that A = u*A’ and B = u®B’.



e Here are graphs of the elliptic curves y? = 2% + 1, y> = 2% — 2 + 1, and y? = 23 — 2z + 1 over R:

The Elliptic Curve y2=x+1 The Elliptic Curve y2=x>-x+1 The Elliptic Curve y?=x"-2x+1
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In general, we can see that the graph of an elliptic curve y? = 22 + Az + B will always be symmetric
about the z-axis, since if (x,y) satisfies the equation then so does (z, —y). The graph will also have
either one or two connected components according to the number of real roots that > + Az + B has.

Exercise: Show that graph of an elliptic curve over R will have two components when the polynomial
23 + Az + B has three distinct real roots, and will have one component otherwise.

Notice also that the tangent line at each crossing of the z-axis is vertical for each curve above. Using

o - 3z2 + A . .
implicit differentiation, we can compute 3’ = —y " thus, we see that 1/ = oo when y is zero, provided
Y

that 322 + A is not also zero. This behavior can only occur when 22 + Az + B has a root in common
with its derivative 322 + A, which is in turn equivalent to saying that 2% + Az 4+ B has a double root.

e Definition: If the polynomial 2% + Az + B has a repeated root, we say that the elliptic curve y? = 23 + Az + B
is singular. Otherwise (if the roots are distinct) we say the elliptic curve is nonsingular. A curve is singular
if and only if its discriminant A = —16(443 + 27B?) is zero.

(¢]
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The second statement follows from the observations above: the polynomial 2% + Az + B has a repeated
root if and only if it has a root in common with its derivative 322 + A. This occurs precisely when
x? = —A/3, from which we see that 2(24/3) + B = 0 so z = —3B/(2A): then substituting for = yields
A = 0 almost immediately.

Remark: The presence of the constant —16 is superfluous here, but there is also a definition of A in terms
of the original coefficients aq, as, as, aq, ag for a general Weierstrass form. To avoid having denominators
in that expression, we end up needing an extra factor of —16 in the one we gave above.

e The core property of elliptic curves that makes them so interesting is that if we have two points that lie on
the curve, we can use them to construct a third point on the curve.

e}

Explicitly, suppose P, = (x1,y1) and P, = (z2,y2) are two distinct points on an elliptic curve E:
y? =23+ Az + B.

Draw the line through P, and P»: we claim that this line L must intersect F in a third point Q.

To see this, suppose the line through P; and P, has equation y = ma + b. (We are tacitly excluding the
possibility that the line is vertical, but we will come back to this case in a moment.)

Then the intersection points between L and E are the solutions to the system y = ma + b and y? = =3 +
Az+ B. Equivalently, we must solve (mz+b)? = 23+ Az+ B, or 23+ (—m?)z?+(A—2mb)z+(B—b2) = 0.

However, we already know that this cubic has the two roots x = x; and =z = x5, so it must have a third
root: this gives us the third point ) we wanted.

e Once we construct a third point on an elliptic curve this way, we might try to find more points.

[¢]

If we try this procedure directly using our points P;, P», and @, however, we will not get anywhere: the
line through any of these two points intersects the elliptic curve at the other point.



o However, we can also exploit the vertical symmetry of the curve to make new points: if P = (z,y) lies
on the curve, then the point —P = (x, —y) also lies on the curve.

o If we combine these two procedures, we can often generate many points on the curve starting from just
two.

e Definition (Group Law I): If P; and P are two distinct points on the elliptic curve E : y? = 2% + Az + B, let
Q = (2, y’) be the third intersection point of E with the line L joining P; and P,. We define the sum P; + P,
to be the point —Q = (a/, —y/').

o It is not immediately clear why we define the sum of two points to be the reflection of @ rather than @
itself. This will become clearer in a moment.

o Note that if we attempt to add two points which are vertical reflections of one another on the graph of
y? = 23 + Az + B, the resulting line will not intersect the curve again.

o To remedy this, we declare that the curve also includes a point at oo, which we denote simply as co, that
we consider as lying on any vertical line. (What we are really doing here is working with the projective
model of the curve, rather than the affine one.)

e Example: Given the points P; = (1,2) and P, = (3,4) on the elliptic curve y? = 23 — 72 + 10, find the sums
P1+P2 and (P1+P2)+P2

o It is easy to verify that both points lie on the curve. Here is a plot of the curve and the line y =z + 1
through the two points:

Addition Law on y°=x>-7x+10
Yy

o The point @ lies on the intersection of y = z + 1 and y? = 2% — Tz + 10, so (z + 1)? = 23 — Tz + 10.

o This equation is equivalent to 2% — 22 — 92+ 9 = 0, which factors as (x — 1)(x — 3)(x +3) = 0. Then the
x-coordinate of @ is —3 so Q = (-3, —2).

o Thus, the sum P; + P, is the vertical reflection of @), which is | (—3,2) |
o To find the sum (P; + P») + P> we perform a similar procedure: the line through P; + P> and P has
1
equation y = gm + 3.

1 1
o Then we must solve (ggc +3)2 =% — 7Tr + 10, or 23 — §a:2 -9z +1=0.

1 82 1 82

1
o Factoring yields (x — §)(x +3)(x—3)=0,50Q = (§, ﬁ)’ and thus (P, + P2) + P = (§, —2—7) )

e We would also like to be able to add a point to itself.

o It is straightforward to see from our definition that if P; and P, are distinct points, then P; + P is a
continuous function of the coordinates of the points.



o If we are working over R, or another field where limits exist, we could define the addition P + P to be
the limit as P; — P of sums P + P;. Geometrically, the lines used in the construction also have a limit
as P — P;: they approach the tangent line to the curve E at the point P.

o Since we want a definition over any field, we define P 4+ P by letting L be the tangent line to F at P,
and then taking @ to be the third point of intersection of L with E.

e Definition (Group Law II): If P is any point on the elliptic curve E : y? = 23 + Az + B, let Q = (2/,y') be
the third intersection point of E with the tangent line L to F at P. We define the sum P + P to be the point
—Q = (2',—y").

e Example: Given the points P; = (1,2) and P> = (3,4) on the elliptic curve y*> = 2® — 7z + 10, find the sums
P2—|—P2 and (P1+P2>+P2

o Differentiating implicitly yields 2yy’ = 322 — 7 so that 3’ = (322 — 7)/(2y). Thus, the tangent line to F
5 7
at P; has slope 3 and its equation is y = im ~ 5

o Here is a plot of the curve and the tangent line at Ps:

Point Doubling on y?=x*~7x+10

o The point @ lies on the intersection of y = gx — ; and y? = 23 — 72 + 10, so (gx = 5)2 =23 — Tz +10.

2 21 1
o This equation is equivalent to 2% — ZSxQ + 2% % = 0, which factors as (z — Z)(x —-3)(z—3)=0.
1 23 1 23

o Then the a-coordinate of @ is 1/4 so Q = (1, fg), and so Po + P, = (1, g) .

1 23
o To find the sum P; + (P, + P») we then find the sum of P; = (1,2) with (1, g) The line through these

ointsisy = ——x + 19
p Y= 5 "
7 19, 3 . . 11
o Then we must solve (—6:10 + e )? = 2 — Tz + 10, which has solutions z = 9T 1.
1 82 1 82
o Then Q' = (g, 5-), and thus Py + (P2 + P2) = | (5, —5-) |
i i 1 82
e Note that in the previous two examples, we computed (P; + Py) + P = (§’ ,27) =P, + (P, + P3), and so

we see in this case that the addition law is actually associative. Much more is true:

e Theorem (Group Law): If K is any field and F is any elliptic curve defined over K, then under the addition
law defined above, the set of K-valued points on E forms an abelian group with identity co and with the
inverse of any point P given by —P.



o We will give arguments for an elliptic curve of the form y? = 23 + Az + B, but the theorem holds in full
generality for any elliptic curve.

o Proof: The addition law is commutative, since the line used in computing P; + P, and P, + P; is the
same in each case.

o To see that oo is an identity, consider the sum P + oo. The line passing through P and oo is the
vertical line through P which also intersects E at the point —P. Then by the geometric definition,
P4+oco=—(—P)=P.

o To see that —P is an inverse of P, observe that the line passing through P and —P is a vertical line, so
the other point on it is co. The reflection of co is also oo, so P + (—P) = co.

o Associativity of the addition law is the only nontrivial result in this theorem. It can be done with a
tedious algebraic computation using explicit formulas for the addition law (see below).

o We give another argument using the following consequence of basic linear algebra: if Cy and Cs are two
distinct plane cubics intersecting in 9 points, then any other cubic D passing through 8 of them must be
a linear combination of C; and C5 hence also pass through the 9th point.

o To prove this we merely observe that the vector space of all equations of cubic curves is 10-dimensional
and each point imposes one linear condition, so the space of equations passing through 8 given points
is 2-dimensional by the nullity-rank theorem (this also requires checking that the linear conditions are
independent, which we omit). Since C7 and Cy are distinct their equations yield a basis for this space,
and so any other cubic D is a linear combination. In particular, then, since the 9th point satisfies the
equation for both C7 and Cj, it also satisfies the equation for any linear combination.

o So suppose Py, P», P3 are points on an elliptic curve E. Construct the following lines:
Ly through Py, P>, S Lo through —S, P;, T L3 through oo, U, —=U
M through oo, S,—S My through Py, P3, U  Ms through —U, P, T’

o Then —T = (P, + P,) + P; and =T’ = P, + (P> + P3), so we wish to show that T = T".

o Let C be the cubic L1 LoL3 and Cs be the cubic M7 MyMs (by which we mean, write down the cubic
equation (ax+by+c)(a'x+by+c)(a”z+b"y+c"”) = 0 obtained by multiplying together the corresponding
equations for the lines).

o Then C; and F both pass through the 9 points P, P, P3, S, =S, oo, U, —=U, and T. Since C5 also
passes through the first 8 of these points, it must also pass through the 9th, which is 7.

o But since Cy and E can only intersect in at most 9 points by Bézout’s theorem®, and these 9 points are
Py, Py, P3, S, =S, 00, U, —U, and T’, we must have T = T.

e For convenience in doing numerical computations, we will also write down the general formula for the group
law on any reduced Weierstrass curve:

e Proposition (Explicit Group Law): Let P; = (x1,y1) and P> = (z2,y2) be points on the elliptic curve
E:y?> =23+ Ax + B. Then P, + P, = (v3,y3) where x3 = m? — 21 — 25 and y3 = —m(x3 — x1) — y1, with
m= {(y2 —y1)/(w2 = 2) ?f s PQ. If m is infinite, then P, + P, = oo.

(322 + A)/(2y1) if Py =P,

o Observe in particular that the addition formula is rational, in the sense that the result is always a rational
function of the inputs. In particular, the sum of two points whose coordinates lie in a field K will also
lie in K.

Y2~

XTo — I '

o We therefore obtain the equation (mz—max1+y;)? = 23+ Ax+ B, which has the form 23 —m?22?+Cz+D =
0 for appropriate constants C' and D.

o Proof: If P, # P then the line joining P; and P, has equation y — y; = m(xz — 1) where m =

o The polynomial x® — m?z2 + Cx + D must factor as (z — z1)(z — z2)(z — 23), so upon multiplying out
we see that x1 + 2o + 23 = m?. This yields the stated value of x3, and then y3 = m(x3 —x1) +y; (where
we have multiplied by —1 to account for the vertical reflection).

1Bézout’s theorem states that two plane curves of degrees m and n not sharing a common component will intersect in mn points
over an algebraically closed field, counting multiplicities. Applied when m = n = 3, we see that two plane cubics intersect in 9 points
(over an algebraically closed field, counting multiplicities).



o If P, = P, then everything is the same, except instead m is the slope of the tangent line at P;. By
322+ A
implicit differentiation, we see that 2yy’ = 322 + A som = ;7—'_ here, as claimed.
Y1

e Example: If P; = (1,3) and P, = (0,2) on the elliptic curve y? = 2% + 4z + 4 over Z/5Z, find P, + P, and
P+ Py.

o We simply apply the appropriate formulas: adding Q1 = (x1,y1) to Q2 = (x2,y2) produces (z3, y3) where
(Y2 —y1)/ (w2 — 1) if Q1 # Q2

2
x3 =m? —x1 —x2 and y3 = —m(x3 — x1) — y1, and m = ] .
(3% + A)/(2y1) if Q1 =0Q
2-3
o With (z1,y1) = (1,3) and (22, y2) = (0,2) we obtain m = =1 1,s0x3 =0and y3 = —1(0—1)—3 = 3,
SO P1+P2: (0,3) .
3+4

o Likewise, with (z1,y1) = (22,y2) = (1,3) we obtain m = 2.8 = 2,s0x3 =2andys = —2(2—-1)—-3 =0,
SO P1+P1 = (2,0) .

e We will also remark that there are formulas for the addition law on a more general elliptic curve y? + a;zy +
asy = 3+ a2$2 + asx + ag.

o We use the same geometric construction as for an elliptic curve in reduced Weierstrass form 3% =
23 + Az + B, namely, by taking the additive inverse of a point P to be the other point on the (vertical)
line joining P to oo, and by taking the sum P; + P» to be the additive inverse of the other point on the
line joining P; and P> (which is the tangent line when P; = P,).

e (Tedious) Exercise: Suppose E is an elliptic curve with a Weierstrass equation y? + a1y + azy = 3 +
azx? + asx + ag with P = (x1,41) and P> = (22,y2) on E. Show that the additive inverse is given by

—P; = (20, —Yo — a1xo — a3), and the sum P; + P; is given by co when x; = x2 and y; = —y2 — a122 — a3 and
by (x3,y3) where 23 = m? + a;m — az — x1 — 22 and y3 = —(m + a;)x3 — b — az where y = mx + b is the line
joining P; and P, (or the tangent line when P; = P,), which explicitly has m = Y27 U1 4 _ Z2d1 T Tib

To — X1 ’ To — X1
3 2 2 _ 3 2 _
] + 2091 + a4 — a1y1 and b — Ty + agx1 + 206 — azyr when P, = P,
2y1 + a1x1 + as 2y1 + a171 + ag

when P; # P, and has m =

0.2 (Sep 11) The Group Structure of Elliptic Curves, Nagell-Lutz

e Now that we have established the group law, we can now (attempt to) compute the abelian group structure
of the set of points on a given elliptic curve over a field K.

e Definition: If F is an elliptic curve with coefficients lying in a field K, we define the set F(K), the K-rational points on F,
to be the set of points on F whose entries lie in K, along with the point oo.

o When K is finite, clearly E(K) must also be finite, in which case (in principle) we can simply list all of
the elements of E(K) and write down the group structure explicitly.

e Example: Find all of the points on the elliptic curve y? = 23 4 42 4 4 over F3 and identify the group structure
explicitly.

o By simply computing 2% + 42 + 4 for each x € F3 and testing which are squares we can see that there
are 4 points on E: (0,1), (0,2), (1,0), and oo.

o The group of points is therefore either cyclic and isomorphic to Z/4Z, or isomorphic to the Klein 4-group
(Z/)27Z) x (Z/27Z), but since (0,1) + (0,1) = (1,0) is not the identity, in fact the group must be cyclic
and generated by (0, 1).

e Exercise: Pick an elliptic curve in Weierstrass form (e.g., y? = 23 + 42 + 1) and after checking whether it is
nonsingular, find all of its points over F3, F5, F7, F11, and F;3, and identify the group structure explicitly in
each case.



e We have some additional notation useful when computing orders of elements:

e Definition: If P is a point on an elliptic curve F, we define the multiples of P as [n]JP = P+ P+ ---+ P
—_— —

n terms
for positive integers n, with [0]P = oo and [—n]P = —[n]P. The subgroup of F(K) generated by P is then
simply the set {[n]P : n € Z}, and as usual the order of P is the cardinality of this set.

o Trivially, oo is the only point of order 1 on FE.

o The first nontrivial case is to identify the points of order 2: these points satisfy P+ P = co. Geometrically,
this means that the tangent line to the graph of E at P passes through —oo = oo, meaning that the
tangent line at P is vertical. From the explicit formula 2yy’ = 322 + A we see that this is, in turn,
equivalent to saying that y = 0.

o Therefore, the points (x,%) of order 2 are those having y = 0. Since this requires #® + Az + B = 0, we
see that there are at most 3 such points.

o For points of order 3, we see that such points P satisfy P + P + P = oo so that P + P = —P, which
means that the third intersection point of the tangent line to E at P also goes through P. Equivalently,
this says that the point P is an inflection point of the curve.

e We can be more precise if we work with the subgroup of E(K) consisting of all m-torsion points together:

e Definition: The m-torsion subgroup of an elliptic curve E defined over K is the kernel of the multiplication-
by-m map (i.e., the points P € E(K) with [m]|P = co) and is denoted Ex[m)].

o Later, we will also be interested in the full group of m-torsion points on £ when we consider E as being
defined over the algebraic closure K: this full m-torsion group is denoted E[m)].

e Example: Find the points of order 2 on the elliptic curve E : y? = 23 + x over Q and over C, and identify
the group structure of the 2-torsion group F[2] over each field.

o From the discussion above, the 2-torsion points are the points with y = 0, which requires > +z = 0 so
that x =0 or x = +i.

o Over Q, there is therefore one 2-torsion point | (0,0) | Then the 2-torsion group Eg[2] is {c0, (0,0)} and
its group structure is isomorphic to Z/2Z.

o Over C we have three 2-torsion points: ’ (0,0), (¢,0), (—i,0) ‘ Then the 2-torsion group Eg[2] is {0, (0, 0), (7, 0), (—%, 0)]
Since all of the nontrivial elements in this group have order 2, the group structure is isomorphic to the
Klein 4-group Vi = (Z/27Z) x (Z/27Z).

e For points of higher order, it is more difficult to give nice geometric or algebraic descriptions of E[m] directly
from the definition.

o As we will show later using complex lattices, for any elliptic curve defined over (a subfield of) C, the
m-torsion subgroup E[m] is always isomorphic to (Z/mZ) x (Z/mZ), and the same is true more generally
in any field of characteristic zero.

e The following theorem of Nagell and Lutz provides a convenient way to calculate the torsion points on any
elliptic curve over Q:

e Theorem (Nagell-Lutz): Suppose E is an elliptic curve over Q with Weierstrass equation y? = 23 + Az + B
where A and B are integers, and let D = —4A3 — 27B? be the reduced discriminant of E. If P = (z,y) is a
rational point of finite order, then = and y are integers. Furthermore, either y = 0 or y? divides D.

o Exercise: Show that by making an appropriate change of variables, any rational Weierstrass form can be
converted into one with A, B integers. Illustrate by finding a Weierstrass form with integer coefficients
2 _ .3, 3 2
fory* ="+ 52+ ¢.
o We emphasize here that the Nagell-Lutz theorem is not an if-and-only-if: there can exist points (z,y)
with y dividing D that do not have finite order.

o To prove the theorem we will assemble a few preliminary lemmas.



e Lemma 1: Let P = (x,y) be a point on an elliptic curve E over Q such that P and [2]P both have integral
coordinates. Then either y = 0 or y? divides the reduced discriminant of E.

o Proof: If [2]P = oo then from our discussion of 2-torsion points we see that y = 0.

o Otherwise assume [2]P # oo. If E has Weierstrass equation y? = 23+ Az + B, then by the explicit group
(3z% + A)?

law formula the z-coordinate of [2]P is e
Y

— 2z. Since this quantity is an integer by hypothesis,
we must have y|(3z2 + A).

o Now we invoke the identity D = 27(z% + Az — B)(2® + Az + B) — (322 4 4A4)(32% + A)?, which can
be derived by applying the Euclidean algorithm in Z[z] to 2% + Az + B and the square of its derivative
(3z% + A)%

o Since y? divides both 23 + Az + B = y? and (322 + A)?, it divides A, as claimed.
e We now record some facts about the coordinates of [m]P:

e (Tedious) Exercise: Let E be an elliptic curve and P = (z,y) be a point on E. Define the polynomials ¢ = 0,
01 =1, o3 =2y, o3 = 3x* + 642> + 12Bx — A?, p, = 4y(a® + 5A2* + 20Bx3 — 5A%2? — 4ABx — 8B? — A3),

and in general Yo,41 = Yni2 - @ — Pn-1Pnt1 and po, = % (Pnt2¥i_1 — Pu—29ryq) for n > 2.

1. With y? = 23 + Ax + B, show that ¢,, can be written as a polynomial in Z[z, A, B] when n is odd and
can be written as y times a polynomial in Z[z, A, B] when n is even.

2. Show that ¢2 is a polynomial of degree n? — 1 in x with leading coefficient n? while 292 — v, 10,11 is
a polynomial of degree n? in x with leading coefficient 1.

TP2 — Pr_1Pnt1 and

_ 2P 1 — <Pn728031+1
5 = .
Pn

4yp3

3. Show that the coordinates of [n]P are (zy,, y,,) where z,, = Yn

e Lemma 2: If F is an elliptic curve over Q and P is a point on E such that [m]P has integral coordinates for
some m > 1, then P itself has integral coordinates.

o Proof: Suppose that P = (s/t,y) where s and ¢ are relatively prime and ¢ > 0. By the exercise above,
T, is the quotient of a monic polynomial of degree n? in 2 by a polynomial of degree at most n? — 1 in
x.

o This means that the value of the numerator polynomial x¢? — ¢, 19,1 is of the form a/t"2 with a,t
relatively prime, while the denominator polynomial is of the form b/ t"°=1 for some b. But then z,, is of
the form a/(tb) which cannot be an integer unless ¢ = 1. Then the z-coordinate of P is integral, so then
since y? = 23 + Az + B is an integer and y is rational, y is also integral, as required.

e Lemma 3: If P = (z,y) has rational coordinates on E : y? = 23+ Az + B, then (z,y) = (¢/d?, s/d?) for some
positive integer d and some integers p, r relatively prime to d.

o Proof: Letting z = ¢/r and y = s/t in lowest terms with r,¢ > 0 and clearing denominators in y? =
23 + Ax + B yields s?r3 = t2(¢® + Ar’p + Br3).

o Then r is relatively prime to ¢* + Ar?p+ Br? hence r3 divides 2, and likewise ¢ is relatively prime to s?
hence t? divides r3. Thus t? = 12 so letting d = t/r we see r = d* and t = d?, as required.

e We can now assemble the results for a proof of Nagell-Lutz:

o Proof (of Nagell-Lutz): Suppose P = (z,y) is a torsion point on E. We first show that P has integer
coordinates.

o Let p be a prime divisor of m and consider ) = [m/p]P, which is a torsion point of order p. By Lemma
2 it suffices to show that @ = (2, yg) has integer coordinates, since this would imply that P itself has
integer coordinates.

o If p = 2 then [2]Q = oo which requires yo = 0 so that z{, + Azg + B = 0 so that z¢ is integral by
the rational root test; then yg is also necessarily integral since it is rational and its square is the integer
x% + Azq + B.



o

Otherwise suppose p is odd. Since [p]Q = oo, the denominator term ¢, of the z-coordinate must vanish
when evaluated at xg. But for fixed integers A and B and odd p, ¢, is a polynomial in = with integer
coefficients of degree (p? — 1)/2 and leading coefficient p.

By Lemma 3, in lowest terms we have zg = g/d? for some integer d, so since @,(z) = pz® ~1D/2 4
O(zP*=3)/2) we see that d” Lo, (q/d?) = p-q#° = + d2 - k for an integer k. Since this quantity must
be zero and p is prime, this requires d” to divide p, and hence d = 1. This means z¢, is an integer, hence
so is yg by the argument used above. Thus @ is integral and hence P is integral by Lemma 2.

By repeating the same argument for [2]P we see that [2]P is also integral. Then, finally, by Lemma 1,
we conclude that either y = 0 or y? divides the reduced discriminant of E, as desired.

0.3 (Sep 14) More Curves over Q, Mordell’s Theorem

e The result of the Nagell-Lutz theorem gives us a very effective way to compute all of the torsion points on
E: simply find all possible (x,y) on E where y = 0 or y? divides D, and then test whether these points have
finite order.

o

o

A priori, a rational point P could potentially have very large order, but since the torsion points form a
subgroup and we have just listed all of the possible elements of this group, we have an upper bound on
the possible order of the group and hence on the possible order of P.

More efficiently, to test whether P has finite order, we could simply compute the list { P, [2] P, [3] P, [4] P, ... },
or even just {P,[2]P, [4]P, [8]P,...}: if any of the multiples of P fail to land on our list, then P cannot
have finite order; otherwise, the multiples of P must necessarily repeat since our list is finite, in which
case P (and all of its multiples) does have finite order.

e Example: Find the rational torsion points on the elliptic curve E : y? = 2% — 42 + 3 and identify their group
structure.

Here, we have A = —4 and B = 3, so the discriminant is D = —4A43 — 2782 = 13.

Since D is squarefree, the only possible y-coordinates are 0 and +1.

Testing y = 0 (so that 2% — 4z + 3 = 0) yields a single rational solution = = 1, giving a 2-torsion point
(1,0).

Testing y = +1 (so that 2® — 42 + 3 = £1) yields no rational solutions in either case, as the resulting
cubic is irreducible.

Therefore, we see that there are two rational torsion points on E: | (1,0) and oo | The torsion group has

order 2 and is isomorphic to Z/2Z.

e Example: Find the rational torsion points on the elliptic curve E : y? = 23 — 3512 + 1890 and identify their
group structure.

(¢]

o

e}

Here, we have A = —351 and B = 1890, so the discriminant is D = —44% — 27B? = 24314,

Then the possible y-coordinates are 0 and 4223 for a € {0,1,2} and b € {0,1,2,3,4,5,6,7}.

If y = 0 then we obtain three 2-torsion points, namely (—21,0), (6,0), (15,0).

For the other 24 possible values of y, some computation yields four additional candidate points: (—3, +54)

and (33,+162).

With P = (33,162) we can compute [2]P = (15,0), [3]P = (33,—162), and [4]P = oo, so this point has

order 4.

Likewise, with @ = (—3,54) we can compute [2]Q = (15,0), [3]Q = (—3,—54), and [4]Q = oo, so this

point also has order 4.

Thus, there are eight rational torsion points on E: ’ (—3,+54), (33,£162), (—21,0), (6,0), (15,0), and oo ‘

The torsion group has order 8 and is isomorphic to (Z/4Z) x (Z/2Z), where we can take (a,b) mapping
o [a] P + [b](Q — P).

10



e We can also use the Nagell-Lutz theorem to establish that a given point has infinite order on E.

o Most obviously, if a rational point does not have integral coordinates, then it is not a torsion point. Even
if its coordinates are integral, if its y-coordinate is nonzero and its square does not divide D, then the
point cannot be a torsion point.

o Furthermore, even if all of these conditions are satisfied, if we compute [2]P, [3]P,[4]P,... and any of
these points have non-integral coordinates or have a nonzero y-coordinate with y2 not dividing D, then
P must have infinite order.

e Example: Show that the elliptic curve E : y? = 2% + 2 has infinitely many rational points.

o Testing small values of x reveals two integral points: (z,y) = (=1, £1).

o If we take P = (—1, —1), then P could be a torsion point, since its y-coordinate —1 has its square dividing
the discriminant D = —108.

o However, we can calculate [2]P = (17/4,71/8), and so since [2]P does not have integral coordinates, it
is not a torsion point, and thus neither is P.

o This means that P has infinite order, which is to say, all of the points P, [2]P,[3]P, [4]P,... are distinct.
Since these all have rational coordinates, we see that F has infinitely many rational points.

o Indeed (though this is much harder to prove) the group of rational points on E is generated by P.

e It follows from the Nagell-Lutz theorem that the group of rational torsion points on an elliptic curve is always
finite, since there are only finitely many points with y = 0 or %2 dividing D.

o Although it may seem that the group could potentially be arbitrarily large, in fact, it cannot have order
greater than 16.

o The following quite deep theorem of Mazur establishes that there is a fairly small list of possible torsion
groups:

e Theorem (Mazur): If E is an elliptic curve, then the number of rational torsion points can be any integer
from 1 to 12 inclusive, excluding 11, or 16. More explicitly, there are 15 possible group structures for the
rational torsion points: the trivial group (order 1), Z/27Z (order 2), Z/3Z (order 3), (Z/2Z) x (Z/27Z) or Z/4Z
(order 4), Z/5Z (order 5), Z/6Z (order 6), Z/7Z (order 7), (Z/2Z) x (Z/4AZ) or Z/8Z (order 8), Z/97Z (order
9), Z/10Z (order 10), (Z/27Z) x (Z/6Z) or Z/12Z (order 12), or (Z/27) x (Z/8Z) (order 16).

o The proof of this theorem involves quite advanced methods: the idea is to study the points on various
modular curves and use a (tremendous!) amount of case analysis to eliminate all of the other possible
torsion orders and other possible group structures.

o There also exist infinite families of elliptic curves having each of the groups listed as its torsion group.

e Over finite fields, all points are torsion points since E(K) is finite, so the question of computing E(K)
reduces to that of computing the the torsion points. Over infinite fields, however, E(K) can have many
linearly independent points of infinite order, which makes the group structure quite a lot more challenging to
determine.

o Indeed, even over K = Q, it can often be quite computationally intensive to compute generators and
relations for E(Q), let alone over larger fields K.

o Modern software packages such as Sage have functionality to compute generators for F(K) when K is a
number field.

o We do not have the tools currently to prove many of these results, but we will give some examples for
illustration.

e Example: Consider the elliptic curve E : y? = 23 4+ 42 + 1 over Q.

o Quite obviously, P = (0,1) is a rational point on E.

o We can then compute [2]P = (4, —-9), [3]P = (9/4,37/8), [4]P = (28/81,—1135/729), [5] P = (2664/49, 137593/343),
and so forth.
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o Computing larger multiples of P will yield increasingly complicated rational points on E. Indeed, P has
infinite order since [3]P has non-integral coordinates, and so these integer multiples of P yield infinitely
many distinct rational points on FE.

o In fact, P is actually a generator for the group E(Q), although this is quite a lot harder to prove. As a
consequence, the group F(Q) is isomorphic to Z.

e Example: Consider the elliptic curve E : y? = 23 — 2023z over Q.

o Quite obviously, P = (0,0) is a rational point on E. Here, however, since [2]P = co, we see that P is a
torsion point.

o Searching for other small rational points will reveal none, but in fact there are infinitely many points on
E as well.

o Asone may verify with a computer, the point Q) = (84676804/180625, —775601419158/76765625) also lies
on F, and it necessarily has infinite order since its coordinates are non-integral. Indeed, even just evaluat-
ing [2]Q is messy by itself: it is [2]Q = (52362044844804161854348549441681/434625338111430357812426490000, —351

o In fact, P and @) generate the group of rational points, so since they are necessarily linearly independent,
the group of rational points on F is isomorphic to Z X (Z/27Z).

e Example: Consider the elliptic curve E : y? = 2% — 432 + 166 over Q.

o Searching for small integer points will eventually reveal that P = (3,8) lies on E.

o Computing multiples of P yields [2]P = (=5, —16), [3]P = (11,—32), and [4]P = (11,32) = —[3]P: thus
P must have order 7.

o In fact, the multiples of P turn out to be the only rational points on E, meaning that F(Q) is isomorphic
to Z/TZ.

e Example: Consider the elliptic curve E : y? = 23 — 2z over Q(i).

o Clearly, P = (0,0) has order 2, while the points @ = (i —1,—2) and R = (—1, 1) both have infinite order:
for R this follows from Nagell-Lutz since [2]R = (9/4, —21/8), but it is more work to show the result for
@ since its entries are not rational (one approach is to show that the powers of 2 in the denominators of
[2"]Q grow as n grows).

o In fact the points @ and R are linearly independent, although this is even more work to show (since for
example there is no reason a priori that there couldn’t exist a relation like [7]Q + [8]P = o).

o But since @ and R actually are linearly independent, each of the points [a]@Q + [b] R for integers a, b are

distinct. As an example, we have [2]Q + R = (13184 =4624709%)

o With even more effort, one may show that P, @), and R generate E(Q(¢)), which is isomorphic to
ZxZx(Z/27).

e In all of the examples above, the group E(K) was finitely generated. In fact, the group E(K) is always finitely
generated whenever K is a number field?, as shown for K = Q by Mordell and then extended to all number
fields K by Weil:

e Theorem (Mordell-Weil): If K is a number field and E is an elliptic curve defined over K, then the group
E(K) is finitely generated.

o We will not prove this theorem now since it requires substantially more number-theoretic background;
even proving Mordell’s theorem for the case K = Q, which we will do below, is not at all trivial.

o By the structure theorem for finitely generated abelian groups, this says E(Q) & Z" @ Er1,,(Q) where
E1o:(Q) is the set of Q-torsion points of E (i.e., the set of Q-rational points of E having finite order),
which is a finite abelian group and thus is a direct sum of cyclic groups.

2Recall that a number field is a finite-degree field extension of Q, meaning that K is finite-dimensional when considered as a vector
space over Q. Number fields can all be written as K = Q(«) for some algebraic number «a (i.e., a root of a nonzero polynomial with
rational coefficients).
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o For any given elliptic curve E, the torsion subgroup Er,,(Q) can be computed using Nagell-Lutz as we
discussed above.

o The quantity r is called the rank of the elliptic curve, and is equal to the number of linearly-independent
points one may construct on E. The rank is much more difficult to compute, and there is no known
direct algorithm that is guaranteed to compute it (though in practice the rank of most curves can be
computed).

o It is not currently known whether elliptic curves over Q can have an arbitrarily large rank, and the
historical consensus has switched back and forth between thinking ranks can be arbitrarily large and
thinking that ranks are uniformly bounded above. Elkies has given a construction for an elliptic curve
that has rank at least 28 (and it is expected this curve has rank exactly 28)3. It has been shown by
Bhargava and Shankar in 2015 that the average rank (suitably defined) of an elliptic curve is at most
7/6: the actual average is expected to be 1/2 (with 50% of elliptic curves having rank 0 and 50% having
rank 1, asymptotically).

e Here is the structure of the proof of Mordell’s theorem (and its generalization by Weil):

o First, one proves the so-called “weak Mordell-Weil theorem” that for any positive integer m and any
number field K, the group F(K)/mE(K) is finitely generated.

o Of course, the weak Mordell-Weil theorem does not imply the full Mordell-Weil theorem directly, because
there are many non-finitely-generated groups G such that G/mG is finitely generated (for example, Q
and R both have G/mG = 0 for all m).

o The difficulty is that knowing G/m(G is finitely generated does not imply G is finitely generated, because
G could contain many elements that are divisible by m.

o The task then is to eliminate this possibility, which can be done using the theory of heights: one defines
a “height function”, measuring roughly the complexity of a point on the curve, and then shows that the
height of large multiples of a point tends to be larger than the height of the original point.

o One such height function on points (z,y) = (pz/¢z,Py/qy) over Q is max(log p,,loggq,): essentially, the
maximum number of digits appearing in the numerator or denominator of the z-coordinate.

o Next, one shows that there are a bounded number of points in E(K) of height less than any fixed bound:
thus, any point that is a multiple of m has to be “large” for large m.

o By fine-tuning the details of this argument, we can deduce that a finite number of generators will suffice
to generate the group E(K): the idea is to show that for any point P on E, we may subtract appropriate
multiples of the coset representatives of the finite group F(K)/mE(K) to obtain a new point whose
height is bounded independently of P. Since there are then only finitely many such points, adding them
to our list will yield a finite generating set for E(K).

o A structurally similar argument works over arbitrary number fields K, but the details are more compli-
cated.

e Before going into the details of Mordell’s theorem for K = Q we make some additional remarks.

o The proof of weak Mordell(-Weil) is not effective, meaning that it does not yield an actual algorithm
guaranteed to compute generators for F(K)/mE(K), even for specific values of m (typically one uses
m = 2).

o Various practical computational methods (e.g., those implemented in Sage) have been developed that
can provably compute generators for E(K), but they are not always guaranteed to terminate.

o In order to obtain Mordell(-Weil) it is only necessary to prove the finiteness of E(K)/mE(K) for a single
value of m, typically m = 2, which we will do in our argument.

e Theorem (Weak Mordell’s Theorem): If E is any elliptic curve defined over Q, the group E(Q)/2E(Q) is
finite.

3The equation of Elkies’ curve is 22 + zy +y = z® — 22 — 20067762415575526585033208209338542750930230312178956502x +
34481611795030556467032985690390720374855944359319180361266008296291939448732243429
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Before proceeding with the actual argument, we outline the idea. What we will show is that there exists
a homomorphism ¢ : E(Q) with kernel 2FE(Q) to a finite direct sum of groups of the form (K*)/(K*)?
where K is a number field. We then show the image of E(Q) inside each component is finite, which by
the first isomorphism theorem implies that E(Q)/2FE(Q) is finite.

To motivate the existence of this homomorphism, suppose that E has a rational 2-torsion point. By
translation we may move this point to the origin, in which case E has a Weierstrass equation y? =
3 + Cz? + Dz.

If P, @, and R are three collinear points on F none of which equals co, then these three points lie on
some line y = mx+b. Hence the z-coordinates of P, @, and —(P + Q) are the three roots of the equation
(mx + b)? = 2% + C2? + Dux, or equivalently z3 + (C' — m?)z? + (D — 2mb)z — b?, so by the usual root
formulas, the product of these three roots is b: the square of a rational number.

Therefore, except at the 2-torsion points, the z-coordinate function z : E(Q) — Q* satisfies the relation
z(P)z(Q)x(—P — Q) € (Q*)*.

Since the z-coordinate of —P — @ is the same as that of P + @), and all of the quantities are rational
numbers, this observation equivalently says that z(P)xz(Q) differs by a square factor from z(P + @),

which is a convoluted way of saying that when we descend instead to the group (Q*)/(Q*)?, the images
of z(P)x(Q) and z(P + Q) are equal.

In other words, the image of the z-coordinate map satisfies the group homomorphism property, as a map
from E(Q) to (Q*)/(Q")*.

This does not give a complete description of the map, because we must still handle the situation of co
(which we clearly map to the identity) and the origin (0,0), which we map to the value of the derivative
of the cubic 23 4+ Cx? + Dz at that point: namely, D. One may then check that these conditions preserve
the homomorphism property.

Now, 2E(Q) is certainly contained in the kernel of this homomorphism, since z(2P) = z(P + P) =
z(P)? = 1 inside (Q*)/(Q*)? by the homomorphism property, since x(P)? is a square. However, the
kernel will usually be much larger than 2E(Q).

In order to deal with this, we need to exploit the other points of order 2: that requires us to work with
order-2 points located other places than the origin, and these points may not even lie in E(Q). In general,
if (o, B8) has order 2, we instead want to work with the modified map x*(P) = 2(P) — « having image in
(K*)/(K*)?, where K = Q(«), and we take the homomorphism to be the image of P under all three of
these maps at once.

A convenient way to package these calculations is instead to consider the polynomial quotient ring
Q[z]/(x® + Az + B), which automatically keeps track of the z-coordinates of the points of order 2, so we
will start with this approach.

e Step 1 (Construction of (): Suppose E has a Weierstrass equation y? = 23 + Ax + B with A, B integers and
let f(z) = 2% + Az + B.

o

[¢]

Consider the polynomial quotient ring R = Q[z]/(f(z)), which is a Q-algebra of dimension 3.

By the Chinese remainder theorem, if the factorization of f(x) over Q is a product of 3 linear factors
then R Q@ Qa Q, if f(z) is a product of a linear and quadratic term then R = Q @ K where K/Q is
a field extension of degree 2 (generated by a root of the quadratic), and if f(x) is irreducible then R = L
where L/Q is a field extension of degree 3 (generated by any root of f).

Let U be the group of units of the ring R, which are the residue classes in R represented by the polynomials
relatively prime to 2® + Az + B in Q[z].

We now construct a group homomorphism ¢ : E(Q) — U/U? with kernel 2E(Q). Clearly we must take
©(00) to be the identity element of U/U? if this map is to be a homomorphism.

Next suppose P = («, 8) is a rational point on E with y # 0. Then the polynomial 2 — « is relatively
prime to z3 + Az + B (as « is not a root of this polynomial because y # 0), so the residue class of r — «
lies in U. We define ¢(P) to be the residue class a —z + U? € U/U>.

It remains to define ¢ on the points (a, 0) of order 2. Since x — « divides ® + Ax + B, we may write
23 + Az + B = (x — a)g(z) for a quadratic g(z); then because « is rational and x® + Az + B has no
repeated roots, by the Chinese remainder theorem we have Q[z]/(f(z)) = Q[z]/(z — ) ® Q[z]/(g(z)).
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Since the first factor Q[z]/(z — «) is isomorphic to Q (by the evaluation map x — «), the element
(f'(e)mod z — a,a — xmod g(x)) corresponds to a unique unit in U/U?.

e Step 2: The map ¢ is a homomorphism.

o

Proof: First, because the definition of ¢ is independent of the y-coordinate of a point P, we have
@(P) = ¢(—P) for all P.

It then suffices to show that if P,Q, R are collinear on E, then p(P)p(Q)eo(R) = 1 in U/U?: this will
imply that o(P 4+ Q)p(P)p(Q) = ¢(P + Q)p(—P)e(—Q) = 1, and since the square of every element in
U/U? is 1, this would imply the homomorphism condition ¢(P + Q) = ¢(P)p(Q).

Now suppose that P,Q, R are distinct and not 2-torsion. If ) = —P then R = oo in which case
P(P)p(Q)p(R) = ¢(P)? =1in U/U>.

Otherwise, the three points lie on a line y = ma + b in which the three z-coordinates zp,zg,zr of
P,Q, R are the roots of 23 + Az + B — (mz +b)? = (x —2p)(z —xp)(z — xg): then p(P)p(Q)¢(R) is the
residue class Tp —x-7g — - Tr — ¢ = (mx + b)? = (mx + b)? = 1 because this element is the square of
a residue class in U/U2.

If one of the points has order 2 (say P) but the others do not, we again check that the image of the
product is a square in the various components of Q[x]/(f(z)). For example, if P has order 2 but @, R do
not, then the same argument as above works in the factor Q[z]/(g(z)), while in the factor Q[z]/(x — zp)
we have f/(a) = (zp — zg)(xp — zRr) so the product ¢(P)p(Q)e(R) = f'(«)? in the first component.
Thus since the product is a square in both components, by the Chinese remainder theorem it is a square
in U/U? hence equals 1.

Finally, if all of the points have order 2, a similar argument works to show that the resulting product is
a square in each of the three resulting components of Q[z]/(f(z)) = Q[z]/(z — zp) ® Q[z]/(x — zg) &
Qle]/(z — ).

e Step 3: The kernel of ¢ is 2E(Q).

o

Proof: First observe that for any P € E(Q), we have ¢(2P) = ¢(P)? = 1 since squares in U/U? are 1.
Therefore 2E(Q) is contained in ker(y).

For the other containment suppose (P) =1 for P = (a, 8). Then ¢(P) is the residue class of & — z in
U/U?, meaning that o — x is a unit and a square in Q[z]/(z® + Az + B).

Suppose a —z = (clx2 +02x+03)2 modulo z3 + Az + B for some c1, ¢2, c3 € Q. Note ¢; must be nonzero
(otherwise the congruence would have a linear polynomial congruent to one of degree 0 or 2).

One may check that (—c12 + ¢2)(c122 + cox + ¢3) = dz + € modulo 2 + Az + B for d = Ac? + 3 — cic3
and e = Bc? + cacz. Thus the polynomial (—c1x + ¢2)? — (a — z)(dx + €)? is zero modulo 23 + Ax + B:
but since this polynomial is a monic cubic, it must equal 23 + Azx + B.

Therefore, 2® + Az + B = (—c12 + ¢2)? — (o — z)(dx + €)?. Geometrically, this means that the line
y = —c1x + ¢y intersects y? = 23 + Az + B at one point with 2-coordinate a (namely, at P or at —P)
and a double intersection at some other point (). This means =P = 2@, and in either case P € 2E(Q),
as desired.

e Step 4: Proof of the weak Mordell theorem.

o

Using the homomorphism ¢ we can now finish the proof: by the first isomorphism theorem, E(Q)/2E(Q)
is isomorphic to the image of ¢ inside U/2U, the group of units modulo squares inside R.

By the exercise, since R is a direct sum of number fields, the group U/2U is a direct sum of groups of
the form (K*)/(K*)? where K is a number field. It therefore suffices to show that the projection of the
image of ¢ inside each of these groups (K*)/(K*)? is finite, for then the image of ¢ itself is finite.

We will show the result in the situation where E has rational 2-torsion (i.e., when the roots of f(z) are
all rational), in which case U/2U is the direct sum of three copies of (Q*)/(Q*)%.

Suppose we are considering the component associated to a 2-torsion point P. By translating P to the
origin, we may equivalently work with F having a Weierstrass form y? = 23 + C2? + Dz, where (as we
showed above during the motivation for the argument) the desired map is simply the z-coordinate map

z(a, B) = a.
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o We claim that the image of (Q*)/(Q*)? lies inside the subgroup generated by —1 and the prime divisors of
D. To see this, suppose Q = (q/d?,r/d?) is a rational point on E (recall that we showed all rational points
have this form in our proof of Nagell-Lutz; the proof works equally well for arbitrary Weierstrass forms).
By rescaling d, we may also assume that ¢ is squarefree, in which case ¢ = ¢(Q) inside (Q*)/(Q*)2.

o By clearing denominators we see that 1> = ¢* + Cq¢?d + Dgd®. Let p be a prime dividing ¢ (which
necessarily does not divide d): then p divides the right-hand side, so p divides 72 and hence it divides r.
But then Dqd? = r? — ¢® — Cq¢?d is divisible by p?, and since q is squarefree, it is not divisible by p?, and
d? is also not divisible by p, so D must be divisible by p.

o Therefore, all prime divisors of ¢(Q) divide D, and so ¢(Q) lies inside the finite subgroup of (Q*)/(Q*)?
generated by —1 and the prime divisors of D. Since this holds for all @, we see that the image of ¢ lies
inside this finite subgroup, so it is finite.

o In the other cases, where some of the 2-torsion points of E' do not lie in Q, one may adapt this argument
inside (K*)/(K*)? to see that there are only finitely many possible values for ¢(Q) when it is a principal
ideal. Then because the ideal class group of K is finite, one can extend this argument to show that there
are only finitely many possible values for ¢(Q) in general. (We omit the details since they require some
nontrivial calculations with ideal classes.)

e Now that we have finished the weak Mordell’s theorem, we can use the result to prove the full version. To do
this we will use the following descent theorem:

e Theorem (Descent Theorem): Suppose that G is an abelian group with a “height function” h : G — [0, 00) such
that (i) for all nonnegative M, the number of elements g € G with h(g) < M is finite, (ii) for all go € G there
is a constant ¢, with h(g+go) < 2h(g)+¢q4 for all g € G, (iii) there is a constant d such that h(2g) > 4h(g) —d
for all g € G, and (iv) G/2G is finite. Then G is finitely generated.

o Proof: Let S be a set of coset representatives for G/2G and let Py € G. Then Py lies in one of these
cosets, say the coset represented by @Qg, meaning that Py — Qo € 2G. This means Py — Qg = 2P; for
some P, € GG.

o In the same way, P; lies in some coset, say represented by @1, so that P — Q1 = 2P; for some P, € G.
By iterating this procedure we obtain a sequence of coset representatives Qg, @1, Q2,... and elements
Pl,PQ,Pg,... such that Pz _Qi = 2Pi+1 for each i > 0.

o By substituting these equations into one another, we see that P = Qo +2Q1 +4Q2+- - -+2"Q,+2" ' P,
for each n > 0.

o Now, by (ii) applied with gy = —Q; we have h(g — Q;) < 2h(g) + ¢; for some ¢; and all g € G.

o Since there are only finitely many possible @Q; (namely, the elements in the set S of coset representatives),
letting ¢ be the maximum of the corresponding ¢; shows that h(g — Q;) < 2h(g) + ¢ for all g € G and all
1> 0.

o Then by (111) applied with g = Py we have 4h(Pl+1) < h(zPZ’+1) +d= h(PZ — Qz) +d < Qh(Pl) +c+d
where the last step follows from what we just did above.

o In particular, when h(P;) > ¢+ d, we have h(P;y1) < Z(c +d) < %h(Pl) In other words, if the height
of P; is large enough, then the height of P, necessarily decreases exponentially.

o We therefore see that there must exist some n with h(P,41) < ¢+ d. Let T be the set of g with
h(g) < ¢+ d, which is finite by (i).

o Then P = Qo +2Q1 +4Qo+---+2"Q, +2""1 P, is a linear combination of the @Q; (which all lie in S)
and P, 41 (which lies in T). Since this holds for any point P, we deduce that S U T generates G: since
S and T are both finite, this means G is finitely generated.

e It remains to show that there exists a height function h on the elliptic curve E that satisfies all of the hypotheses
of the descent theorem. The final step is to prove that the height function h(q/r, s/t) = log max(|q|, |r|) satisfies
all of the requirements.

o For (i), clearly there are only finitely many rational numbers with height < M, since the numerator and
denominator must both be at most e in absolute value.
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e}

For (ii), suppose P = (q/d?,r/d?) with d relatively prime to ¢, and E has a Weierstrass form 3> =
23 + Az + B. If P has height h, then |¢| < h and d? < h, and also r? = |q3 + Aqd® + Bd3| < Ch? where
C =1+ |A| + |B| is a fixed constant.

Then from the addition formula, if Py = (z,y), the z-coordinate of P+ Py is ( il )2 —x¢—2, which can
r — X
2
eventually be simplified to the form Ly Cad” tCsT ¥ ey for some integers ¢y, ..., c7. Setting z = q/d>

csx? 4 cgx + 7
and y = r/d® then yields an expression for the z-coordinate that is a ratio of two integers. Applying the
triangle inequality and the bounds above to the numerator and denominator then yield an inequality of
the desired form.

For (iii), we must estimate the height of 2P in terms of the height of P. If P = (z,y) then the x-coordinate
2 2 4 _ 2 _ 2
of 2P is 3z + A) oy ® 2Az* — 8Bz + A
4(x3 + Az + B) 4(2® 4+ Az + B)
The desired height estimate then follows from the following general fact about rational functions given
by quotients of relatively prime polynomials: if f(z) and g(z) are relatively prime polynomials in Z[z]

with d = max(deg f, deg g), then there exist a constant C' such that ‘h(f(‘”)) —dh(x)| < C for all z.

g(z)
Showing this estimate is quite nontrivial, and we will omit the details. Intuitively, however, the idea
is to show that there can only be a bounded amount of factor cancellation between f(x) and g(z) for

each rational z, and so since f(z) and g(z) are relatively prime, the height of f((x; up to some bounded
g(z
d
amount is the same as the height of %&:)’ which is just h(z?) = dh(x).

Finally, (iv) is the weak Mordell’s theorem, which we proved above.

e Putting all of these facts together, at last, completes the proof of Mordell’s theorem that E(Q) is finitely
generated.

0.4 (Sep 18) Affine Space, Affine Algebraic Sets

e The explicit calculations resulting in the group law that we worked out during the last few lectures have
a rather ad hoc feel to them. Our goal now is to give a more coherent approach to the group law on an
elliptic curve, in a way that will make more clear that the existence of the group law is not just some mere
computational accident, but rather something that is forced to exist by the structural properties of the curve.

(¢]

To do this we will review some basic facts about the algebraic geometry of plane curves.

e Definition: For a field k, we define affine n-space A" (k) = {(z1,x2,...,2,») : x; € k} to be the set of n-tuples
of elements of k. The elements of A™(k) are called points.

o

o

(e}

(¢]

Definition: For f € k[z1,...,z,], we define the vanishing locus of f to be V(f) ={P € A"(k) : f(P)
0}, the set of points P € A" (k) where f vanishes. We extend this definition to subsets T C k[z1,...,x
by setting V(T') = NyerV(f) ={P € A"(k) : f(P)=0forall f € T}.

Exercise: Draw V(z), V(22), V(y — z), V(y — 2?), V(zy), V(z,y), and V(y* — 2° — z) in A%(R).
Definition: For a subset S C A™(k), we define the ideal of functions vanishing on S to be I(S) = {f €
Elzi,...,xn] : f(P)=0for all P € S}. It is easy to see that I(S) is an ideal of k[z1,...,z,] for any set
S.

Exercise: Identify I(S) in R[z,y] for S = {(t,0) : t € R}, {(t3,¢) : t € R}, {(1,1)}, {(0,0),(1,1)},
{(cost,sint) : t € R}, and {(¢,sint) : t € R}.

)

e We have various properties of the maps V and I:

1.

If I is the ideal generated by T C k[z1,...,2,], then V(T) = V(I). Thus, we need only consider the
behavior of V' on ideals, meaning that we will only consider I and V as maps I : [sets] — [ideals] and
V : [ideals] — [sets].
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2. V(0)=A"(k), V(1) =0, and V(x1 —a1,...,2n — apn) = {(a1,...,an)}.

3. I(0) = k[x1,...,xp], I(A™) = 0 when k is infinite, and I({(a1,...,an)}) = (z1 —a1,..., @ — an).

4. V(U L) =V (L) and V(IJ) =V () UV (J).

5. For ideals I and J, if I C J then V(I) D V(J), and for sets X and Y, if X C Y then I(X) D I(Y).
(Thus, both I and V are inclusion-reversing.)

6. For any subset S of k[z1,...,z,], S CI(V(S)) and V(S) = V(I(V(S))).

7. For any subset X of A"(k), X C V(I(X)) and I(X) = I(V(I(X))). Furthermore, I(X) is a radical®
ideal.

o Proofs: Exercises.

e Definition: For a field &, an affine algebraic set in A" (k) is a subset of A”(k) of the form V(I) for some ideal
I.

o Examples: Single points {(a1,...,a,)} = V(21 — a1,...,2, — a,) are affine algebraic sets by (2) above.
The sets {(t,0) :t € k} = V(y) and {(t?,t3) : t € k} = V(y? — 2®) are affine algebraic sets.

o By (4), we see that affine algebraic sets are closed under finite unions and arbitrary intersections, and
(3) shows that A™ and () are affine algebraic sets.

o Thus, if we consider affine algebraic sets to be closed (with the open sets therefore being their comple-
ments), we obtain a topology on A™(k). This topology is known as the Zariski topology.

o By Hilbert’s basis theorem, every ideal of k[z1,...,x,] is finitely generated, so by (4) above, we see
that every affine algebraic set is of the form V' (f1) NV (f2) N---NV(f;) for some polynomials f1,..., f;.
(Equivalently, the complements of the sets V(f;) form a base for the Zariski topology.)

o It is natural to seek “minimal” elements under the Zariski topology.
e Definition: An affine algebraic set V' is reducible if it can be written as V = V3 U Vo where V1, V5 # V, and it
is irreducible otherwise.
e We have a few more properties:
8. V is irreducible if and only if (V) is a prime ideal of k[z1, ..., x,].
o Proof: If V.=V, UV, with V4,V2 # V, then I(V}) and I(V3) both properly contain V: if f € I(V1)\V
and g € I(Vo)\V then fg € I(Vy) N I(V,) = I(V), meaning that I(V') is not prime.
o Conversely, if fg € I(V) with f,g ¢ I(V), we can take V; = VN V(f) and Vo = V N V(g): then
ViuVo =V and V1,V5 #£ V so V is reducible.

9. Any affine algebraic set V' can be written uniquely as a union of irreducible affine algebraic sets V3 U Vo U
-+ UV, such that V;  V; for any i # j. (These sets V; are the irreducible components of V.)

o Proof: Exercise. This result is the geometric version of primary decomposition (generalizing the notion
of prime factorization of elements).

e Exercise: If k is finite, show that the irreducible affine algebraic sets in A™(k) are () and single points.

e Exercise: If k is infinite, show that the irreducible affine algebraic sets in A%(k) are (), A%(k), single points,
and curves of the form V(f) for a monic irreducible polynomial f € k[x,y]. [Hint: Show that if f, g € k[z, y]
are relatively prime, then (f, g) contains a nonzero polynomial in k[z] and a nonzero polynomial in k[y].]

e Although it may appear that I and V should behave like inverses, they are not quite.

o For example, even in A!(k), we have V(22?) = {0} so that I(V(2?)) = (x). The point here is that I = (2?)
is not a radical ideal, and in this case, I(V (I)) = rad({).

o However, even if I is radical, it is not always true that I(V(I)) = rad(I): for example, in A!(R) we have
V(1 +2%) =0 so that I(V(1 + 2?)) = Rx].

4Recall that if I is an ideal of a commutative ring R, then the radical rad(I) = {r € R : 7™ € I for some n > 1}, and I is a radical
ideal if I = rad(I). (Note that rad(]) is an ideal, as is easily seen via an application of the binomial theorem.)
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o

Indeed, there is no subset S of A'(R) with I(S) = (1+2?) since the only set S with I(S) D (1+2?) is the
empty set. The issue here is that R is not algebraically closed: if instead we work in C, then S = {i, —i}
does have I(S) = (1 + z?).

o Working over an algebraically closed field resolves all of these difficulties: this is the content of Hilbert’s
Nullstellensatz, which has various forms:

e Theorem (Affine Nullstellensatz): Suppose k is an algebraically closed field.

e}

[¢]

(Weak) If I is a proper ideal of k[z1,...,x,], then V(I) # 0.
(Strong) If I is any ideal of k[x1, ..., z,], then I(V(I)) = rad().

We outline the arguments, leaving the full details as an exercise in commutative algebra or looking up
the appropriate references.

For the weak Nullstellensatz, it suffices to show the result for maximal ideals, and then since k[z1, ..., z,)
is Noetherian, it is in turn sufficient to show that the finitely many generators of a maximal ideal I must
have a common zero somewhere.

This in turn follows from showing that the quotient ring k[x1,...,z,]/I, which is a field extension of
k because I is maximal, is a finite-degree extension of k: then since k is algebraically closed, k& has no
finite-degree field extensions, so the extension simply equals k itself. Then if ¢ : k[z1,...,2,]/] — k is
the associated isomorphism, all elements of I vanish at the point ¢(z1,...,2,).

For the full Nullstellensatz, after noting that rad(I) C I(V (I)), one uses the “Rabinowitsch trick” for the
other containment.

Explicitly, if g € I(V(f1,..., fr)), one considers the ideal J = (f1,..., fr,Znr19—1) of k[x1, ..., Ty, Tpi1],
which has empty vanishing locus hence cannot be proper (by the weak Nullstellensatz), so it contains 1.
By writing 1 as an appropriate linear combination of the generators of J and then setting x,+1 = 1/g
and clearing denominators appropriately, one obtains ¢V as a linear combination of the f; for some N,
so g € rad(I).

e Definition: If k is algebraically closed, an irreducible affine algebraic set in A™(k) is called an affine variety.

e Per the Nullstellensatz we see that I and V' give nice bijections between various sets in A" (k) and ideals of

k[l‘l,..

o

o T

By the full Nullstellensatz, since I(V(I)) = rad(I), we obtain a correspondence between radical ideals
and affine algebraic sets.

Furthermore, by the weak Nullstellensatz, if I is a proper ideal then V(I) must contain some point
(a1,...,ay), whence I is contained in I({(a1,...,a,)}) = (1 —a1,...,x, — a,). But since the quotient
of klx1,...,zn] by (21 —as,...,z, — a,) is isomorphic to k via the evaluation map p — p(aq,...,a,),
the latter ideal is maximal. Thus, the maximal ideals of k[x1,...,x,] correspond precisely with points
(al, ey an).

Also, by the full Nullstellensatz, if I is a prime ideal, then I(V(I)) = rad(I) = I since prime ideals
are radical, and so by property (8) earlier, we see that V(I) is irreducible. Thus, the prime ideals of
k[x1,...,x,] correspond with irreducible affine algebraic sets (i.e., affine varieties).

To summarize, we have the following correspondences:

I
ne algebraic sets| = [Radical Ideals
Affine algebrai = |Radical Ideal

%
I

[Affine varieties] = [Prime Ideals]
1%

I
[Points of A™(k)] = [Maximal Ideals]
%
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0.5

(Sep 21) Functions on Affine Varieties

e Next, we bring rational functions into the discussion:

e Definition: If V' = V(I) is an affine variety, the coordinate ring of V' is the ring I'(V) = k[z1,...,z,]/I(V),

and its associated field of rational functions (or function field) k(V') is the field of fractions of I'(V').

o Recall that if R is an integral domain, the field of fractions of R consists of the equivalence classes of
elements of the form a/b with a,b € R and b nonzero under the usual equivalence a/b ~ ¢/d if and only
if ad = be. (The field of fractions is also the localization of R at R\{0}.)

o Exercise: Let F(V, k) be the ring of k-valued functions on V. We say f € F(V, k) is a polynomial function
if there exists g € k[x1,...,x,] such that f(P) = g(P) for all P € V. Show that I'(V) is the set of
equivalence classes of polynomial functions under the relation g; ~ go if g1(P) = go(P) for all P € V.

o By the exercise above, the coordinate ring of V' can be thought of as the collection of distinct polynomial
functions on V, and thus the field of rational functions is, quite explicitly, the collection of rational
functions on V.

o Examples: For the affine variety V = V(y — 2?) in A?(C), some examples of functions in the coordinate
ring are =, 3x — 7, y, and 22. For this variety, the functions y and x? are the same, since they represent
the same coset in the quotient ring. Some examples of rational functions are y/x, which also equals z,
and (2% +5)/(3z — 7).

e Rational functions can have poles, which are points P € V where the function is not defined.

e Definition: If V' is an affine variety, we say f € k(V) is defined at a point P if f = a/b for some a,b € T'(V)

and b(P) # 0. If f is defined at P, its value f(P) is the ratio a(P)/b(P) € k. The local ring of V at P,
denoted Op(V), is the set of rational functions f € k(V') that are defined at P. The points P for which f is
not defined are the poles of f, since they are necessarily zeroes of its denominator.

o Exercise: Show that I'(V) = Npecy Op(V): in other words, that a function with no poles is a polynomial.
(Note of course that k is still assumed to be algebraically closed.)

o Examples: For the affine variety V = V(y — 22) in A2(C), the rational function f(z,y) = y/(z — 2) is
defined everywhere on V except at the point (1, 1), which is a pole of f.

o The local ring Op(V) has a unique maximal ideal mp(V) given by the polynomials f that vanish at P
(i.e., with f(P) = 0.).

o Exercise: Show that the evaluation-at-P map ¢p : Op(V) — k is a surjective ring homomorphism with
kernel mp(V). Deduce that mp(V') is maximal, and show also that if P = (ay,...,a,) then mp(V) is
generated by the polynomials xz; — a; for 1 < ¢ < n.

o We remark also that the local ring Op (V) is simply the localization of the function field k£(V') at the
ideal mp(V); this is why Op(V) is called the “local ring” of V at P.

o When the variety V is clear from context we will often just write Op and mp.

We will emphasize here that there may be numerous ways to write a = f/g as a quotient of polynomials
inside the function field k(V'), and it may be necessary to work with different “equivalent” formulas in order
to verify that « is defined at a particular point P.

Example: Consider the affine variety V = V(y? — 22 + 1) in A%(k) for k = C and the rational function

vl E(V).

o =

-1
o It is clear from the expression o = 7" that a is defined at all points P = (x,y) € V where y # 0.
Y

o However, because I'(V) = k[z,y]/(y* — 2% + 1), we see that y?> = 2% — 1 in I'(V), so by factoring and
rearranging we see that T i 1 inside k(V'). Therefore, « is also equal to %, and this latter
x x

Y
expression shows that f is also defined at the point (1,0).
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X
o On the other hand, there is no way to rewrite o =

T —

-1
in such a way that it is defined at (—1,0): if

1
= 2 then (x — 1)¢ = yp but then evaluating both sides at P = (—1,0) produces —2¢(P) = 0,

which is a contradiction.

o Remark: More generally, the same argument shows that if the expression for a/(P) is of the form a/0 for
a # 0, then « is not defined at P. (If, of course, we obtain an expression 0/0, then f could possibly be
defined at P.)

e Definition: If V' is an affine variety with function field k(V), its dimension is defined to be the transcendence
degree of k(V) over k. An affine curve is an affine variety of dimension 1.

o Examples:V(y — x) and V (y? + a12y + azy —

3 — apw? — ayx — ag) are affine curves in A?(k).

o If we think of V' = V(I) as being cut out from A™(k) by the generators of I, then the dimension (as
defined above) agrees with the intuitive topological sense of the dimension of V(I) as a (hyper)surface,
when k = C.

e We outline some additional facts about affine curves in A?(k):

1. Via the correspondence C — V' (f), an affine plane curve C'is the same as a nonconstant monic irreducible
polynomial f € k[z,y]. We define the degree of C to be the degree of the corresponding polynomial f.

(e]

As noted in an exercise earlier, the irreducible affine sets in A%(k) are () (dimension 0), single points
(dimension 0), A?(k) (dimension 2), and the sets of the form V(f) where f is a monic irreducible
polynomial (these are the only sets of dimension 1, so they are the only curves).

2. If P is a point of the affine curve C' = V(f), we say P is a singular point if f,(P) = f,(P) = 0, and
otherwise we say P is a nonsingular point (or smooth point or simple point). We say that C itself is
smooth if all points of C' are smooth points.

o

The main idea here is that a point P is singular if and only if C' does not have a well-defined tangent
line at P.

To find the tangent line(s) to a curve at a point P, we simply expand the defining polynomial f as
a local Taylor series centered at P = (20, o), i.€., as f = ao,0+a1,0(z — o) + a0,1(y — yo) + az,o(x —
20)? + a11(x — x0)(y — yo) + ao2(y — yo)* + - -. Then the tangent lines are obtained by factoring
the lowest-degree homogeneous component appearing in the factorization.

In particular, since ago = f(P) =0, a1,0 = fz(P), and ao,1 = f,(P) by the usual Taylor expansion,
we see that there is a unique tangent line precisely when the linear term does not vanish (i.e., P has
multiplicity 1), which is to say, precisely when f,(P) and f,(P) are not both zero.

Example: The point (0,0) lies on the variety V(z + 23 — 2y — ¢°). Writing the curve locally near
(0,0) yields f = (z — 2y) + 2> — 3, and the lowest-degree homogeneous component is = — 2y. Here,
the curve has a unique tangent line at (0,0) given by  — 2y = 0 (which one may check explicitly
using calculus).

Example: The elliptic curve V(y? — 2% — 23) has a singular point at (0,0). Writing the curve
locally near (0,0) yields f = —a22? + y? — 23, and the lowest-degree homogeneous component is
(—2% +y?) = (—z + y)(—x — y). Here, the curve has two different tangent lines, y = z and y = —=,
yielding a node at (0, 0).

Example: The elliptic curve V (y? — 23) has a singular point at (0,0). Writing the curve locally near
(0,0) yields f = y? — 23, and the lowest-degree homogeneous component is y2. Here, the curve has
a double tangent line y = 0, yielding a cusp at (0, 0).

The degree of the lowest term with a nonzero coefficient in the local expansion of f at P is called
the multiplicity of P. One may show that for sufficiently large n, the multiplicity of C' at P is equal
to dimy,(m’s/m’5™), where mp is the maximal ideal of the local ring Op at P.

3. If P is a smooth point of the curve C, then the maximal ideal mp(C') of the local ring Op(C) is principal.
Any generator for this maximal ideal is called a uniformizer at P.

o

Exercise: Let R be a commutative ring with 1 having a maximal ideal M. Show that M"™/M"*! is
a vector space over the field k = R/M for each positive integer n.
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o

Exercise: Let R be a local ring (a commutative ring with 1 having a unique maximal ideal M). Show
that every element of R is either a unit or an element of M.

The principality of mp follows from the more general statement that if P is a smooth point of a
variety, then dimg(mp/m%) = dim(V). Since curves have dimension 1, this yields dimy(mp/m%) =
1. If t generates the vector space mp/m%, then in fact one may show that mp = (t), though this

takes some effort.

Example: Consider the smooth elliptic curve C' : y? = 23 + = over C, whose function field is

k(C) = Clz,y]/(y?> — 3 — x). At the point P = (0,0), the associated maximal ideal of the local

ring is mp = (x,y) having m% = (22, 2y,y?). A priori we can see that mp/m?% is spanned as a

vector space by = and y, but in fact since z = y? — 23 = 0 mod m%, mp/m?% is generated by y by

itself. (In terms of the local expansion near (0,0), this is the same as saying that the lowest-degree

homogeneous component has degree 1, which is in turn simply saying that C' is smooth at P.) As
2

1
2y+ - and since poa € Op(C) does

elements of the local ring Op(C) we can observe that x =
x

not vanish at P, this means z € (y?) as an ideal of Op(C), and thus mp(C) = (z,y) = (y), as
claimed.

Exercise: Show that for any elliptic curve in reduced Weierstrass form y? = 23 + Az + B and any
point P = (a,b) on C, then the corresponding maximal ideal mp = (z — a,y — b) of the local ring is
principal and generated by either y — b (when y'(P) # 0) or  — a (when y'(P) = 0).

4. If P is a smooth point of the curve C and g € Op(C), we define the order of vanishing of vp(g) at P to
be the maximum n for which g € mp(C)". We extend this map to rational functions a = f/g € k(C)

by setting vp(f/g) = vp(f) — vr(9).

(e]

o

o

(e]

We will often also write ordp(«) interchangeably with vp(«).

If g(P) # 0 then the order of vanishing is zero, while if g(P) = 0 then the order of vanishing is 1 or
larger. Since ()2, mp(C)™ = 0, any nonzero g has a finite order of vanishing.

Although the definition is somewhat complicated, the point is that this order-of-vanishing map is
simply the familiar notion of the multiplicity of a zero or pole of a rational function (or of a convergent
power series, in analytic contexts).

f(x)
g(x)
9(0) # 0 (i.e., rational functions defined at 0) and mp is the set of rational functions vanishing at 0.
It is easy to see that mp = (x), and so in general if we write a nonzero rational function in the form

Example: On C' = A!(C), consider P = 0. Then Op is the set of rational functions with

f(z) f(x) > : 1
x*——= where f(0), g(0) # 0, then vp(x®——=) = a. For example, vp(x*) = 2 while vp =0
ey e 101500 @) (%) ()
and vp(%) = —1. In each case we are simply computing the order of the zero or pole of the
X X

rational function at x = 0.

Example: On C : y?> = 2% 4+ z over C, consider P = (0,0). As we saw above, mp = (y) and
2 ‘ )

T = x2y+ 7> 80 for example we have vp(y) = 1, vp(z) = 2, and vp(m) _ UP(;) Y

5. If C is a smooth curve, then for any nonzero rational function o € k(C), there are only finitely many
points P such that vp(a) # 0. When vp(a) = d > 0 we say that « has a zero of order d at P, and when
vp(a) = —d < 0 we say that « has a pole of order d at P.

o

o

(e]

Exercise: Suppose C is a plane curve and f(z,y) is a polynomial that is not identically zero on C.
Show that there are only finitely many P € C for which f(P) = 0.

The idea is that for « = f/g, any point with vp(a) > 0 requires f(P) = 0 and any point with
vp(a) < 0 requires g(P) = 0. By the exercise above, for any fixed nonzero polynomials f and g on
C, there are only finitely many such P € C' with f(P) =0 or g(P) = 0.

3

Example: On C = A!(C), the rational function o = has a zero of order 3 at P = 0 and poles

2 -1
of order 1 at P = —1 and P = 1, with no other zeroes or poles.

6. The order-of-vanishing map at a point P is in fact a discrete valuation on the function field &(C).

o

Recall that a discrete valuation on a field F' is a surjective function v : F'* — Z such that v(ab) =
v(a) + v(b) for all a,b € F* and v(a + b) > min(v(a),v(b)) for all a,b € F* with a +b # 0. By
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convention we also take v(0) = oo, in which case the statements hold for all a,b. The valuation ring
R is the set of elements r € F' with v(r) > 0.

o Exercise (Properties of DVRs): Let F' be a field with a discrete valuation v and valuation ring R.
Also let t € R be a uniformizer (i.e., an element with v(¢) = 1). Show that
(a) For any r € F'*, either r or 1/r is in R.

(b) An element u € R is a unit of R if and only if v(u) = 0. In particular, if ( € F' is any root of
unity, then v(¢) = 0.

(¢) If r € R is nonzero and v(r) = n, then r can be written uniquely in the form r = ut™ for some
unit v € R.

(d) Every nonzero ideal of R is of the form (¢") for some n > 0.
(e) The ring R is a Euclidean domain (hence also a PID and a UFD) and also a local ring.
(f) The ring S is a DVR if and only if it is a PID and a local ring but not a field.

0.6 (Sep 25) Projective Space and Projective Varieties

e The main issue with affine space is that it is missing points in a way that creates many unpleasant special cases
and exceptions to various fundamental results. In order to rectify these issues we now enlarge our perspective
to work in projective space:

e Definition: For a field k, we define projective n-space P (k) = {[zg : 21 : --- : ] : z; € k not all zero}/ ~,
where P ~ Q if P = AQ for some nonzero A € k. Equivalently, P (k) is the set of lines through the origin in
AnHL(k).

o We use the notation [zg : 1 : -+ : z,] to evoke the idea of considering only the ratios between the
coordinates, since (for example) in P!(k) the points [1 : 1] and [2 : 2] are the same. The coordinates z;
of a point P € P"(k) are not well-defined, but since the equivalence is only up to scaling by a nonzero
constant, the statement “z; = 07 is still well-defined, as are the ratios z;/z;.

o For the set U; = {[xo : 1 : -+ : ®y] : x; = 1}, we can see that U; looks exactly like A™(k) (if we just
delete the coordinate z; = 1), and P™(k) = U U;.

o The complement of the set U; is the hyperplane z; = 0, and it looks exactly like P"~1 (if we just delete
the coordinate z; = 0).

o Thus, somewhat informally, we have P"(k) = A"(k) UP"~!(k), where we can think of A”(k) as being
the points with z,, = 1 and P"~!(k) as being the points with z,, = 0.

o Example: We have P!(k) = {[z : 1] : z € k} U {[1: 0]}, which looks like A! along with a point at oco.

e Evaluating an arbitrary polynomial on a projective point is not well defined, since projective points have
various equivalent representatives, and the resulting polynomial value is not well-defined even up to scaling.
But we are only interested in vanishing sets, which can be sensibly defined.

o A natural but somewhat ill-advised option would be to say that P € P"(k) is in the vanishing set of
f € klxg,...,z,] if f(P) =0 for all choices of coordinates for P.

o Exercise: Suppose k is an infinite field, P € A"*'\{0}, and f € k[zo,...,2,]. If we write f = fo +
fi+ -+ fq for homogeneous® polynomials f; of degree i, show that f(AP) = 0 for all A € k* if and
only if f;(P) = 0 for all 4. [Hint: Use linear algebra and the fact that Vandermonde determinants are
nonvanishing. |

o Per the exercise above, we see that when k is an infinite field, requiring f(P) = 0 for all choices of
coordinates for P is equivalent to requiring that all of the homogeneous components of f vanish.

o For consistency with finite fields (which have nonzero polynomials that vanish everywhere, causing issues
with the argument above), we instead define the vanishing of a polynomial f on a projective point P in
terms of homogeneous components.

5Recall that a polynomial is homogeneous of degree d if all of its monomial terms have total degree d. For example, 22y — 3z3 + zyz
is homogeneous of degree 3.
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e Definition: If f € k[xo,...,x,] is a polynomial with f = fo + f1 + -+ f4 for homogeneous polynomials f; of
degree i, we say that f vanishes at P € P"(k), and write f(P) =0, if f;(P) = 0 for each .

o Note that f;(AP) = X' f(P) so the vanishing condition on f; does not depend on which equivalent
coordinates are used for P.

o Example: The polynomial f(x,y) = x? — y? vanishes at the projective point [1 : 1] since its only nonzero
homogeneous component 2 — y? vanishes at P, but the polynomial g(z,y) = = — y? does not since its
homogeneous components are r and —y? and these do not vanish at [1 : 1].

o The main theme is that when we want to work with polynomials in projective space, we want to consider
only homogeneous polynomials.

e Now that we have given a reasonable definition of vanishing for projective points, we can define the projective
versions of the operators V and I:

e Definition: If S is any set of polynomials in k[zg, ..., zy], we define the vanishing locus V(S) = {P € P"(k) :
f(P)=0for all f € S}. Conversely, if X is any set of points in P"(k), we define the ideal of functions vanishing on X
as I(X) ={f € k[xo,...,x,] : f(P)=0forall Pe X}.

o Exercise: Identify V(zg), V(23), V(z1 — x0), V(21 — 23), V(23 — 23), V(z0,21), V (20,71, 72), and
V(zox1 — 23) in P2(k).

e All of the basic properties of the affine operators I and V also hold for the projective I and V (suitably
modified):

If I is the ideal generated by T' C k[zg, ..., xy], then V(T') = V(I).
V(O) = Pn(k), V(l) = Q], and V({aixj - a]‘l’i}ogidgn) = {[ao 05 an]}
I(0) = E[zo, ..., zy], I(P™) = 0 when k is infinite, and I({{ag : a1 : -+ : an]}) = ({aixj; — ajz;}o<ij<n)-

V(Uil;) =N V(L) and V(IJ) =V (I) UV (J).

For ideals I and J, if I C J then V(I) 2 V(J), and for sets X and Y, if X CY then I(X) D I(Y).

For any subset S of k[zg,...,x,], S C I(V(S)) and V(S) = V(I(V(9))).

For any subset X of P"(k), X C V(I(X)) and I(X) = I(V(I(X))). Furthermore, I(X) is a radical ideal.

NS ok ® D=

e Owing to our definition of vanishing in terms of homogeneous components, the ideals of sets in P™(k) have an
additional property:

e Definition: An ideal I of k[xg,...,x,] is homogeneous if, for any f € I with homogeneous decomposition
f=fo+ fi+---+ fq, it is true that each component f; € I.

o It is easy to see that I(X) is homogeneous, since for any f = fo+ f1 + -+ fa € I(X), by definition of
vanishing we see that for any P € X we have f;(P) =0 and so f; € I(X).

o Exercise: Show that an ideal I of k[zo,...,z,] is homogeneous if and only if I is generated by finitely
many homogeneous polynomials.

e We also have a projective version of the Nullstellensatz, which is essentially the same as the affine version
except that we must account for the fact that the vanishing locus of the ideal (xg,z1,...,2,) in P" is empty
since [0:0:---: 0] is not a point of P™:

e Theorem (Projective Nullstellensatz): Let k be an algebraically closed field and I be a homogeneous ideal of
klzg,...,2n]. Then the following hold:

1. (Weak) V(I) = 0 if and only if I contains all monomials of sufficiently large degree, if and only if rad(T)
contains (xq, ..., T,).

2. (Strong) If V(I) # 0, then I(V(I)) = rad(I).
o The proofs are similar to those of the affine Nullstellensatz, and are left as exercises.

o Owing to the fact that its vanishing locus is trivial, and thus can essentially be ignored when doing
computations, the ideal (zg,x1,...,z,) in k[zg, ..., 2,] is called the irrelevant ideal.
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e Next, we define algebraic sets, varieties, and coordinate rings in P™. The ideas proceed essentially the same

way:

o Definition: A projective algebraic set is a set in P™(k) of the form V(I) for some ideal I of k[zg,...,z,]. A

projective algebraic set V' is reducible if it can be written as V = V3 UV, where Vi, Vo # V| and it is irreducible
otherwise. A projective variety is an irreducible projective algebraic set.

o

As in the affine case, V is irreducible if and only if I(V) is a prime ideal of k[zg,...,x,], and any
projective algebraic set can be written uniquely as a union of irreducible components V; UVo U --- UV,
such that V; Z V; for any i # j.

e Definition: If V' is a projective variety, then its (homogeneous) coordinate ring is the integral domain T'(V') =

k[mo,..

(¢]

) /I(V).

As before, we may decompose the polynomials f € T'(V) as f = fo+ f1+-- -+ fq where f; is homogeneous
of degree i.

Since I(V) is prime, the coordinate ring is an integral domain, so its fraction field is well defined. Unlike
in the affine case, however, the elements of this fraction field do not generally determine functions on V,
because a ratio of polynomials need not be a function on V.

The first obvious issue is that for a ratio i = fothit-+fa
got+ag1+ -+ 9ga

g
numerator and denominator will not transform the same way if we choose a different representative for
the projective point P € V at which we are attempting to evaluate f/g. (For example: what is the value

2
of ZXY at the projective point [1: 1]?)
Tty

, the various homogeneous terms in the

To handle this issue, we must only have a single homogeneous component in the numerator and de-
nominator. But even here, in order for the ratio to be well-defined, the degrees of the numerator and
denominator must be equal.

When we restrict to rational functions of this form, however, we do obtain well-defined functions on
[(\P) _ XP(P) _ f(P)
g(AP)  Xg(P)  g(P)

projective points: if f, g are both homogeneous of degree d, then , so the ratio

f/g is well defined regardless of the representative of P we use.

e Definition: If V' is a projective variety, its function field k(V') is the set of elements z in the fraction field of

(V) such that z can be written in the form z = = for some homogeneous polynomials f,g € k[xo,...,z,]

g
of the same degree. We say z is defined at a point P € V if z = f/g for some g with g(P) # 0. The
local ring of V at P is Op(V) = {z € k(V) : z is defined at P} with maximal ideal mp(V) = {z € Op(V) :

z(P) = 0}.

o

e Example: Consider the affine variety V = V(Y2 + Z2 — X?) in P?(C) and the rational function f =

As in the affine case, we may require different expressions z = f/g at different points P.

X-Z
Y

€

k(V).

o

e}

e}

X-Z

It is clear from the expression f = that f is defined at all points P = [X : Y : Z] € V where

Y # 0, which is to say, at all points of the form [X : 1 : Z] after rescaling. The only points of V' with
Y =0 are those with X2 = Z2, which gives two points: [1:0:1] and [1:0: —1].

However, because I'(V) = klx,y]/(Y? + Z% — X?), we see that Y2 = X? — Z2 in ['(V), by factoring and
and this

rearranging we see that v = x 7 inside k(V'). Therefore, f is also equal to X172

latter expression shows that f is also defined at the point [1:0: 1] (and in fact it vanishes there).

-7
On the other hand, there is no way to rewrite f = in such a way that it is defined at [1: 0 : —1]:

X-Z
v = P then (X — Z)q = Yp but then evaluating both sides (as polynomials in XY, Z) at X =1,
q

Y =0, Z = —1 produces —2¢(1,0,—1) = 0, which is a contradiction since this means ¢(P) = 0.

if
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o Remark: Note that this is just the projective version of the example we did earlier for the affine variety

V=V(y?+1-2% in A%

e As clearly indicated by the similarity of the calculations in the example above and the nearly-identical affine
example from earlier, there is quite a lot of interplay between projective and affine spaces.

o One such correspondence is obtained by viewing P™ as the lines through the origin in A"*! so for any

set S in P® we may write down the set of its corresponding points in A"T! by converting the point
[xo : 21 : -+ : @y,] to the point (xg,z1,...,Zy,).

o Explicitly, if S C P", the cone C(S) of S in A" is the set {(wo,71,...,7n) : [0 : @1 : - : 2] €

SYU{(0,0,...,0)}.

o Exercise: When V is a nonempty projective algebraic variety, show that Iagine(C(V)) = Iprojective(V),

and when I is a homogeneous ideal with Vprojective (L) 7 0, show that C(Virojective(I)) = Vafine ().

e Although the cone of a variety shares the same underlying ideal, and thus has the same coordinate ring and
function field, its dimension is different.

o We would like instead to think of P™ as being A" plus a hyperplane at co, and so an affine variety in A"

should give rise to one that looks essentially the same in P, except for having some additional points in
the hyperplane at oo.

o The main idea, as exemplified by comparing the example above to its affine version, is that of homoge-

nization and dehomogenization.

e Definition: If F € k[zo,z1,...,25] is a polynomial, its dehomogenization with respect to zo is Fi =
F(1,z1,...,2,). Inversely, if f € k[xy,...,2,] is a polynomial, its homogenization with respect to xq is

f*

= scgeg(f)f(ml/xo, Xo/Xoy .., Tn/To)-

More explicitly, if f € k[zi,...,2,] has homogeneous decomposition f = fo + f1 + --- + f4, then
fr=alfotal it fa

Example: The homogenizations of 2% + z2, 4 + z123 — 325, and 1 are 2% + roz2, 423 — x3z123 — 325, and
1 respectively.

Example: The dehomogenizations of x3 + 3zox1 + z172, T3 + dwo23 + 23, and z3 are 1 + 3z1 + 2172,
1+ 423 + 23, and 1 respectively.

The main idea is that dehomogenizing removes the variable xg by setting it equal to 1 (thereby usually
creating a non-homogeneous polynomial in the remaining variables x4, ..., z,) while homogenizing takes
a non-homogeneous polynomial in z1,...,z, and makes it homogeneous in g, z1,...,z, by using the
extra variable zy to make all of the terms have the same degree.

Homogenization and dehomogenization are essentially inverses of one another, aside from occasionally
losing powers of zg.

Exercise: Show that (FG), = F.G., (fg)* = f*g*, (f*)s = f, (F)* = F/alY) (F+ @), = F. + G,,

and xgeg(f)+deg(g)—deg(f+g)(f +g) = xgeg(g)f* + zgeg(f)g*_

e The point is that homogenizing an affine equation creates a projective one, and dehomogenizing a projective
equation yields an affine one, thereby giving a correspondence between affine varieties and projective varieties.
Since our interest is specifically in plane curves, we will use affine variables x = x; and y = x5 (written in
lowercase), and projective variables X, Y, and Z, with homogenizations performed with respect to Z and
dehomogenizations defined via x = X/Z, y =Y/Z.

o Motivating Example: Homogenizing the affine equation z+y = 1 yields the projective equation X +Y =

Z. An affine point (z,y) satisfying  + y = 1 yields a projective point [z :y: 1] = [X : Y : Z] satisfying
X +Y = Z. If we compare the affine points to the projective ones, we see that the projective variety
consists of the points [z : y : 1], which all correspond to affine points, along with one additional point
[1:—1:0] which we think of as the point at co on this line.
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o Motivating Example: Dehomogenizing the projective equation Y2Z = X3 + X Z? yields the affine equa-
tion y? = 2% + 2. A projective point [X : Y : Z] satisfying Y?Z = X3 + X Z? yields an affine point
(v,y) = (X/Z,Y/Z) satisfying y*> = 23 + z, as long as Z # 0. When we dehomogenize, the projective
points [X : Y : Z] with Z = 0 “disappear” from the affine curve: note here that there is only one such
point, namely [0 : 1 : 0], which represents the point at co on this elliptic curve.

o Exercise: Show that there exists a unique projective point [X : Y : Z] with Z = 0 on any elliptic curve
with a Weierstrass equation Y2Z + a1 XY Z 4+ a3Y 2% = X3 + as X% Z + ay X Z? + ag Z5.

e We can extend the notion of homogenization to ideals and then to algebraic sets in fairly natural ways:

o Definition: If I = (fy1,..., fx) is an ideal of k[z1,...,x,], the homogenization of I is the ideal I* =
(ff,..., fi) generated by the homogenizations of the generators of I. Conversely, if J is an ideal of
k[xo, 1, ..., x,], the dehomogenization of J is the ideal J, = {g« : g € J} of dehomogenizations of the
elements of J (and is generated by the dehomogenizations of the generators of .J).

o We are only interested in the situation of plane curves, in which the ideals are principal, so the homoge-
nization and dehomogenization are quite easy to handle.

o Definition: If V' is an affine algebraic set, then for I = I gine(V) we define the homogenization of V' to be
the projective algebraic set V* = Viojective(I*). Conversely, if W is a projective algebraic set, then for
J = Iprojective (W) we define the dehomogenization of W to be the affine algebraic set W, = Vagne(J).

e Proposition (Equivalence of Function Fields): If V is an affine variety with projective closure V*, then the
function fields k(V') and k(V*) are isomorphic. Furthermore, if P is any point on V' with corresponding point
P* on V*, then the isomorphism of £(V') and k(V*) also yields an isomorphism of Op (V) with Op«(V*) and
of mp(V) with mp«(V*).

o The point here is that locally (near a given point P) the affine variety V and its projective closure V*
look equivalent, and their function fields are also the same.

o As such, we may also immediately import all of our other constructions defined in terms of the local ring
and its maximal ideal from the affine case: most importantly, the notion of the order of vanishing of a
rational function at a point.

0.7 (Sep 28) Rational Maps and Morphisms

e So far, we have mostly been assuming that the constant field k is algebraically closed. In particular, since we
are interested in elliptic curves over Q and Iy, we will need to remove this assumption.

o Explicitly, suppose V is a variety over k and F is a subfield of k. We would naively like to define the set
of E-points of V as VN A"(E) if V is affine, and as VNP"(E) if V is projective.

o We may make this more precise using Galois actions: specifically, assuming that k = E, then the Galois
group of k/FE acts naturally on the k-points of V.

e Definition: Let E be a field with algebraic closure k, and let G = Gal(k/E). If V is a variety over k, we define
the E-points of V to be the set of points of V' over k that are fixed by G.

o Explicitly, P is an E-point of V if and only if o(P) = P for all o € Gal(k/E).

o The set of E-points of V is precisely V N A™(FE) if V is affine, and is V NP"(E) if V is projective, since
the given condition is equivalent to saying that all of the coordinates of the point lie in E. (Note that
for projective points, we only need one representative to have all its coordinates in E.)

o Example: For E = F5 and V = V(y? — 22 — 1) in A%, the set of E-points of V is (z,y) = (0,1), (0,4),
(2,0), and (3,0).

o Example: For E = F3 and V = V(Y222 — XZ? — X*) in P2, the set of E-points of V is [X : YV : Z] =
[0:0:1],[0:1:0],[1:0:2].

o We can also define the elements of the coordinate ring and function field of V' over E, namely, as the
elements of T'(V') and k(V) fixed by Gal(k/E), respectively.
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e Definition: If F' is a field with algebraic closure k, we say that a variety V is defined over E if I(V') can be
generated by polynomials with coefficients in E.

o We will think of all varieties as implicitly being defined over an algebraically closed field, even if it they
are actually defined over a subfield.

o Thus, we may meaningfully speak of the points of V' on arbitrary algebraic extensions of F.

o If P is a point on k(V'), we define the degree of P over E to be the degree of the smallest field extension
L/E such that P € L(V).

e We now discuss maps between varieties. The most natural starting point is to consider maps defined by
polynomials:

e Definition: If V is an affine variety in A™(k) and W is an affine variety in A™(k), amap ¢ : V. — W
is called a polynomial map from V to W if there exist polynomials T4,...,T,, € k[x1,...,2,] such that
olar, ... an) = (Ti(ar,...,an), To(ar, ... an), .-, Tim(ar, ..., a,)).

o Example: The map ¢ : Al — A! with ¢(a) = a® + a is a polynomial map, as is the map ¢ : Al — A3
with ¢(a) = (a, a?,a?).

o Example: The map ¢ : V(2? +y*> — 1) — Al with ¢(x,y) = x is a polynomial map.

o Example: The map ¢ : A? — V(22 + y? — 2?) with ¢(a,b) = (2ab, a®> — b?,a® + b?) is a polynomial map.
Note that this map is well-defined because (2ab)? + (a? —b?)? — (a® +b2)? is indeed zero for all (a,b) € A?,
so (2ab,a® — b?,a% + b%) € V(22 + 4% — 22).

o Example: The map ¢ : V(y — 2?) — V(2 — ay) with ¢(x,y) = (z,y,2?) is a polynomial map. Note that
this map is well-defined because for all (z,y) € V(y—2?) we have y = 22, and then (z,y,23) € V(2 —zy).

e Polynomial maps are equivalent to homomorphisms of coordinate rings:

e Proposition (Polynomial Maps and Coordinate Rings): If V' and W are affine varieties, then any polynomial
map ¢ : V. — W induces a homomorphism ¢* : T'(W) — T'(V) on coordinate rings via “plugging in”:
©*(f) = f op. Conversely, any homomorphism ¢* : T(W) — I'(V) is induced by a unique polynomial map
p:V = W with o*(f) = fop.

o Proof: First suppose ¢ : V — W is a polynomial map. For any f € k[z1,...,x,], define ¥(f) = f o ¢.
Clearly, ¢ is a ring homomorphism (since it is just polynomial evaluation). Furthermore, this map
descends to a well-defined map ¢ : T'(W) — T'(V): this follows by noting that if f € T'(W) is the
I(W)-residue of a polynomial G(z1,...,z,), then @(f) = f o ¢ is the I(V)-residue of the polynomial
G(Ty,...,Ty).

o For the converse, we can simply reconstruct the map ¢ from its action on each variable x;. Explicitly,
suppose that ¢ : I'(W) — I'(V) is a homomorphism. Then ¢ maps z; + I(W) to some polynomial
T; + I(V) for each 1 < i < m. Then the map ¢(ay,...,a,) = (T1(a1,...,an),..., Tm(a1,...,ay,)) is
a polynomial map from A™ to A™, and it induces a map ¢ : I'(A™) — I'(A™). From the information
given we know that ¢(I(W)) C I(V), so (V) C W. Thus, ¢|y is a polynomial map from V to W, and
@(f) = f o v as required.

e Definition: If V and W are affine varieties, a polynomial map ¢ : V — W is an isomorphism if it possesses
an inverse polynomial map ¢ : W — V (i.e., with p o9 = idy and ¥ o p =idy).

o By the above, we see that V and W are isomorphic if and only if their coordinate rings are isomorphic
as k-algebras (i.e., if their coordinate rings are isomorphic as rings where the isomorphism also fixes k).

o Example: The map ¢ : V(x —y) — V(z — 2y) with ¢(z,y) = (2z,y) is an isomorphism with inverse
(z,y) = (2/2,y).

o Exercise: Show that the isomorphisms ¢ : A™ — A" are the invertible affine linear transformations, of
the form ¢(z) = Ax + b where A is an invertible n x n matrix and b is any vector of constants. (Hint:
First show that the degree of each coordinate in ¢ and % must be 1.)

e We would like to write down a similar definition for projective varieties, which we can do at the cost of a bit
of added complexity.
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o

The most immediate issue is that we need to insist that all of the polynomials T; be homogeneous of the
same degree, in order to ensure that “plugging in” to a polynomial map is well defined.

However, this is not the only obstruction; difficulties also arise in the event that all of the polynomials
T; vanish simultaneously, since then the resulting value does not yield a well-defined point in P*.

e Definition: If V' and W are projective varieties, a rational map from V to W is a map of the form ¢ = [pg :

P1

-++: ¢m] where the ¢; € k[zo,...,z,] are homogeneous polynomials of the same degree, and such that

for all f € I(W), we have fop = f(po(zo,...,Zn)s ., om(Zoy...,xpn)) € I(V).

(e}

If ¢ is a rational map, then for P € V we can evaluate p(P) = [po(P) : p1(P) : -+ : om(P)] € W as long
as not all of the values ¢;(P) are zero. We can see that this value ¢(P) is well defined because the ;
are homogeneous of the same degree, and ¢(P) € W precisely because f o € I(V) for any f € I(W).
To illustrate, consider the map ¢ : V(X2 +Y2 - Z%) - Pl given by p[X : Y : Z] = [X +Z :Y]. On
its face, this would appear to be a perfectly well-defined function, since for any equivalent representative
[AX : AY : MZ] we have pAX : AY : AZ]=DAX +AZ: XY | =X+ Z:Y]|=¢[X:Y :Z].

However, for the point P =[1:0: —1] in V(X2 4+ Y? — Z?), the definition states ¢(P) = [0 : 0], which
is not a point of P'.

Notice, though, that if we work inside I'(V'), we see that [X + Z: Y| =[(X+2)(X - 2): Y (X — Z)] =
[-Y?2:Y(X — Z)] =[-Y : X — Z] and this latter expression is defined at [1 : 0 : —1] since it evaluates
to [0 : 2].

We would like to extend our interpretation of the value of ¢(P) in a way that allows us to make these
kinds of manipulations.

e Definition: If ¢ : V' — W is a rational map, we say that ¢ = [@g : -+ : @] is defined at P if there exist
homogeneous polynomials vy, . . ., 1, of the same degree such that ¢;1; = ¢;9; (mod I(V')) for all pairs (3, j),
and where ;(P) # 0 for some ¢, and we write @(P) = [po(P) : - -+ : Ym(P)].

o

(¢]

The idea here is that, inside I'(V'), we view the homogeneous coordinates [@g : - - - : @] and [hg @ -+ - 1 ]
as being projectively equivalent.

We call these “rational maps” because if we work affinely, they arise from rational functions.

e Definition: If V and W are varieties, a morphism from V to W is a rational map that is defined at all points
of V. An isomorphism is a morphism possessing an inverse morphism.

(¢]

If p : V — W is a morphism, then ¢ induces an injective homomorphism on function fields ¢* : k(W) —
kE(V') via composition: ¢*(f) = fo .

As in the affine case for polynomial maps, the converse is true as well: any injective k-algebra homo-
morphism on function fields ¢* : k(W) — k(V) (i.e., a ring homomorphism fixing k) yields a morphism
p: V=W,

Example: The map ¢ : V(Y?Z — X3 — XZ?) — P! given by ¢[X : Y : Z] = [Y : Z] is a morphism. (Note
that there are no points of V(Y?Z — X3 — X Z?) where ¢ is undefined, since if Y = Z = 0 then X would
also be zero.)

Example: The map ¢ : V(X2 +Y?2—Z2) — P! given by p[X : Y : Z] = [X + Z : Y] is a morphism, since
it is defined at all points of V(X2 + Y2 — Z2) as shown earlier.

Example: The map ¢ : P! — V(X2 + Y2 — Z?) given by ¢[S : T] = [S2 —T? : 2ST : S? + T?] is a
morphism. In fact, it is the inverse of the previous morphism, since we have (po¥)[S : T| = ¢[S? —T?:
28T : S2+T? =[25%2:25T) =[S :T)and (o)X : Y : Z] =¢[X +Z:Y]=[(X +2)>-Y?:
Y (X +2Z): (X + 22 +Y?=2X(X+2):2Y(X+2):2Z(X+2)|=[X:Y:Z].

Example: Themap ¢ : V(Y2Z-X3-XZ2) - V(Y2Z-X3-XZ?) givenby [ X : Y : Z] = [X : =Y : Z]
is a morphism. In fact, it is an isomorphism, since it is its own inverse. (This is the additive inverse map
on this elliptic curve.)

Example: Themap ¢ : V(Y2Z—-X3-273) - V(Y2Z-X3-Z3) given by [ X : Y : Z] = 2XY (Y2-92?) :
Y44+18Y22%-277* : 8Y3Z] is a morphism. (Actually checking that it is well-defined using the definition
is rather unpleasant, but it does work out!) This morphism does not magically arise from nowhere, of
course: in fact is simply the doubling map on this elliptic curve.
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o Example: More generally, if E is any elliptic curve in projective Weierstrass form, the multiplication-by-
g
m map is a morphism from F to FE, as follows from the fact that it has a formula as a rational function
(as we saw semi-explicitly in our proof of Nagell-Lutz) and is defined at every point on E.

o Example: If k has characteristic ¢ and V' is defined over Fy, the map ¢ : V — V given by ¢[Xo : X; :
0 Xy = [XJ XY -+ X2 is a morphism called the Frobenius morphism.

o Example: The map ¢ : P! — P? given by ¢[X : Y] = [X?: XY : V2] is a morphism giving an embedding
of P! into P2 (it is an example of the general family of d-uple embeddings). The image of ¢ is the variety
V(XZ -Y?).

e Restricting now to the case of projective curves, we have the following facts:

1. If C is a smooth projective curve, then any rational map ¢ : C; — Cs is automatically a morphism.

o The idea here is that if P is any point on Cy, then since C; is smooth at P (meaning that the local
ring Op(V) is a DVR), we may choose a local uniformizer ¢ at P (i.e., a generator for the maximal
ideal mp(V)).

o Then we can rescale the components of ¢ = [pg : 1 : -+ : ¢,] by an appropriate power of ¢ in order
to make the minimum valuation among the ¢; equal to zero, at which point we see that ¢ is defined
at P.

2. If p : C; — (3 is a nonconstant morphism of projective curves, then ¢ is surjective, and k(Cy) is a
finite-degree extension of ¢*(k(C2)). The degree of this field extension [k(C1) : ¢*(k(C2))] is the degree
of the map ¢.

o The first statement follows from the result that the image of a morphism of a projective variety is
itself a projective variety (this is usually phrased as saying that projective varieties are complete).
Thus, the image ©(C7) is a subvariety of Cy: if its dimension is 1 then since Cj is irreducible this
means ¢(Cp) = Ca, and otherwise if its dimension is 0 then ¢(C1) would be a single point and ¢
would be constant, which we assumed it was not.

o The fact that £(C1) is an extension of k(Cy) follows from the fact that ¢ is surjective, and the fact
that the extension has finite degree follows because both k(Cy) and k(C2) have transcendence degree
1 over k.

3. If v : k(Cs) — k(Cy) is an injection fixing k, then there is a unique nonconstant morphism ¢ : C; — Cs
such that ¢* = .

o Example: Let C' be any smooth projective curve and a € k(C') be any rational function on C. Then
« defines a rational map a : C — P! via P+ «a(P), where we take a(P) = oo when « is not defined
at P. By (1) above, this map « is a morphism.

o In fact, aside from constant maps, the rational maps described above are all possible morphisms
from C to P!: if a : C — P! is a rational map, say a = [f : g], then either g is identically zero in
which case « is constant, or the function g = f/g € k(C) has S(P) = a(P) for all P so that a = .

0.8 (Oct 2)

e Class cancelled due to instructor injury.

0.9 (Oct 5) Divisors on Curves

e Our next task is to study divisors on curves, which will be central to our analysis of elliptic curves using the
tools from algebraic geometry we have discussed so far.

o In all of our discussion, C' will be a smooth projective curve defined over the algebraically closed field k.

o We emphasize here that when we we say “points of C”, we are implicitly thinking of C' as being defined
over an algebraically closed field, and the points have coordinates in this algebraically closed field.

o For notational convenience, we will also usually give examples written in affine form rather than projective
form, because the notation is less cumbersome: the point z € A! will be written P,, while the point
(x,9) € V(f(x,y)) inside A% will be written P, , and the point at co will be written Ps.
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o Definition: Let C' be a smooth curve. The divisor group of C, written Div(C'), is the additive free abelian
group generated by the k-points of C. The degree of a divisor D = . npP is deg(D) = > p - np. The
degree map is a homomorphism from D¢ to Z; its kernel is the set of degree-0 divisors DivO(C’).

[¢]

o

The elements of Div(C) are of the form D =}, npP for np € Z, where all but finitely many of the
np are zero. We will write ordp(D) = np.

Note that the degree map is well defined since all but finitely many np are zero.

e As an aside, we will give a bit of motivation for why divisors are called “divisors”, since they seem to have
nothing obvious to do with divisibility.

[¢]

If ¢y = V(f) and Co = V(g) are two distinct projective plane curves sharing no common component,
then their intersection C; NCy = V(f,g) is finite. (Indeed, more is true: Bézout’s theorem states that
the number of intersection points is at most deg(f) - deg(g).)

We may then associate a divisor to this intersection Cy N Cy as > pecync, PPP, where np is the
intersection number of C; N Cy at P given by np = dimy Op(P?)/(f, g).

For polynomials in one variable, the ideal (f, g) is principal and generated by the ged of f and g. (One
may check that the intersection number at a point P, under the definition above, is the power of z — P
that divides their ged.)

For polynomials in two variables (f,g) will no longer be principal, but it still carries the natural sense
of being a “common divisor”. Thus, we can think (roughly) of the divisor ) pc o ~¢, PP as describing
the precise way in which the curves C; and C; intersect.

It is not particularly obvious that this value dimy Op(P?)/(f,g) is really the right definition. It is not
hard to see that the value is invariant under linear changes of coordinates, and that the intersection
number is 1 whenever P is a simple point of C; and Cy where C; and Cy meet transversally (i.e., their
tangent lines at P are different). It is also additive when we take unions of curves.

We will not really use this particular formulation of divisors; it is merely some motivation for how divisors
arise in a fairly natural way in the context of curves.

e If F is a subfield of the algebraically closed field k over which C is defined, the Galois group Gal(k/E) acts
on the k-rational points of C, and thus it also acts on divisors pointwise.

e Definition: Suppose C' is a smooth curve defined over the algebraically closed field k, and F is a subfield of k
with E = k. If 0 € Gal(k/E) is an element of the Galois group and D = Y . npP is a divisor, we define
the action of o on D via 0(D) = ) pcnpo(P). We then say a divisor D is defined over E when (D) = D
for all o € Gal(k/E), and we denote the subgroup of divisors defined over E as Divg(C).

e}

If all of the points with nonzero coefficients in D are defined over E then certainly D is defined over E,
but this is not necessary. All that is required is for Galois-conjugate points to have the same coefficients,
as is seen immediately by comparing o(D) = ) pc 7,0 (P) to the reindexed sum D = 3 . o (py0 (P):
one requires n,(py = np for all P € C and all 0 € Gal(k/E).

For example, for the curve C = A'(C), with P = i and Q = —i, the divisor 2P + @ is defined over
Q(%) (any element of the Galois group C/Q(%) fixes ¢ and —i, hence sends P to P and @ to @) while the
divisor P + @ is defined over Q (any element of the Galois group C/Q either fixes ¢ or maps it to —i,
and these operations map P + @ to P+ Q or @ + P respectively).

e We can attach a divisor to a rational function on C' using its zeroes and poles:

e Definition: Let C be a smooth curve and « € k(C) be a nonzero rational function on C. We define the divisor
of @, denoted div(c), as div(a) = > pcovp(a)P. The divisors of the form div(a) for some o € k(C)* are
called principal divisors.

[¢]

Remark: In many sources, the divisor of « is often written (a). In our context, this can lead to
ambiguities, since the same notation is also used for the ideal generated by «. As such, we will only ever
write div(«) for the divisor of a.
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o As we have already shown, for any nonzero «, vp(«a) is nonzero only for finitely many P € C, so div(«)
is well defined.

o Now because ordp(a/8) = ordp(a) — ordp(8), summing over all primes shows that div(a/8) = div(«a) —
div(p), so the principal divisors are a subgroup of the divisor group Div(C).

o When computing the divisor of a function on a smooth curve C, remember that all of our curves are
(implicitly) projective curves. (Thus, even when we are working with an affine equation, we must also
include the point at co.)

X

o Example: For C = P!(C), with points denoted [X : Y], for the rational function o = v e have
div(a) = Pr.1) — P1.o) where Pjo.q) represents the point [0 : 1] (i.e., the point where X = 0) and Py
represents the point [1 : 0] (i.e., the point where Y = 0).

X3 - XY?

Y3

Pi_1.1] — 3P1.0], using the same notation as above. Note that 3 has three single zeroes at [0 : 1], [1: 1],
and [—1: 1] and a triple pole at [1: 0].

o If we dehomogenize the two examples above, so as to work instead with the affine line A!, the corre-
sponding rational functions are o, = x and (5, = 3 — x, with associated divisors div(a.) = Py — Py
and div(Bs) = Py + P1 + P_1 — 3P.

o Example: For C = P!(C), for the rational function 3 = we have div(8) = Po.1) + Py +

(x —p)" - (x —p)"

(x —_ ql)bl “ee (m — qm)bm

Diy---5D1,q1,- -+, qm € k having associated points P, ..., Py, Q1, ..., Q; respectively. Show that div(a) =
arPr+- - +a P —b01Q1 — - — b,,Qun + [Z] bj — >, a;]oo. [Hint: This is just a generalization of the
examples above.]

for u € k* and take distinct elements

o Exercise: On C = A'(C), suppose a = u

o Exercise: Show that for any C' = A!(C) and any nonzero rational function o € C(C) we have deg(div(a)) =
0.

o Example: For C = V(Y?Z — X3 — XZ?) consider the rational function v = % The zeroes for v can
only occur when Y = 0 yielding the points [0 : 0 : 1], [¢ : 0 : 1], [—4 : O : 1], while the poles for v can
only occur when Z = 0 yielding the point [0 : 1 : 0]. To compute the order of vanishing ~ at each point
we may compute a local uniformizer (for the three zeroes, v = Y/Z is itself a local uniformizer, while
for the pole, Z/X is a local uniformizer). One obtains ordjy.o.1jy = ordj;:p.1777 = ord[—;;0.1)y = 1 and also
ordjp.1.0y = —3, s0 div(y) = Plo.o:1) + Pa:o:1] + P—i0:1] — 3Pj0:1:0)-

o If we dehomogenize the example above, so as to work instead with the affine model y? = 2% + z, the
corresponding rational function is v, = y with associated divisor div(v.) = P(o,0) + FP(i,0) + P(—i,0) = 3Pso-

e Motivated by the calculations for K = C(t), we can also pick out the zeroes (respectively, poles) of an element
by extracting only the portion of its divisor with positive (respectively, negative) coeflicients:

e Definition: If o € k(C)* has divisor div(c) = > p np P, we define the “zero divisor” div (o) = > p max(0,np)P =
> Pmpso PP and the “pole divisor” div_(a) = > pmin(0,np)P = p.,  onrP-
o Notice that div(a) = divy (a) — div_(«) for any element o € k(C)*.

o Remark: There are various other notations for these quantities that are often used, such as (a)q for div
and (a)e for div_, which are intended to evoke the idea of picking out the zeroes and poles of a.

o Exercise: For any field k, if f(¢), g(t) € k[t] are relatively prime, show that [k(t) : k(M)] = max(deg f,deg g).

g9(t)
[Hint: Use Gauss’s lemma to show that ¢(y) = f(y) — %g(y) € k(%)[y] is the minimal polynomial of

t over k(L) ]

o In the example above, we can also compute that deg(div, («)) = deg(div_(a)) = deg(f) = deg(g), and
by the exercise above, this quantity is equal to the extension degree [k(C) : k(a)]. In fact, this result is
true in general:

e Theorem (Divisor Degrees): For any nonconstant o € k(C)* on a curve C/k, we have deg(divy(a)) =
deg(div_(a)) = [k(C) : k(a)]. As a consequence, deg(div(a)) = 0 for all such .
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o We will defer the proof of this result temporarily, since it would otherwise require developing a lot of
additional material out of order.

o Our main observation here is that the divisor of an element a € k(C)* always has degree 0, which is to

say, the principal divisors are actually a subgroup of the group of degree-0 divisors.

e Definition: On a curve C/k, we say two divisors Dy and Dy are linearly equivalent (and write Dy ~ D) if
Dy — Dy is principal. The resulting equivalence classes (i.e., divisors modulo principal divisors) form a group
called the class group, or the Picard group, of C.

o Exercise: Verify that this relation is an equivalence relation and that the equivalence classes are the
elements in the quotient group of divisors modulo principal divisors.

o Some notation for all of these various groups: Div(C) = D¢ is the group of all divisors on C, Div®(C)
is the group of degree-0 divisors on C, Cl(C) = Pic(C) = Div(C')/[principal divisors| is the class group
of C.

o Since principal divisors all have degree zero, we can also form the reduced Picard group PicO(C) =
Div®(C)/[principal divisors].

e For P!, the reduced Picard group is trivial:

e Proposition (Reduced Picard Group of P'): If C' = P!, then Pic"(C) = Div(C)/[principal divisors| is the
trivial group, and Pic(C) = Z.

o Proof: The result is equivalent to showing that every divisor of degree 0 is principal, so suppose D =
> pbpP has degree 0.

bX —aY

o For a point P = [a : b] € P! let fp be the rational function fp = v

to be div(fp) = P — Pw.
o Now consider the rational function a = [[p f@*: by the calculation above we have ordp(a) = bp for

each point P # oo, but since ), bp deg(P) = 0 by the assumption on D, and deg(div(«a)) = 0 as well,
we must have ords(a) = by also.

, whose divisor is easily seen

o Then ordp(a) = b, for all P € P!, so div(e) = D and so D is principal as claimed.
o The statement that Pic(K) = Z follows immediately from Div(K)/Div’(K) = Z.

o Remark: It can be shown that the case C' = P! is essentially the only situation where the reduced Picard
group is trivial. So do not be misled by the convenience of this particular result!

e We have a fundamental analogy between divisors on curves and ideals of algebraic number fields.

o If K/Q is an algebraic number field, we have an exact sequence
1 — [units of O] — K* — [fractional ideals of O] — [ideal class group of K| — 1.

o If C is an algebraic curve defined over k, the analogous exact sequence is
1 = k* = E(C)* — Div(C) — Pic’(C) — 1.

o The constant field k plays the role of the units of an algebraic number field, the group of degree-0 divisors
plays the role of the fractional ideals in the ring of integers, and the reduced Picard group plays the role
of the ideal class group.

e We now put a partial ordering on divisors that is motivated by the idea of divisibility for integers and rational
functions.

o The idea is that if we look at p-adic valuations of elements of Q, we can identify the elements of Z as
those whose valuations are nonnegative at every finite prime p.

o The same principle holds for considering valuations of a rational function at points on an algebraic curve
C: we can identify polynomial functions as those having no poles except at the points at oco.

e Definition: If a divisor D = )" ,npP on a curve C/k has np > 0 at all points P, we say D is effective and
we write D > 0. We extend this notion to a partial ordering on divisors by writing Dy < D5 if and only if
Dy — D is effective.
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(¢]

Exercise (easy): Check that the relation Dy < Ds is a partial ordering on divisors.

The partial ordering on divisors allows us to specify the order of zeroes and poles: to illustrate, for A',
saying that f has a pole of order at most 2 at x = 0 and a zero of order at least 3 at z = 1 is equivalent
to saying div(f) > 2Py — 3.

e Definition: If D is a divisor on a curve C/k, the Riemann-Roch space associated to D is the set L(D) = {a €
kE(C)* : div(a) > =D} U{0}. Equivalently, an element o € k(C)* is in L(D) if and only if vp(a) > —vp(D)
at all points P € C.

(¢]

When D is an effective divisor, L(D) represents all rational functions whose poles are “no worse” than
D.

More generally, if D =} pnpP — >, mqQ with n;,m; > 0, then L(D) consists of all € k(C)* such
that o has a zero of order at least mg at each point ), and may have poles only at the points P, of
order at most np at P.

It is not hard to see that L(D) is a k-vector space: if o, 8 € L(D), then a+ € L(D) because vp(a+/3) >
min(vp(a),vp(B)) for each point P, and ca € L(D) for all ¢ € k since vp(ca) = vp(c) + vp(a) = vp(@)
since vp(c) = 0 at all points P.

Example: For C = Al! and D = P, we can see that L(D) = span(l,z7 '), since the only possible
poles of an element f/g € L(D) function occur at © = 0 (of order 1) and the function must also have
deg g > deg f since there is no pole at the point at infinity P.

Example: For C = A! and D = 3P, we can see that L(D) = span(1, z, 22, 23) since the function f/g
has no poles except a pole of order at most 3 at Py, (meaning that degg < deg f + 3), which is to say,
f/g is a polynomial of degree at most 3.

Example: For C = A and D = —P,, we can see that L(D) = {0}, since any nonzero element f/g € L(D)
would need to be zero at x = 0 and defined at all other points, but this cannot occur because g would
have to be constant, but then deg f > deg g would force f/g to have a pole at Pu.

Example: For arbitrary C/k, we have L(0) = k, since div(¢) = 0 for all ¢ € k*, but any element
x € k(C)*\k necessarily has at least one pole (its degree as a rational function must be positive, and
then any zero of the denominator yields a pole).

Exercise: Determine L(D) when C = AY(C) for D = Py — Pso, Py + P, and Py + P;.

We can also consider Riemann-Roch spaces over non-algebraically-closed fields. The only alteration to
considering Lg (D) for some subfield E of its algebraic closure k is that Lg(D) = {a € E(C)* : div(a) >
—D} U {0} consists only of the elements of the function field that are defined over E.

Example: For C = A! and D = P,, — P;, we have Lg(D) = {0} because any such rational function f/g
would necessarily be a polynomial in R[z| of degree at most 1 (since it could only have a pole of order
1 at co) and would have to be zero at = 4, but any such polynomial would also be zero at z = —i
meaning that its degree is too large.

Example: For C = A! and D = 2P,, — P, — P_;, we have Lg(D) = span(1 + 22) because as above any
element would be a real polynomial of degree at most 2 that is zero at both x = i and x = —i, hence is
a multiple of 1 + 2.

Note that the field of definition affects the dimension in the first example above but not the second, since
over C we have L¢(Ps — P;) = span(i — ) but Le (2P — P, — P_;) = span(1 +2?); that difference arises
merely because the divisor D is actually defined over R while the divisor from the first example is not.

Exercise: Suppose F is a subfield of k& and D is a divisor of k that is defined over FE. Show that
dimy[Ly(D)] = dimg[Lg(D)]. [Hint: Show that a basis for Lr remains a basis over Ly.]

0.10 (Oct 12) The Riemann-Roch Theorem + Elliptic Curves (Properly)

e Definition: If D is a divisor on a curve C/k, we define ¢(D) = dimy, L(D).

[¢]

Examples: By the examples worked out above, for C' = A(C) we have I(Py) = 2, [(3P) = 4, and
I(—Py) =0.
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o Example: For an arbitrary C, we have £(0) = 1, since L(0) = k.
e Proposition (Properties of [(D)): Let C be an algebraic curve over k and let D be a divisor of C.

1. If D1 S DQ, then E(Dl) S Z(Dg)

o Proof: This follows immediately from the definition, since D7 < Ds clearly implies that L(D;) is a
subspace of L(D>).

2. If D1 ~ DQ, then L(Dl) = L(Dg) and so E(Dl) = E(Dg)

o Proof: If Dy = D5 + div(g), then the map from L(D;) to L(D2) sending f — fg is easily seen to be
an isomorphism of vector spaces since it has an inverse map h — h/g.
3. If deg(D) < 0, then L(D) = {0} and I(D) = 0 except when D = div(«) is principal, in which case
L(D) = span(a) and (D) = 1.
o Proof: Suppose f € L(D) and f # 0. Then 0 = deg(div(f)) > deg(—D) = — deg(D).
o Furthermore, equality can hold only if D = —div(f) for some f € k(C)*, in which case D is principal.
o If D is principal, then £(D) = £(0) = 1 by (2), and L(D) = span(«) by the same calculation.
4. If Dy and Dy are divisors with Dy < Dy, then dimg(L(D3)/L(D;)) < deg(Ds) — deg(Dy).

o Proof: Induct on the sum of the coefficients of the points in the effective divisor B — A. The base
case B — A = 0 is trivial.

[e]

For the inductive step, suppose that Do = Dy + P for some point P, and choose x € k(C) such that
vp(z) =vp(Dy) = vp(Dy) + 1.

Then for any y € L(Dz), we have vp(zy) = vp(x) +vp(y) > vp(D2) —vp(D2) > 0, so zy € Op, the
local ring at P.

o

o By composing with the evaluation map at P, we obtain a k-linear transformation ¢ : L(Ds) —
Op/mp = k with ¢(y) = (zy)(P).

Then y € ker(p) if and only if (zy)(P) = 0 if and only if vp(xy) > 1 if and only if vp(y) >
1 —wvp(Dy) = —vp(Dy), and this last statement is equivalent to y € L(Dy).

Thus, by the first isomorphism theorem, we have an injection from L(Ds)/L(D;) to Op/mp. Taking
dimensions yields dimy (L(D2)/L(D1)) < dimg(Op/mp) = 1.

o This establishes the inductive step, so the general result follows.

o

[¢]

5. For any effective divisor D, we have ¢(D) < deg(D) + 1. In fact, this inequality holds for any divisor D
of degree > 0.

o Proof: For effective divisors, this follows immediately by induction on the degree of D using (4),
starting with the base case [(0) = 1.

o For general divisors, the result is trivial if ¢(D) = 0, so suppose otherwise that ¢(D) > 1 and let
a € L(D) be nonzero. Then div(a) > —D which is equivalent to D — div(a™1) > 0.

o Then for D’ = D — div(a™1), we see that D is equivalent to the effective divisor D’, and so by (2)
we have {(D) = {(D’) < deg(D’) + 1 = deg(D) + 1, as required.

6. For any divisor D, the quantity ¢(D) is finite.
o Proof: If deg(D) < 0 then (3) gives ¢(D) = 0, while if deg(D) > 0 then (5) gives (D) < deg(D) + 1.

e What we would like to be able to do now is to calculate the actual dimension ¢(D) for arbitrary divisors D.
Rather than delaying the point, we will now get right to our main result:

e Theorem (Riemann-Roch): For any algebraic curve C/k, there exists an integer g > 0 called the genus of
C, and a divisor class C, called the canonical class of C, such that for any divisor C' € C and any divisor
A € Div(K), we have £(A) = deg(A) — g+ 1+ £(C — A).

o Remark: The divisor class C, as we will explain later in our discussion of differentials, is the divisor class
associated with the meromorphic differentials of C'.

e Proving the general Riemann-Roch theorem would take us a bit too far our of our way at the moment, so we
will instead just derive some of its important consequences in our context.
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o

Later, when we are discussing elliptic curves over C, we can outline the argument for Riemann-Roch for
Riemann surfaces. It contains most of the main ideas but is more accessible since the complex-analytic
notion of a differential is quite natural.

e For now, we will run through some consequences of the Riemann-Roch theorem.

e Proposition (Corollaries of Riemann-Roch): Let C/k be an algebraic curve.

1.

2.

3.

4.

For any divisor A with deg(A) > 0, we have deg(A4) — g+ 1 < £(A) < deg(A) + 1.
o Proof: We showed the upper bound earlier using an inductive argument. The lower bound follows
immediately from Riemann-Roch since ¢(C' — A) > 0.
For C € C we have {(C) = g and deg(C) = 2g — 2.
o Proof: First set A = 0 in Riemann-Roch: this yields £(0) = deg(0) — g + 1 + ¢(C), so since £(0) =1
and deg(0) = 0, we get ((C) = g.
o Now set A = C in Riemann-Roch: this yields ¢(C) = deg(C) — g + 1 + £(0), and so deg(C) =
LC)+g—1—4(0)=2g—2.
If deg(A) > 2g — 2, then £(A) = deg(A) — g + 1 except when A € C (in which case ((A) = g).
o Proof: If deg(A) > 2g — 2, then deg(C' — A) <0, and so ¢(C — A) = 0 except when C' — A is principal
(i.e., when A € C).
o When ¢(C' — A) = 0 Riemann-Roch immediately gives ¢(A) = deg(A) — g+ 1, and when A € C we
have ¢(A) = g by (2).

The genus ¢ is unique, as is the equivalence class C.

o Proof: Pick A of sufficiently large degree: then deg(A) — ¢(A) + 1 = g by (3), so g is uniquely
determined.

o For C, if £(A) =deg(A) —g+1+4(C — A) =deg(A) —g+ 1+ (D — A) for some other divisor D,
then ¢(C — A) = 4(D — A) for all A.

o Setting A = C yields ¢(D — C) = 1 and setting A = D yields £(C — D) = 1, and these are
contradictory unless D — C' is principal, which is to say, D ~ C.

e Our main highlight is that we can use Riemann-Roch to study curves of small genus over an arbitrary field F
with algebraic closure k. We start with the simplest genus g = 0, so suppose that C' is a (smooth projective)
curve of genus 0 over the field F', and let K = F(C) be its function field.

e}

[¢]

By Riemann-Roch, we have ¢(A) = deg(A) + 1+ ¢(C — A) for any divisor A, and also deg(C) = —2.
Also, by (3), if deg(4) > —1 then £(A) = deg(A) + 1. In particular, since deg(—C) = 2, we have
(-C) =3.

Now, for any point P, we have ¢(P) < deg(P) + 1. So, if P is any point with P < C (there must be at
least one since deg(—C) is positive), we see {(P) < ¢(—C) = 3. Thus, deg(P) must be either 1 or 2.
First suppose that there is a point P of degree 1. Then ¢(P) = 2. Since F is a subspace of L(P), there
is a basis of L(P) of the form {1, 2} for some = ¢ F.

Then since deg(div(z) + P) = 1 and div(z) + P > 0, we must have div(xz) + P = Q for some point Q
(necessarily of degree 1). Then div(xz) = P — @, and so [K : F(z)] = deg(divy (x)) = deg(P) = 1, which
means K = F(z).

Now suppose there is no point P of degree 1: per earlier, we have a point P < C of degree 2.

Then ¢(P) = 3, so again since L(P) contains k, we may take a basis for L(P) of the form {1,z,y} for
some F-linearly independent z,y & F.

In the same way as above, we see that div(z) = P —Q and div(y) = P — R for some (necessarily distinct)
points @ and R of degree 2.

Then [K : F(z)] = deg(divy(z)) = 2 and [K : F(y)] = deg(divy(y)) = 2 also. Since F(z) # F(y) (by
linear independence and the fact that K is a degree-2 extension of both), we see K = F(z,y).
Furthermore, Riemann-Roch says that ¢(2P) = 1 + deg(2P) = 5, but we can find six different elements
in L(2P), namely {1, x,y, 2%, xy,y*}. They must therefore be F-linearly dependent, so we see that x and
y satisfy some quadratic relation az? + bxy + cy?® + dx + ey = f.
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Geometrically, this case corresponds to a conic, while the case K = F(z) corresponds to a line (since we
can think of F(z) = F(x,y) where y is a linear function of ).

e We can use similar ideas to study curves of genus 1: now suppose that C is a curve of genus 1 over the field
F, again with function field K.

(¢]

In this case, for ¢ = 1 Riemann-Roch and its corollaries say that ¢(A) = deg(A) + ¢(C — A), that
deg(C) = 0 and £(C) = 1, and that if deg(A) > 1 then £(A) = deg(A).

Unlike the case g = 0, we are not necessarily guaranteed to have a point of any given degree any more,
since we cannot use C' to construct a point of small degree — indeed, since deg(C) = 0 and ¢(C) =1, in
fact C is principal (and C' ~ 0).

So let us instead merely suppose that we do have a point P of degree 1. Then ¢(2P) = 2, so choose a
basis {1,z} for L(2P), where we necessarily must have vp(x) = 2 since ¢ L(P). Then ¢(3P) = 3, so
choose a basis {1, z,y} for L(3P), where we must necessarily have vp(y) = 3 since y ¢ L(2P).

Then, as above, [K : F(x)] = deg(divy(x)) =2 and [K : F(y)] = deg(divy(y)) = 3, so since 2 and 3 are
relatively prime, we see K = F(z,y).

Now we would like to identify what kind of algebraic relation z,y must satisfy (they are, after all,
algebraically dependent), which we can do by looking at the spaces L(kP) for larger values of k, since
the various monomials z’y’ will all only have poles at P.

We have £(4P) = 4, but we can only identify 4 elements that must lie in this space: {1, z,y,2?}. In fact,
they are all linearly independent since they all have different valuations at P.

Likewise, £(5P) = 5, but we only have 5 elements in this space: {1,z,y,2?, xy}. Again, these elements
are all linearly independent since they have different valuations at P.

However, /(6P) = 6, and we can generate 7 elements in this space: {1,,y, 22 xy, 23, y*}. We must
therefore have a linear dependence among these elements, and in fact since 23 and y? are the only
elements with valuation 6 at P, they must both occur with nonzero coefficients.

By rescaling z,y appropriately, we obtain an algebraic relation of the form y? 4+ a1zy + asy = 3 +
asx? + asx + ag for some aq,as,as, a4, a6 € E: in other words, C' has an equation in Weierstrass form.
(Additionally, this also explains where the indices on the coefficients a; come from: they are giving the
“missing” pole valuation at P for the corresponding monomial term.)

To make this more precise, we observe that the map ¢ : C — P? defined by [z : y : 1] is a rational map
(by definition, because z,y are elements of the function field of C') whose image is a subvariety of the
curve V(Y2Z + i XYZ+a3YZ? — X3 —auX%Z —au X272 — a6Z3). Thus ¢ is a morphism, and since it
is nonconstant it is surjective.

But also, since the function field F'(z,y) equals the function field K of the curve, ¢ has degree 1, so ¢ is

an in fact an isomorphism. Thus, C' is isomorphic to a projective curve with a Weierstrass equation, as
claimed.

We therefore see that a curve with genus 1 over F having a point of degree 1 is an elliptic curve in Weierstrass
form. We now adopt this as our more highbrow definition of an elliptic curve:

Definition: Let F' be a field. An elliptic curve E over F is a smooth projective curve defined over F' with
genus 1 that has an F-rational point O.

o

The specific choice of F-rational point O is part of the definition of an elliptic curve: if we take the same
projective curve but choose different selections for O, we view the resulting elliptic curves as distinct.
(As we will see, however, they will be isomorphic, so the distinction is not of great importance.)

Now we can establish the existence of the group law on an elliptic curve.

(¢]

In the discussion below, we will denote the divisor of a point P by [P], since we will need to keep separate
the notion of P as a divisor and as a point on a curve.

Theorem (Group Law): Let F be a field and E be an elliptic curve defined over F with an F-rational point
O. Then the following hold:
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1. If P and @ are F-rational points such that [P] ~ [@] as divisors, then P = Q.

o Proof: Suppose that [P] ~ [Q], so that [P] — [Q] = div(f) for some f.
o Then in particular, f € L([Q]): but Riemann-Roch on E says that [([Q)]) = 1, so since the constants
all lie in L([Q)]), f must be constant. Then div(f) = 0 and hence P = @, as claimed.

2. For every degree-zero divisor D, there exists a unique point P € E such that D ~ [P] — [O].

o Proof: To see that such a P exists, since deg(D+[0]) = 1, our consequences of Riemann-Roch imply
that (D +[0]) = 1.
o Let f span L(D + [O]): then div(f) > —D — [O] and deg(div(f)) = 0, so since —D — [O] has degree
—1 we must have div(f) = —D — [O] + [P] for some degree-1 point P, whence D ~ [P] — [O].
o Uniqueness of @) then follows immediately from (1), since if [P] — [O] ~ D ~ [Q] — [O] then P = Q).
3. If o : Div’(E) — E denotes the map in (2), then o induces a bijection & : Pic’(F) — E.

o Proof: First observe that o([P] — [0]) = P so o is certainly surjective from Div®(E) to E.

o Also, by the definition of o for any divisors D; and Dy we have o(D;) — o(D32) ~ Dy — D3, so
Dy ~ Dy if and only if o(D;) = o(D,), which shows that o descends to a bijection & from Pic’(E)
to E.

4. With & as in (3), the group operation on F induced from Pic’(E) via & is the same as the geometric
group law on E. (In other words, if we think of E as a group with the geometric law, then E is isomorphic
to Pic’(E) via &.)

o Proof: The inverse map of 5 is 7 : P — [P]—[O]. We want to see that 7(P+Q) = 7(P)+7(Q), where
the addition on the left is the geometric group law, and the addition on the right is the addition of
divisor classes in the Picard group.

o Equivalently, we want to see that [P+ Q] —[P]—[Q]+[O] ~ 0, where again P+ () represents addition
via the geometric group law.

o Let f be the line through P and @, let R be the third intersection point of £ with this line, and let
g be the line through R and O. Then since the line Z = 0 intersects E at O with multiplicity 3, we
have div(f/Z) = [P] + [Q] + [R] — 3|O] and div(g/Z) = [R] + [P + Q] — 2[O].

o Therefore, [P + Q] — [P] — [Q] + [O] = div(f/g) ~ 0, as required. This means 7 is a group homo-
morphism and thus a group isomorphism, as desired.

5. The group law defines morphisms + : £ x E — E mapping (P,Q) — P+ @Q and — : E — E mapping
P— —P.

o Proof: It is enough to show that the maps are rational, since rational maps from a smooth curve to
a variety are morphisms. But the addition map and the additive-inverse maps are both rational as
we have already seen via the explicit formulas: the only possible exceptions involve adding a point
to itself or a point to O. One may check explicitly in these cases that the maps still yield morphisms.

6. For any divisor D € Div(E), D is principal if and only if deg(D) = 0 and the formal sum representing
D evaluates to O when viewed as a sum of points using the group law.

o Proof: As we have previously noted, the degree of any principal divisor is 0, so certainly we must
have deg(D) = 0.
o Now if D € Div’(E) is D = Y. pnp[P] we have D ~ 0 if and only if o(D) = O. But o(D) =
o> pnplP])=> pnpo([P]) = pnp(P—0)=> pnpP by definition of ¢ and the equivalence
of the group operations in (4). So we see o(D) = O if and only if ) p,npP = O when viewed as a
sum of points using the group law.
e Exercise: Show that we have an exact sequence 1 — k* — k(E)* N Div’(E) © B s 0 where div represents
the divisor map f + div(f) and (6) represents the map discussed in (6) that takes a divisor ), np[P] and
evaluates it as a sum of points on FE.

0.11 (Oct 16) Differentials on Curves

e We would now like to establish the converse of our theorem above: namely, that every smooth projective
curve with a Weierstrass equation Y2Z 4+ a1 XY Z 4+ a3Y 7% = X3 + a2 X?Z + au X Z? + agZ? is actually an
elliptic curve.
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o Since [0: 1: 0] (the affine point at oo) is always a rational point on this curve, we need only show it has

genus 1.

o In order to do this, we need to discuss differentials, since they allow us to calculate the genus.

e Definition: Let C'/k be a (smooth projective) curve. The space Q(C) of meromorphic differential 1-forms on
C' is the k-vector space consisting of symbols of the form dx for z € k(C), subject to the following three
relations:

1.
2.

The additivity relation d(z + y) = dx + dy for all z,y € k(C).
The Leibniz rule d(zy) = v dy + y dz for all z,y € k(C).

3. Derivatives of constants are zero: da = 0 for all a € k.

We remark also that there is a more general notion of differential form defined using the notion of a
derivation from a commutative ring R to an R-module M. (We will not need this added formalism, but
we include the definition purely for reference.)

% A derivation is an additive map D : R — M such that D(ab) = aD(b) + bD(a) for all a,b € R).

x If B is a k-algebra, we say D is a k-derivation if k is contained in the kernel of D (i.e., D vanishes
on k).

* Then the module of relative differential forms of B over k is a B-module Qp,4 together with a
k-derivation d : B — Qp,4 such that for any other B-module M and any k-derivation d' : B — M
there exists a unique B-module homomorphism f: Qg4 — M such that d’' = f od.

Although the space Q(C') contains differentials of the form df for all f € k(C), and may therefore appear
to be very large, in fact the relations impose all of the familiar rules of calculus.

Exercise: Show that the relations (1)-(3) also imply the power rule d(z") = nz" 'dx and the quotient

dy —yd
e d(%) — 20—
Y Yy
Exercise: Suppose C/k is a curve and x1, z9, ..., z, € k(C). For any rational function f € k(x1,...,z,),

show the “chain rule” that df = f,, dx1 + - + fz, dx,, where f,, denotes the usual partial derivative.
[Hint: First show the result for polynomials f, then use the quotient rule.]

As a corollary of the above exercises, we see immediately that if the function field k£(C') is generated (as
a field extension) by z1,...,z, then Q(C) is spanned by dz1, dxs, ... , dz, as a k(C)-vector space.

Example: For C = P!, we have k(C) = k(x) for z = X/Y. Since x generates the function field by itself
we see that Q(C) is spanned by dz. In fact, {dz} is a basis, since there are no additional relations arising
in the definition of Q(C).

Example: Let p be a prime. For C = P! over a field of characteristic not equal to p, by the above we
know that {dz} is a basis of Q(C). Then for f = P, since df = prP~1dx is a nonzero scalar multiple of
dz, we see that {df} is also a basis of Q(C). On the other hand, over a field of characteristic p, we have
df = pzP~1dz =0, and so {df} is not a basis of Q(C).

Example: For C =V (Y2Z — X3 — XZ?) with = X/Z and y = Y/Z, we have k(C) = k(z,y). By the
exercises above we see that (C) is spanned by dz and dy, but since y? = 23 + z taking differentials
yields a linear dependence 2y dy = (322 4+ 1) dw. Thus in fact either dz or dy suffices to span Q(C). As
with P!, there is no relation imposed on a single differential by itself, so {dz} or {dy} is a basis for Q(C).

More generally, one may show similarly that Q(C) is always a 1-dimensional k(C)-vector space for any
curve C: in general, dz generates Q(C) if and only if k(C)/k(x) is a separable extension of finite degree.
(The second example above shows that separability is necessary, since if k& has characteristic p then
k(x)/k(aP) is not separable, and as noted above in that situation da? does not span Q(C).)

e Qur goal now is to show that we may do calculations with differentials that mirror those for rational functions.
First, we will give a well-defined notion of the order of a differential w at a point P, and then we use it to
attach a divisor to a differential.

e Proposition (Properties of Differentials): Let C'/k be a curve, let w be a differential in Q(C), and let P be a
point of C with a local uniformizer ¢. Then the following hold:
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1. There exists a unique rational function f € k(C) such that w = fdt. (Since f is unique, we may think
of it as the “quotient” w/dt.)

o Proof: First, since ¢ is a local uniformizer, the extension k(C')/k(t) has finite degree and is separable.
Hence by the discussion above, we see that {dt} spans Q(C) as a k(C)-vector space.
o This means so there exists a unique rational function f € k(C) such that w = f dt.

2. If f € k(C) is defined at P, then df /dt is also defined at P.

o The most direct proof of this fact follows by working with local Laurent expansions near P. We will
not need to do this explicitly, so here is an outline of the idea.

o One may expand functions in Op as infinite formal power series in the formal Laurent series ring of
k((t)), and the resulting map D : k(C) — k((t)) is a derivation.

o Elements in the local ring Op (i.e., functions f defined at P) have images lying in the formal power
series ring k[[t]], and for such elements, one may show that the term-by-term power series derivative
/' yields the rational function with df = f’dt. Since the term-by-term derivative f’ lies in k[[t]], it
is defined at P.

3. If ¢’ is another local uniformizer at P, then ordp(w/dt) = ordp(w/dt"). We may therefore define ord p(w)
to be the value ordp(w/dt) for any local uniformizer t.

o Proof: Taking f =t in (2) shows that dt’'/dt = g is defined at P, and interchanging ¢ and ¢ shows
that dt'/dt = 1/g is also defined at P. Therefore, we have ordp(g) > 0 and ordp(1/g) > 0 whence
ordp(g) = 0.

o Then we immediately have ordp(w/dt) = ordp(w/dt’-dt’ /dt) = ordp(w/dt")+ordp(g) = ordp(w/dt").

4. Let z € k(C)* with 2(P) = 0. Then ordp(dx) = ordp(z) — 1 except when the characteristic of k divides
ordp(x), in which case we have ordp(f dx) > ordp(x).

o Intuitively, the idea of this result is the extremely reasonable notion that taking the derivative of
a function lowers its order of vanishing by 1, except in situations where the function is something
times a pth power in characteristic p.

o Proof: Since z is not zero we may write x = ut” for some u of order 0, and n = ordp(z). Then
dx = unt™ 1 dt + (du/dt)t" dt by the chain rule.

o From (2) we know that du/dt is defined at P so ordp(du/dt) > 0.

o If the characteristic of k divides n, then n = 0 (in k), so dx = (du/dt)t™ dt. Then ordp(dz) =
ordp(dz/dt) = ordp(du/dt) +n > ordp(x) as desired.

o Otherwise, if the characteristic does not divide n, then n # 0 in k so ordp(unt"~!) = n — 1 while
the order of the second term (du/dt)t™ is at least n (as just calculated above). So since ordp is a
discrete valuation, the order of the sum unt™~! + (du/dt)t" is n — 1 = ordp(x) — 1, as desired.

5. For all but finitely many P, we have ordp(w) = 0.

o Proof: Pick z to be a local uniformizer at an arbitrary point of C: then by (1) we may write w = f dz.

o Now, f has finitely many zeroes and poles, as noted in our discussion of divisors of functions.
Additionally, as we will discuss in more detail later, there are only finitely many points at which
x — x(P) fails to be a local uniformizer at P. (These are the points at which z is ramified, when
thought of as a map x : C — Pt.)

o So there are only finitely many points P where f has a zero or pole, or where x — x(P) fails to be a
local uniformizer.

o Let @ be any other point. Then x — z(Q) is a local uniformizer, so we have ordg(dz) = ordg(d(z —
#(Q)) = 1-1=0by (4)

o Hence ordg(w) = ordg(f dx) = ordg(f) + ordg(dz) = 0+ 0 = 0 because f is defined and does not
vanish at ). This applies for all but finitely many points ), so we are done.

6. For any differential w, its divisor div(w) = > pordp(w) P is well defined, and for any other differential
wy we have div(w) ~ div(wy). We define the canonical class C to be the resulting divisor class of div(w)
in Pic(C).

o Proof: Well-definedness follows immediately from (5), since only finitely many terms in the formal
sum are nonzero.
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7.

o Now suppose w; is any other differential. By (1) there exists f € k(C) such that w/w; = f: thus
div(w) — div(wy) = div(f) which means by definition that div(w) ~ div(wy).
o The well-definedness of the canonical class is then immediate from the equivalence.

A differential w is holomorphic if div(w) > 0: equivalently, when ordp(w) > 0 for all P, which is to
say, when w has no poles. The holomorphic differentials form a finite-dimensional vector space, whose
dimension is defined to be g, the genus of C.

o For completeness, we also say that a differential w is nonvanishing if div(w) < 0: equivalently, when
ordp < 0 for all P, which is to say, when w has no zeroes.

o Proof: Writing w = f dt we see that w is holomorphic if and only if div(f) > —div(w). Therefore,
the map w +— w/dt is an isomorphism of the space of holomorphic differentials with the Riemann-
Roch space L(div(w)), whose dimension I(div(w)) = I(C) is finite, as follows from our properties of
Riemann-Roch spaces.

e Of course, the real point of (6) and (7) is to give a proper definition of the canonical class and the genus of a
curve that appear in the statement of the Riemann-Roch theorem.

o

We can also give some explanation of why the genus g, defined here as the dimension of the space of
holomorphic differentials C, corresponds to the topological genus.

The idea is that when we are working over k = C, then viewing C as a (compact, connected) Riemann
surface, we may integrate a holomorphic differential along a path inside C'.

By standard results from complex analysis, if two paths are homotopic then integrating any differential
along the two paths yields the same value. Since the set of paths up to homotopy is the first homology
group H;(C), which is a free abelian group of rank g (the topological genus of C'), we obtain a pairing
between H;(C) and the space of holomorphic differentials given by (C,w) = [ w.

One then shows that this is a perfect pairing, and so these vector spaces are isomorphic. (Essentially,
the idea is that we can obtain independent holomorphic differentials by integrating around independent
non-contractible paths on C'.)

We remark that all of this is just a rephrasing of Poincaré duality applied to the de Rham cohomology
groups of C, considered as a 2-dimensional manifold.

e Example: On C = P! with 2 = X/Y as usual, find div(dz) and then show that there are no nonzero
holomorphic differentials.

o

First, since k(C) = k(x), so rather trivially k(C)/k(x) is separable and of finite degree, we see that
Q(C) is spanned by dx. Thus every differential on C' is of the form w = f dz for some rational function
f € k(x), in which case div(w) = div(f) + div(dz).

To find div(dx), first observe that for all ¢ € k the function 2 —c is a uniformizer at [c : 1], so ord..1)(dx) =
ordie.1)(z — ¢) — 1 = 0 by our results in (4).

Also, at the point at infinity [1 : 0], the function 1/x is a uniformizer, so ordp.qj(z) = —1 and thus
ordyy.)(dx) = ord.q) () — 1 = —2, again by (4).

Therefore, div(dxz) = —2P;.0). We conclude that the canonical class is the image of —2P};.g) in Pic(C).

In particular, the degree of any differential must be —2. But since the degree of a holomorphic differential
is nonnegative, we see immediately that there are no nonzero holomorphic differentials.

Hence we see that the genus of P! is 0 — as it should be, of course, given the results of our earlier
calculations for genus-0 curves using Riemann-Roch.

e Example: On C = V(Y2Z-X3—-XZ?) with x = X/Z and y = Y/Z as usual, show that dx/y is a nonvanishing
holomorphic differential, when the characteristic of & is not 2.

(¢]

[¢]

We have previously shown that div(y) = Pi.0:1) + Pri:o:1) + P—i:0:1) — 3Fj0:1:0) on this elliptic curve.

To find div(dz) we first compute div(z): since z is only zero at [0 : 0 : 1] and since y is a local
uniformizer there, to check the zero order we observe that z/y? = XZ/Y? = Z%2/(X? + Z%) = 1 is
defined and nonzero, so ordjy.o.;jz = 2. Then since the only pole of x is at [0 : 1 : 0] the pole also has
order 2, and so div(z) = 2Pjp.0:1] — 2P0:1:0)-
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[¢]

In the same way we can show that div(z — 1) = 2P;.0.1) — 2Pjo.1:0) and div(z + i) = 2P _;.0.1) — 2P:1:0]-

Then since x — z(P) is only zero at « = 0,4, —i, by property (4) we deduce that the zeroes of dz occur

only at [0:0:1], [-¢:0:1],and [¢: 0: 1] and the zero order there is 2 — 1 = 1 in each case.

[¢]

Likewise, since the only pole of dz is at [0 : 1 : 0], by (4) again we see the pole order is —2 — 1 = —3.

(Here is where we need the fact that the characteristic is not 2.)

o

Putting all of this together shows that div(dz) = Po.o.1)+ Pli:0:1] + P—i:011] — 3Pjo:1:0)- But this is precisely

div(y), and so that means div(dz/y) = 0 whence dz/y is holomorphic and also nonvanishing,.

e Let us now generalize the example above to complete the proof that smooth projective curves of genus 1 having
a rational point (per our highbrow definition of elliptic curves) are the same as nonsingular cubic curves in
Weierstrass form (per our original definition):

e Proposition (Differentials on Elliptic Curves): Let C'/k be a smooth projective curve having an affine Weier-
strass equation of the form y? + a12y + azy = 3 + agx? + a4z + ag. Then the following hold:

dx dy

1. The differential w = = is holomorphic and nonvanishing on C.

o

2y + a1z + ag 322 + 2007 + ay — a1y

Proof: Let f = y? + ayzy + azy — (3 + a22? + a4x + ag): then by the chain rule we see that

dx d . .
=— Y , showing that the two expressions are equal.

fy(‘rvy) fw(xvy)
d(z — o) d(y — yo)

For any finite point P = (xg,yo) we also have w = = — since translating by a

fy(‘rvy) ffv(xvy)

constant does not affect differentials.

In particular we see that P cannot be a pole of w since this would require f,(P) = f,(P) = 0, but
that cannot occur because C is smooth at P. So w could only possibly have a pole at co.

For zeroes of w we observe that the map ¢ : C — P! with [X : Y : Z] — [X : Z] has degree 2, so
ordp(z — xg) < 2 with equality if and only if f(z¢,y) has a double root in y at y = yo, which occurs
if and only if f,(zo,y0) = 0.

Therefore by property (4) we see that ordp(w) = ordp(dz)—ordp(f,) = ordp(x—xz¢)—ordp(f,)—1 =
0 in both the situation when ordp(x — o) = 1 and in the situation when ordp(x — x¢) = 2.

It remains to check the order at co. For this let ¢ be a uniformizer: then because orde,(z) = —2 and
orda (y) = —3 we have = t2u and y = ¢ 3w for some u,w € k(C) that are defined and nonzero
at oo.
_9¢—3 -2 _
Then w — de =2t u+t (du/dt) g — 2u + t(du/dt) .
fylz,y) 23w+ ait2u+as 2w + aitu + ast3
—2u + t(du/dt)

When the characteristic of k is not equal to 2, we can then evaluate the function
—u(c0)
w(oo)
Exercise: When the characteristic of k is not equal to 3, show that the equivalent formula w =

2w + aitu + ast3

which is defined and nonzero.

at oo (note that ¢ = 0 at 00) to obtain

d
— i Y ) evaluates to a quantity that is defined and nonzero at co.
z\T, Y
This means orde(w) = 0 as well, so div(w) = 0 whence w is holomorphic and nonvanishing as
claimed.

2. The space of holomorphic differentials on C is a 1-dimensional k-vector space, whence C' has genus 1.

(e]

o

o

o

o

Proof: As shown in (1) above, there exists a holomorphic differential w such that div(w) = 0.
From our properties of differentials, any other differential ¢ is of the form fw for some f € k(C).

But then div(¢) = div(f) + div(w) = div(f), so in order for ¢ to be holomorphic we must have
div(f) > 0, meaning that f is a rational function with no poles.

But the only such (projective) functions are constants, whence ( is a k-scalar multiple of w.

This immediately implies that the space of holomorphic differentials on C'is a 1-dimensional k-vector
space, so C' has genus 1 as claimed.

3. Every smooth projective genus-1 curve has a nonsingular Weierstrass equation, and conversely every
nonsingular Weierstrass equation gives a smooth projective genus-1 curve.
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4.

o Proof: We showed the first part earlier using Riemann-Roch, while the second part is simply (2).

(
The differential w from (1) is translation-invariant, meaning that for any point Q on E, if (z,y) + Q
o dz . . . .
(Z,9), then w = ———— as well. We therefore call w the invariant differential of E.
29+ a1x + as
o We could in principle show this result just using the point addition formulas, since they give explicit
expressions for £ and g in terms of z, y, and the coordinates of Q. We will give a less tedious

argument.

o Proof: Let 0 = ————— d:c~ . Since @ is obtained by adding @ to all points on C, for any P on C'
294+ a1T + a3

we see that ordp(@w) = ordp_g(w) =0, and so @ is also a nonvanishing holomorphic differential.

o By (2) since the space of holomorphic differentials is 1-dimensional, that means @ = cqw for some
scalar cg € k that (a priori) depends on Q.

o Now consider the map ¢ : E — P! sending Q +— [cq : 1] for each point Q.

o This map is necessarily rational (since after all the expressions for Z and § are rational functions, so
the ratio @/w is some rational function), but it clearly omits [1 : 0] since cq is defined for all Q.

o Thus ¢ is not surjective, meaning that it must be constant since nonconstant rational maps of curves
are surjective. Finally, setting @ to be the identity O on E shows @wp = w, so the constant must be
1.

o We conclude that @ = w for all Q.

0.12 (Oct 19) Riemann-Roch (Redux), Ramification

e To finish this portion of the discussion, we outline the proof of the Riemann-Roch theorem.

(¢]

[¢]

The main additional definition required is the residue of a rational function f € k(C) at a point P, which
is the general analogue of the residue of a meromorphic function at a point in C. There are various ways
to give this definition, but the standard approach is as the coefficient a_; in a local Laurent expansion
f =37, a,t™ where ¢ is a local uniformizer. (Nontrivial work is required to make this rigorous, since
we may be working in a field that lacks a notion of infinite series.)

The residue of a rational function is only nonzero when the function has a pole at P. By the analogue of
Cauchy’s residue theorem (or Stokes’s theorem, depending on one’s interpretation), one may also show
that the sum of the residues of any rational function over all its poles is zero.

If we have an effective divisor D = P;+ Py+- - -+ P, for distinct points P;, we obtain a map ¢ : L(D) — k%
by taking ¢(D) = (Resp, f, Resp, f, ..., Resp, f). The kernel of this map is the set of functions g € L(D)
whose residue is zero at each P;, which includes all constant functions.

Thus, we obtain an exact sequence 0 — k — L(D) Ry

e Now we ask the question: how close is the map ¢ to being surjective? In other words, what conditions are
there on the values of the residues of a function in L(D) at the points P;?

o

o

We can answer this question by looking at the residues of holomorphic and meromorphic differentials.

If w is holomorphic, we define the residue of w at P as the residue of the ratio w/dt at P where dt is a
local uniformizer at P.

Let D be a divisor on the curve C. Define (D) to be the space of differentials ¢ such that div(¢) > —D.

Exercise: Show Q(D) is a vector space, and that (D) is isomorphic to L(C — D) where C is any element
of the canonical class of C. [Hint: Fix a differential w and let f € L(C — D) and consider f — fw. The
proof of (7) above is the special case D = 0.]

In the same way as for functions, the sum of the residues of any meromorphic differential over all points
must be zero: thus, for each holomorphic w and each f € L(D), we see that the sum of the residues
of fw must be zero. This means each differential imposes a linear condition on the possible choices of
residues for f.

More precisely, we obtain a map v : Q(D) — k¢ by taking ¢/(D) = (Resp,w, Resp,w, ..., Resp,w). The
kernel of this map is the set of differentials w € (D) whose residue is zero at each P;, which includes
all of the holomorphic differentials.
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o

e}

Thus, we obtain another exact sequence 0 — Q(0) — Q(D) Y .

Exercise: If D > 0, show that Riemann-Roch is equivalent to the statement that dimg[L(D)/L(0)] +
dimy [24(D) /(0] = deg(D).

The images of the two maps ¢ and v are orthogonal inside k£ by the observation made above: for
any f € L(D) and any w € Q(D), the dot product of ¢(f) and ¥(w) is 2?21 Resp, (f)Resp, (w) =
E?Zl Resp, (fw) = 0 since this is again the sum of the residues of a differential.

So, since the images of ¢ and v are orthogonal, we see that dim(imy) + dim(imvy) < d = deg(D).

By the nullity-rank theorem, since ker(y) = k we get dim(imy) = dim(L(D)) — 1 =¢(D) — 1.

Likewise, since ker(y)) = Q(D) we get dim(ime)) = dim(Q(0)) — dim(Q(D)) = g — ¢(C — D).

Thus, we obtain the inequality £(D)—1+¢g—¥¢(C — D) < deg(D), which is known as Riemann’s inequality.

e The Riemann-Roch theorem is then the statement that we have an actual equality here: i.e., that the images
of ¢ and 1 are actually orthogonal complements.

o

o

As it stands, we only know that £(D) — 14 g — £(C — D) < deg(D) when D is an effective divisor.

In the event that C' — D is also effective, however, we can extract the desired result: in such a case, we
have ¢(D)—1+4g—£(C'— D) < deg(D) and also {(C'—D)—1+4g—4£(D) < deg(C' — D) = deg(C) —deg(D),
so adding the two inequalities yields 2g — 2 < deg(C'). But since deg(C) = 2g — 2 (a calculation we take
for granted), we must have equality in both cases.

This establishes Riemann-Roch for divisors D where both D and C— D are effective divisors (or equivalent
to effective divisors, since as we showed, ¢(D1) = ¢(D3) when Dy ~ Ds).

In fact, this is nearly enough to get the general result, since as we showed, if L(D) # 0 then D is
equivalent to an effective divisor. In general, one needs to verify that when ¢(C — D) = 0, one has
deg(D) > 4(D) —1+g.

Assuming the inequality deg(D) > ¢(D) — 1 + g, one obtains the general statement of Riemann-Roch: if
both D and C' — D are equivalent to effective divisors, the result is as above, and if D is but C — D is
not, the result follows from deg(D) > ¢(D) — 1+ g, and if C' — D is but D is not, the result is equivalent
by interchanging D and C' — D.

Finally, if neither D nor C' — D is equivalent to an effective divisor (i.e., if /(D) = ¢(C — D) = 0), then by

the inequality above we must have deg(D) > g — 1 and deg(C' — D) > g — 1. But since deg(C) = 2g — 2
this forces deg(D) = g — 1, in which case we do get deg(D) = ¢(D) — 1+ g — £(C — D), as required.

e Our next object of study is how morphisms interact with divisors and differentials. We begin by discussing
the notion of ramification.

e}

e}

o

o

Recall, as we have previously discussed, that if ¢ : C; — Cs is a nonconstant morphism of curves then
we obtain a corresponding injection ¢* : k(Cy) — k(Ci) on function fields given by ¢*f = f o ¢ for
f € k(Cs), and conversely any injection of function fields k(Cs) — k(C7) arises from a unique morphism.
More generally, this association yields an equivalence of categories, where F is an arbitrary field:
1. (Objects) Function fields K/FE of transcendence degree 1 where KN E = E
(Morphisms) Field injections fixing 1 (up to isomorphism)
2. (Objects) Smooth projective curves defined over E
(Morphisms) Non-constant morphisms defined over E (up to isomorphism)

Since both function fields have transcendence degree 1 over k and are finitely generated, the field extension
k(C1)/¢*k(C3) has finite degree: we define the degree of this extension to be the degree deg(y). For
completeness also we define the degree of constant morphisms to be 0.

Additionally, we say ¢ is separable (or inseparable) when the corresponding field extension is separable
(or inseparable) and define the associated separable degree (and inseparable degree) of ¢ to be the
corresponding separable degree (and inseparable degree) of the field extension.
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Example: The degree of the morphism ¢ : P! — P! given by p[X : Y] = [X? : Y?] is 2, since
with = X/Y as usual we have k(C1) = k(Ca) = k(z) and p(x) = 22, so p*k(C2) = k(z?). Then
the corresponding function-field extension is k(x)/k(x?) which has degree 2. Written affinely, the map is
simply ¢(x) = 22, which we quite reasonably would expect to have degree 2 under any sensible definition.
When the field characteristic is not equal to 2, this map is separable, and when the characteristic equals
2, it is (purely) inseparable.

e Definition: Let ¢ : C7 — C5 be a nonconstant morphism. For each P € C; we define the ramification index
e, (P) to be ordp(p*t,p)), where t,p) is a local uniformizer at p(P).

(¢]

Intuitively, the ramification index e, (P) measures by what factor the local order of vanishing changes
when we apply ¢ to move from P to ¢(P).

Note by definition that (¢*t,p))(P) = (tup) © 9)(P) = typy(@(P)) = 0, so the function ¢*t,p) is
defined at P and evaluates to zero there. Thus, we have e, (P) > 1 with equality if and only if ¢*t,p)
is a local uniformizer at P.

When e, (P) = 1 we say that P is unramified and otherwise (when e, (P) > 1) we say that P is ramified.
We extend this to say a point @ € Cy is unramified when all its preimages P € ¢ ~1(Q) are unramified.

Example: Consider the morphism ¢ : P}(C) — P(C) given affinely by o(z) = 22. By definition,

©* f(x) = f(a?). At P =2 we have ¢(P) =4 and so t,p) = 2 — 4 is a local uniformizer at ¢(P). Then
O topy = @ — 4, s0 ordp(p*t,(py) = ord,—2(2? —4) = 1, so P = 2 is unramified. On the other hand,
at Q = 0 we see that t,g) =  so that ¢*t, o) = 2* and ordg(p*t,(q)) = ord.(2?) = 2,50 Q =0 is
ramified. At R = 0 we have t,r) = 1/x 50 ©*t,g) = 1/2% and so ordg(p*t,(r)) = ordy,(1/z*) = 2 so
R = oo is ramified. Indeed, one may check that 0 and co are the only ramified points of this morphism.

Exercise: Compute the ramification index e, (P) for all points P € P! for the map ¢ : P}(C) — P*(C)

with ¢(z) = 3.

Exercise: Let f € k(x) be a nonconstant rational function. Show that a finite point P € k is ramified
for the map f : P*(k) — P!(k) if and only if f’(P) = 0. Deduce that f has only finitely many ramified
points. Under what conditions on f will co be ramified?

The ramification index defined above is the natural function-field analogue for the ramification index of
a prime in a number field.

Explicitly, if L/ K is an extension of number fields with corresponding rings of integers O, and O, then
each prime ideal R of Of lies over a unique prime ideal @ of Ok with @ = Ok N R. If the prime ideal
factorization of QO has its power of R equal to R°")) then the ramification index of R is e(R). (This
quantity is well defined since Oy, is a Dedekind domain and therefore has unique factorization of ideals
as a product of prime ideals.)

In fact, the ramification index in our situation quite literally is the ramification index for the prime ideal
mp associated to the valuation ring Op in the field extension k(Cy)/¢*k(C3).

The correspondence is a consequence of the general theorems describing the behavior of prime ideals in
finite extensions of Dedekind domains, of which the ring of integers Ok in a number field and the local
ring Op for a point on a curve are examples.

e We have various other results following from the general theory, as well:

e Proposition (Properties of Ramification): Let ¢ : C; — C3 be a nonconstant morphism of (smooth projective)
curves.

1.

For all Q € Cy, we have 3 pc 1 () €4 (P) = dego.
o Example: For the squaring map ¢ : P*(C) — P(C) with ¢(z) = 22 of degree 2, for Q = 4 we have
01 (Q) = {P2, P_»} and we may compute e, (P2) = e,(P-2) = 1. For R = 0 we have o' (R) = { Py}

and as we have already computed, e, (P) = 2.

o This result is the analogue of the so-called “efg” theorem of number fields: if L/K is an extension
of number fields and f,,(R|Q) is the relative degree of the prime R of Oy, lying over the prime @ of
OK, then ZR|Q GZ(R)fZ(R) = [L : K]
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o In our situation, the analogous definition of the relative degree would be the vector space dimension
dimo, /m (OOW*P/mWP), but since k is algebraically closes both fields Op/mp and O« p/my-p are
isomorphic to k, so the relative degree is always 1.

o The proof (in both the number field case and our case) follows from examining the prime ideal
factorization in the appropriate extension of Dedekind domains.

2. A point Q € Cy is unramified if and only if #¢~1(Q) = deg .

o Proof: By (1) we have }_pe ,—1(q) €p(P) = deg .

o Since there are degy terms in the sum and each term is at least 1, the sum is always at least
#¢71(Q), and it equals #¢~1(Q) if and only if e, (P) =1 for all P € p~1(Q).

o So we see e,(P) =1 for all P € ¢~1(Q) if and only if #¢~1(Q) = deg ¢, as claimed.

3. For all but finitely many Q € Cs, #¢~1(Q) = deg, ¢. As a consequence, when ¢ is separable, there are
only finitely many ramified points Q.

o The idea here is that typically a point @ € Cs has a total of deg, ¢ preimages under ¢, with
the exceptions occuring when @ is ramified. Ramification corresponds to the situation where these
preimages “collide” and yield fewer preimage points than expected (and the number of such collisions
is measured by the ramification index).

o Exercise: Suppose k is a(n algebraically closed) field of characteristic p and let the Frobenius mor-
phism Frob : P' (k) — P'(k) be given by Frob(z) = 2”. Verify that #Frob™'(Q) = 1 for all Q € P!,
and show that Frob is ramified at every point. Deduce that the hypothesis that ¢ be separable in
(3) above is necessary to ensure there are only finitely many ramified points.

o This result is the analogue of the statement that there are only finitely many ramified primes in
any extension L/K of number fields, which for number fields is typically proven by examining
discriminants.

o Proof (second part): If o is separable, the result follows immediately from the first part and (2),
since deg, ¢ = deg: so for all but finitely many @ we see that @ is unramified.

4. The ramification index is multiplicative under composition: explicitly, if ¢ : C5 — Cj5 is another noncon-
stant morphism and P € C1, we have ey, (P) = e, (P)ey(¢(P)).
o This result is the analogue of the fact that the ramification index is multiplicative in towers of number
fields.
o Proof (sketch): Applying ¢ changes the local order of vanishing by a factor of e, (P), while applying
1 changes the local order of vanishing by a factor of ey (¢(P)). Thus, the composition changes the
local order of vanishing by the product of these two factors.

0.13 (Oct 23) Riemann-Hurwitz, Isogenies

o When we think of k£(C1) as a finite extension of ¢*k(C2), we may use the norm in this extension to construct
amap ¢, : k(C1) = k(C2).

o Explicitly, we define ¢, : k(C1) — k(C2) via @i = (%)™ 0 Ni(cy) /o k(Ca)-

o We will not bother being more explicit here, because our main interest is in the actions of the maps ¢*
and ¢, on divisors and differentials, where we can give much nicer formulas.

e Definition: Let ¢ : C; — C5 be a nonconstant map of (smooth projective) curves. We define the inverse image
map ¢ : Div(C2) — Div(C1) on divisor groups by setting ¢*(Q) = > pc,-1(q) ()P for all Q € C3 and
extending linearly, and we also define the direct image map ¢, : Div(C1) — Div(Cy) by setting ¢, (P) = ¢(P)
for all P € C and extending linearly.

o Notational Remark: In principle we could just refer to ¢, as ¢, but we want to keep separate the action
of ¢ as a morphism with its action ¢, on divisors and on the associated function fields, and it will be
convenient later to write it as ..

o Rather vacuously, both ¢, and ¢* are homomorphisms.

o Example: Let ¢ : P! — P! be the squaring map o(r) = 22, Then for D = Py + 2Py — P, we have

QD*(D) = P2 + P_2 -+ 4P0 — QPOO and QD*(P) = P16 + 2P0 — Poo
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e These actions also extend naturally to differentials:

e Definition: Let ¢ : C; — C5 be a nonconstant map of (smooth projective) curves. We define ¢* : Q(Cs) —
Q(Ch) by setting *(f dx) = (¢* f) d(e*z) for all f,z € k(C2), and we define ¢, : Q(C1) — Q(Cs) by setting
Px(gdy) = (p+g) d(p.y) for all g,y € k(Cy).

o We will only need the action of ¢*, but the action of ¢, is recorded for completeness.

o Example: Let ¢ : P! — P! be the squaring map o(z) = 22. Then for wo = (x + 2)dx we have

©* (w) = (22 4 2) d(2?) = (2% + 2) 2zdz.

e Proposition (Properties of ¢, and ¢*): Let ¢ : C; — Cs be a nonconstant map of (smooth projective) curves.
Then the following hold:

1. For any D € Div(Cs), we have deg(p* D) = (deg ¢)(deg D).

o Proof: For a single point divisor  we have 0*Q =3 pc -1 () €o(P)P sodeg(¢*Q) = > pe,-1() €(P) =
deg ¢ by property (1) of the ramification index. Now sum over all points in D and apply linearity.

2. For any D € Div(Cy), we have deg(¢.D) = deg D.
o Proof: Obvious, since if D = ZPeCl npP then p,D = EPeCl npp(P), whose degree is still
2 pec, NP
3. For all D € Div(C5) we have p,(p*D) = (deg¢)D.

o Proof: For a single point divisor @ we have . (9" Q) = ¢« X pey-1() €o(P)P =D pey-1(0) €o(P)e(P) =
> pep-1(q) €o(P)]Q = (deg )Q. Now sum over all points in D and apply linearity.

4. If ¢ : Cy — (35 is another nonconstant map of smooth projective curves, then (i) o ¢)* = ©* o ¢p* and
(¥ 0 )« = 14 0, as maps on the appropriate divisor groups.

o Proof: For a single point divisor 2 € C3 we have (Y00) "R = 3~ pc (yop)-1 g €vop (P)P = X pey-1(0)2gey-1(r) €0
p** R using the ramification-in-towers property; now apply linearity.
o Likewise, for a single point divisor P € C; we have (1) 0 0).P = ¥(o(P)) = (14 0 0.)(P).
5. For all nonzero f € k(C2) we have ¢*(div f) = div(p* f).

o Exercise: For any nonzero f € k(C2) and any P € C1, show that ordp(¢* f) = e, (P)ord,(p)(f).

o Proof: By the exercise we see that div(¢*f) = > pep, ordp(9* f)P = 3 pee, ordy(p) (f)-[ep(P)P] =
ZQGCZ ordg(f) - [ZPegrl(Q) ep(P)JP = EQGC2 ordg(f) ¢*Q = ¢ ZQECz ordg(f)Q = ¢*(div f),
as claimed.

6. For all nonzero g € k(C1) we have ¢, (divg) = div(p.g).

o This property follows by general facts about the behavior of norms in finite extensions of Dedekind
domains.

7. The map ¢ is separable if and only if p* : Q(Cy) — Q(C1) is injective (or equivalently, nonzero).
o Proof: As noted in our initial discussion of differentials, an element y € k(C5) has {dy} a basis for
Q(Cy) if and only if k(C2)/k(y) is a finite-degree separable extension. Choose such an element y.
o Applying ¢* shows that ¢*k(Cs)/¢*k(y) is also a finite-degree separable extension, and by definition
of the action of p*y =y o ¢ we see that p*k(y) = k(p*y).
o Then ¢* is injective <= d(p*y) # 0 < {d(p*y)} is a basis for k(1) <= k(C1)/k(p*y) is
separable <= k(C4)/¢*k(Cs) is separable, where the last equivalence follows from the fact that

©*k(C2)/¢*k(y) is separable and the composition of separable extensions is separable. And this last
statement is simply the definition of separability for ¢, so we are done.

o Also, the equivalence of injectivity and nonzeroness for ¢* on differentials follows from the fact that
d(¢*y) being nonzero is equivalent to it being a basis.

e We can now establish the fundamental relationship between the genera® of curves related by a morphism.

6«Genera” is the correct plural of “genus”.
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e Theorem (Riemann-Hurwitz): Let ¢ : C7 — C5 be a nonconstant separable morphism where C; and Cy are
smooth projective curves of respective genera g; and go. Let w € Q(C2) be any nonzero differential and define
the ramification divisor R = div(¢*w) — ¢*(divw) € Div(Ch).

1.

2.

3.

The ramification divisor R is independent of the choice of w.

o Proof: Let {dz} be any basis for Q(C5) and write w = f dx.
o Then ¢*w = (p*f) d(p*z) so div(e*w) = div(e* f) + div[d(¢*z)], whereas ¢*(divw) = ¢*(divf) +
©*(div dx).
o Hence R = div(¢p*w) — ¢*(divw) = [div(e* f) — ¢* (divf)] + div[d(p*x)] — ¢* (div dz) = div]d(p*z)] —
¢*(div dz) by property (5) above.
o This last quantity is independent of w, as desired.
We have deg R > pc(, [eo(P) — 1] with equality if and only if the characteristic of k& does not divide
e, (P) for any P € C;. (In particular, equality holds when the characteristic is zero.)
o Proof: As shown in (1) we have R = div[d(p*z)] — ¢*(divdz) for any basis {dz} of Q(C3). To
compute the order of R at P, we may take x = ¢ where ¢ is a uniformizer at @ = ¢(P), since as we
showed previously, {dt} is a basis for Q(C5).

o By definition, we have p*t = us® where s is a uniformizer at P, e = e, (P) is the ramification index,
and u € Op is defined at P with u(P) # 0.

o Then d(p*t) = [(du/ds)s® + eus® 1|ds so ordp[d(p*t)] = ordp[(du/ds)s® + eus®™!] = (e — 1) +
ordp[s(du/ds) + eu], and we also have ord p[p*(divdt)] = 0.

o Since u is defined at P we see that du/ds is also defined at P, and quite similarly to our calculations
with differentials previously, we see that ordp[d(¢*t)] > e — 1 with equality if and only if the
characteristic of k does not divide e = e, (P).

o Summing over all points P € C yields the result immediately.
We have 291 —2 = (deg ¢)(2g2—2)+deg . As a consequence, 2g1—2 > (deg ¢)(292—2)+>_ pec, [€p(P)—1]
with equality if and only if char(k) does not divide e, (P) for any P € C;.
o Proof: Taking degrees in the definition of R and rearranging yields deg[¢*(divw)] = deg[div(p*w)] +
deg R.
o By property (1) of ©*, we have deg(p*w) = (deg¢)(degw) = (deg )(292 —2) since w is a differential
on C5 hence the degree of its divisor is 2go — 2 as we showed using Riemann-Roch.
o Likewise, since ¢*(divw) is a differential on C1, its degree is 2g; — 2.
o Then (2) yields immediately that 291 — 2 > (deg¥)(292 — 2) + > _peo, [€p(P) — 1] with equality if
and only if char(k) does not divide e, (P) for any P € C1, as claimed.

e The Riemann-Hurwitz theorem is really a topological result, and we can give some geometric motivation for
where it comes from in the situation of Riemann surfaces, where k = C.

[¢]

If we view the curves C; and C5 as surfaces over R, then the morphism ¢ represents a d-sheeted covering
of C5 by C1, where each unramified point of Cs has exactly d preimages in Cj.

If ¢ were unramified everywhere, then (e.g., by considering a triangulation of C7) we see that the Euler
characteristic x; = 2 — 2¢g; of C; would be d times the Euler characteristic xo = 2 — 2g5 of Cs: this is
precisely the statement of Riemann-Hurwitz above.

At ramified points of ¢, the sheets of the covering collide, which introduces an error term into the
calculation.

Precisely, at a ramified point the ramification index e, (P) counts the number of sheets that collide at P,
and so relative to unramified points (with ramification index 1) the overall characteristic y; is lowered
by a total of e, (P) from what would be expected if the point were unramified.

Summing this correction over all of the ramified points yields the general statement of Riemann-Hurwitz:
x1 = (degp)x2 — ZPecl [ew(P) —1].

e We can now apply these general results to the situation of morphisms of elliptic curves. Since we defined an
elliptic curve as a smooth projective curve of genus 1 together with a marked rational point O, we require the
maps also to preserve the marked point:
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e Definition: Let (E7,01) and (E2, O2) be two elliptic curves. An isogeny ¢ : E1 — FE5 is a morphism from Ej
to Es such that ¢(O1) = Os. If E; and E5 are elliptic curves such that there exists a nonzero isogeny between
them, we say they are isogenous.

o

(¢]

o

Since the identity is uniquely specified for an elliptic curve, we will usually just write it as O.

As we will show later, being isogenous is an equivalence relation on elliptic curves. (It is self-evidently
reflexive and transitive, since the identity morphism is an isogeny and the composition of two isogenies
is an isogeny.)

Since nonconstant morphisms of curves are surjective, and the only constant isogeny is the zero map,
nonzero isogenies are surjective.

When ¢ is nonzero, recall that we define the degree of ¢ to be degree of the function-field extension
k(Cs)/p*k(C1). We also set deg(0) = 0 for convenience.

Exercise: Show that the degree map is multiplicative on isogenies: deg(yp o 1) = (deg p)(deg)).

e Since Fy and Fs are groups, the collection of all isogenies from E; to Fs forms an abelian group, and since
compositions of isogenies are isogenies, the set of isogenies from F to F forms a ring.

(¢]

Exercise: Let F; and F5 be elliptic curves and define Hom(E1, E2) to be the collection of all isogenies
from E; to Es. Show that Hom(E, Fs) is an abelian group under the addition operation (¢ 4+ )P =
p(P) +¢(P) for all P € E; (where the addition on the right is the sum under the group law on Es) for
,Y € Hom(E1, Es).

Exercise: Let E be an elliptic curve and define End(E) = Hom(E, E) to be the collection of all isogenies
from E to itself. Show that E is a ring with 1 having no zero divisors, with addition given as in the
exercise above and multiplication given by composition. [Hint: For the lack of zero divisors, consider
degrees.]

e Our most basic example of an isogeny is the multiplication-by-m map:

(¢]

Example: For an integer m, the multiplication-by-m map [m] : E — F is an isogeny, since as we have
previously discussed it is a morphism, and it clearly preserves the group identity O.

We showed much earlier during our discussion of Mordell’s theorem that the multiplication-by-m map
has degree m?, since as a rational map it is defined by a quotient of polynomials of degree m? (we will
later give a far nicer and minimally computational proof of this fact).

In particular, [m] # 0 for m # 0, so the endomorphism ring End(E) always contains the subring Z
generated by the identity map [1].

Additionally, if ¢ : Fy — F5 is any isogeny, we see that deg(my) = deg([m] o ¢) = deg([m]) deg(p) =
m? deg(y). Thus, if ¢ is a torsion element of Hom(E;, E3) so that me = 0, then this calculation shows
deg(p) = 0 whence ¢ = 0: this means Hom(FE, F») is torsion-free.

e As we will see, for many elliptic curves the multiplication-by-m maps are the only endomorphisms! So it
requires some nontrivial effort to give other examples.

e Example: Consider the map i : E — E with i(x,y) = (—x,iy) on the elliptic curve E : y* = x
2
17 =

(¢]

3 — x, where

—1 inside the underlying field k¥ (where we assume char(k) # 2 to avoid trivialities).

This map is a morphism from E to E since (—z,iy) is also a point of E and it is described by rational
functions that are defined everywhere, and since it maps O = oo to itself, it is an isogeny of F.

We can easily see that [¢] o [{] maps (x,y) — (x, —y), so [i] o [i] = [-1].

Taking b[i] to be the b-fold sum of [i] with itself, we see that the endomorphism ring End(E) contains
the elements [a] + b[¢] for all a,b € Z. The ring of such elements is isomorphic to the Gaussian integer
ring Z[i] via the obvious map [a] + b[i] — a + bi, and in fact, these are all of the endomorphisms of this
elliptic curve.

This curve F is an example of an elliptic curve with complex multiplication, as it possesses an endomor-
phism that behaves like multiplication by a complex number (in this case, i = v/—1).
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e Example: Let E = V(f) be an elliptic curve and let E® = V() where f() is obtained by raising all of
the coefficients of f to the pth power”. Then the Frobenius map Frob : E — E®) with Frob(z,y) = (zP, yP)
is an isogeny from F to E®) since it is clearly a morphism and it preserves the point at co.

o If F is defined over the field F,, the Frobenius map fixes all of the coefficients (indeed, F), is precisely
the field fixed by the Frobenius map): then E®) = E and so Frob is an endomorphism of E.

o More generally, if £ is defined over F, for some prime power ¢, then the gth-power Frobenius map
Frob(z,y) = (29, y?) is an endomorphism of E.

0.14 (Oct 26) Properties of Isogenies

e We obtain various fundamental properties of isogenies that flow (more or less immediately) from the general
properties of morphisms we have already shown:

e Theorem (Properties of Isogenies): Let ¢ : F1 — E5 be a nonzero isogeny. Then the following hold:

1. The map ¢ is a group homomorphism from E; to Es: in other words, p(P + Q) = ¢(P) + ¢(Q) for all
P, Q e Fi.

o Since isogenies are the natural maps in the category of elliptic curves, and elliptic curves carry a
natural group structure (which as we have discussed can be described purely in terms of the divisor
group), the fact that isogenies are group homomorphisms is quite reasonable. Indeed, the reason
we impose the additional condition that isogenies map the identity of E; to the identity of Es is
precisely to ensure that isogenies are group homomorphisms.

o Proof: Let P, be points of C; and O be the identity of C;.

o Then by our earlier results, [P + Q] — [P] — [Q] + [O] is a principal divisor on F; as it has degree 0
and the underlying sum of points resolves to the identity on Fj.

o For div(f) = [P+ Q] — [P] - [Q] + [0, we then have div(¢* /) = ¢*div(f) = [p(P + Q)] - [¢(P)] -
[0(Q)] + [#(0)], so this latter divisor is principal on Es.

o But that implies the resulting sum of points ¢(P + Q) — ¢(P) — p(Q) + ¢(O) resolves to the identity
on Es, so since ¢(O) is the identity on Es, we conclude immediately that ¢(P + Q) = ¢(P) + ¢(Q)
as claimed.

o Remark: Another way of making this argument is to observe that we have constructed group iso-
morphisms 7, : B; — Pic’(E;) and 7 : Ey — Pic’(Ey) with 7;(P) = [P] — [O] as divisor classes.
Then @, o 71 = 72 0 p essentially by definition and the fact that ¢(O) = O, so since @, is a homo-
morphism on the Picard groups, ¢ = 7, ' 0@, o7y is a composition of homomorphisms and thus also
a homomorphism.

2. For all Q € Ey, #¢~1(Q) = deg, ¢. In particular, ker ¢ = »~1(0) is a finite subgroup of Ej.
o Exercise: Suppose that ¢ : G — H is a surjective group homomorphism. Show that for any h € H
there is a bijection between ¢ ~!(h) and ker .

o Proof: By our results on ramification we know that #¢~1(Q) = deg, ¢ for all but finitely many
Q € Es. Since @ is a group homomorphism by (1) and surjective since it is a nonzero morphism,
applying the exercise above yields both results immediately.

3. For all P € Ey, the ramification index e, (P) = deg; ¢, the inseparable degree of ¢.

o Proof: First, let Q = (P) and take P’ to be another point in ¢ ~1(Q), and also define R = P’ — P.

o Since the translation morphism 75 : E — E defined by ¢(A4) = A+ R is an isomorphism and hence
unramified, we have p(R) = O and so p o T = .

o Then e,(P) = eyory(P) = eux(Tr(P))er,(P) = e,(P’) by the ramification composition formula.
This means all points in ¢~!(P) have the same ramification index.

o Then deg, pdeg; p = degp =3 pc,-1(g) €p(P) = #p7HQ) - e,(P) = deg, ¢ - e,(P), so we must
have e, (P) = deg; ¢ as claimed.

7Since the discriminant is a polynomial function of the coefficients of the Weierstrass equation, since the Frobenius map is a field
automorphism, the discriminant of f(?) is the pth power of the discriminant of E, so E(®) is also nonsingular when E is nonsingular.
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4. If ¢ is separable then ¢ is everywhere unramified and # ker ¢ = deg ¢.

o

o

Proof: By (3) we see immediately that if ¢ is separable, then e, (P) = deg; ¢ = 1 for all P, so ¢ is
unramified. The cardinality of the kernel is immediate from (2).

Exercise: Use Riemann-Hurwitz to prove directly that if ¢ : £; — E5 is a nonconstant separable
morphism of elliptic curves then ¢ is everywhere unramified.

5. The kernel ker ¢ is isomorphic to the automorphism group of the extension k(E;)/¢*k(FE2) via the map
E sending R — 75 where 7g is the translation-by- R morphism.

(e]

Proof: First, in the same way as noted in the proof of (3), for any R € ker ¢ we have p o 7 = ¢,
since p(z + R) = ¢(x) + ¢(R) = p(x) since ¢ is a homomorphism.

Then for any f € k(E;) we have 75(¢*f) = (poTr)*f = ¢*f, and so 7}, fixes the field k(E2).
Therefore 7, is an automorphism of the extension k(E1)/¢*k(Es) so Z is well defined.

Next, for any R, S € ker ¢ since rather obviously 7y s = 75 0 Tg, we have 75, ¢ = (Ts 0 Tr)" = T}7&
so Z is a homomorphism.

Third, if 74 fixes k(E,), then for any f € k(E1) we have forr = f. Taking f to be a function with
poles only at O (which exist by Riemann-Roch since [(20) = 2) we see that f o 7 has poles only at
—R, 50 R= 0. Thus ker = = {O} so E is injective.

Finally, by basic facts about field automorphisms, the cardinality of Aut[k(E;)/p*k(E>)] is at most
the separable degree of the extension deg,(¢), so by (2) and the fact that = is an injective homo-
morphism, we must have equality and = is an isomorphism.

6. If o is separable then the extension k(E1)/@*k(FE>) is a Galois extension of degree # ker .

o

Proof: By basic Galois theory, the cardinality of Aut[k(E1)/¢*k(E2)] equals the degree of the ex-
tension if and only if the extension is Galois. By (4) and (5) combined, this occurs, and the degree
equals deg ¢ = # ker .

7. Suppose that ¢ : F; — FEs and ¢ : E; — FEj3 are nonconstant isogenies and that ¢ is separable. If
ker ¢ C ker ¢ then there exists a unique isogeny ~ : F» — E3 such that ¢ = v o ¢.

o

o

(e]

o

This result gives us a very convenient universal property of isogenies, and is essentially just an
application of the fundamental theorem of Galois theory to the appropriate field extensions rephrased
in terms of the corresponding curves.

Proof: Since ¢ is separable, by (6) we know that k(E;)/¢*k(E2) is Galois of degree # ker . Let
the Galois group be G. Since ker ¢ C ker ), every element of G fixes ¥*k(E3), so ¢*k(E>) is a field
extension of ¥*k(Es3).

Since field extensions of function fields correspond to morphisms of curves (per the equivalence of
categories discussed earlier), there exists a unique morphism ~ : E5 — FEs5 such that ¢*(v*k(Es)) =
¥*k(FE3) which on the level of morphisms is equivalent to saying that v o ¢ = 1.

Finally, we have 7(O) = v(p(O)) = ¥(0) = O since ¢ and 1) are isogenies, and so « is an isogeny as
well.

8. Suppose that @ is a finite subgroup of the elliptic curve E. Then there exists a unique elliptic curve E’
and a separable isogeny ¢ : F — E’ such that ker p = ®.

(e]

Since ¢ is a surjective group homomorphism, the first isomorphism theorem immediately implies
that the group structure of E’ is that of the quotient group E/®, so since E’ is unique here we often
simply write £ = E/®.

Of course, we can certainly construct the quotient group as a group by itself, but it is not immediately
obvious why this quotient should also carry the structure of an algebraic variety (let alone why it
should be another elliptic curve).

But in fact, one can show that the quotient of any smooth projective curve by a finite group of
automorphisms also carries the structure of a variety.

Proof: As noted in (5), for each R € ® the translation-by-R map 7r(x) = x + R yields an automor-
phism 77, of k(E); note it is an automorphism since it has an inverse map 7* 5.

By the fundamental theorem of Galois theory, if K is the fixed field of the automorphism group
®* = {7}, : R € ®}, then k(F)/K is a Galois extension of degree #®* = #&. In particular, K
has transcendence degree 1 over k, so by our equivalence of categories, there exists a unique (up to

isomorphism) smooth projective curve C'/k and a unique finite-degree morphism ¢ : E — C such
that ¢*k(C) = K.
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o Now, since k(E)/K is Galois hence separable, ¢ is separable. It remains to show that C' is an elliptic

curve (i.e., that it has genus 1 and that it has a rational point O).

To do this we first show that ¢ is unramified, and then we apply Riemann-Hurwitz.

o For any P € F and R € ® and f € k(C), we have f(¢o(P + R)) = f(p(tr(P)) = (po1r)*f(P) =
The* f(P) = o* f(P) = f(¢(P)) because 7} fixes p*f.

o Since this equality holds for all functions f, by choosing f to be a function with poles only at one
point (as in the argument in (5) above) we see that (P + R) = ¢(P).

o Therefore, for any Q = ¢(P) on C, the set »~1(Q) contains the #® translates {Q + R : R € ®}.
But by our properties of ramification, #¢~1(Q) < degy = #® with equality if and only if Q is
unramified. Since this holds for all @ € C, this means ¢ is everywhere unramified.

[¢]

o Now, since ¢ is separable and unramified everywhere, by Riemann-Hurwitz we have 2gp — 2 =
(deg ¢)(2gc — 2) + 0 and so since deg @ is positive and gg = 1, we must have go = 1 also.

o Finally, if we define Oc = ¢(Op), then ¢ is an isogeny, and then as calculated above ker ¢ equals
{Og + R : R € ®} = ® since ¢ is unramified.

9. Suppose that char(k) = p and ¢ is not separable. For ¢ = deg; ¢ and Frob, : B4 — E@ the gth-power
Frobenius map, we may decompose ¢ = « o Frob, for a separable isogeny « : E%q) — Es.
o This result extends the discussion above about the separable case and allows us to reduce the study

of inseparable isogenies to the specific situation of the Frobenius map.

o Proof: Let K be the separable closure of ¢*k(Es) in k(F;). Then by standard results about
(in)separable extensions over perfect fields, k(E;)/K is purely inseparable of degree ¢ = deg; » = p?
for some d with K = k(F;)?, while K/p*k(Es) is separable of degree deg, .

o Then by definition, we see K = *k(E\?), so since we have the tower of extensions k(E1)/¢*k(E\?) /o*k(E),
converting to a statement about morphisms we see that ¢ = o o Frob, where o : E{q) — Fs is the
morphism corresponding to the separable extension K/*k(E>) and Frob, : E; — E§q) is the gth-
power Frobenius morphism corresponding to k:(El)/go*k(qu)).

o Remark: As also follows from the field degree calculations above, the degree of the gth-power Frobe-
nius map Frob is ¢. This can also be calculated directly.

10. For any Q € E, if 7 : E1 — Ej is the translation-by-() map then 7w = w.

o Proof: We showed this earlier in our discussion of differentials (it is why w is called the invariant
differential).

11. We have [—1]*w = —w.

o Proof: Suppose E; has general Weierstrass equation y? + a2y + asy = x> + asx? + a4z + a.

dx
Now b -1 = (z,—y—ai1z—a: that d|—1]*z = d dso|-1]'w=[-1]f ——— =
o Now ecause[d |(z,y) = (x, —y—ayz—ag), we see that d[—1]*x = dx and so [—1]*w = | ]2y+a1m—|—a3
x

2(—y — a1z —a3) + a1z + as
12. If w is the invariant differential on E; and ¢, ¥ are two isogenies from F; — FEs, then (p + ¢)*w =
prw + YPrw.
o Proof: If ¢ or 9 is the zero isogeny the result is trivial.

o If o4+ = 0so that ¢ = [—1]op and thus ¢¥* = ¢*o[—1]*, we deduce p*w+9*w = P*w+*(—w) =0
by linearity and (11).

o Now assume that none of ¢, 1, p + 1 is zero. Take independent coordinates (z1,y1) and (z2,y2)
and let (z3,y3) = (21,y1) + (22,y2) via the group law, so that x3 and ys are rational functions of

Z1,Y1,22,Y2.

da:
o Now let w;(z;,y;) be the associated invariant differential @ for each i =1,2,3.
2y; + a1w; + as

o Writing x3 = f(z1,y1,%2,92),® the chain rule for differentials yields dzs = f,,dz1+ fy, dy1 + fr,dva+
fy»dy2. But since dzq and dy; are k(z1, y1)-multiples of w(z1,y1) and dzg, dys are k(x2, y2)-multiples
of w(xa, ya), we see that w(xs, ys) is a k(x1, y1, T2, y2)-linear combination of the differentials w(x1, y1)
and w(z2, y2).

322 + 20021 + a4 —a 322 + 20021 + a4 —a
( 1 21 4 1y1)2+a1( 1 221 4 1y1)

8Explicitly, f(z1,y1, T2, =
p ¥, f(@1, 91,22, 92) 2y1 + a171 + as 2y1 + a1z + a3

— a2 — 1 — I2.
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13.

o So now write w3(ws3,y3) = g(w1,y1,%2,Y2) wi1(r1,y1) + h(z1,y1,72,y2) wa(x2,y2) for some g,h €
k(x1,y1, 72, y2).

o By working through the rather horrendous calculations explicitly, one may show that in fact the
coefficients g and h are both just 1.

o To see this in a more pleasant manner, observe that if we choose any P € FE; and evaluate our
expressions at 1 = x1(P) and y; = y1(P), we have dzqy = dy; = 0 so w; = 0, while (z3,y3) =
P+ (22,y2) = 7p(22,y2).

o Thus ws = Tpws = wy by translation-invariance from (10), so the linear combination expression
reads as ws = h(z1(P),y1(P), x2,y2)ws whence h(z1(P),y1(P),x2,ys2) is identically 1 as a rational
function in x5 and y,. But since this is true for every point P € C, in fact h must be the constant
function 1. By a symmetric argument we see g = 1 as well.

o So now we know that ws(xs3,ys3) = wi(z1, y1) + wa(z2, y2).

o Now apply this result to the case where (z1,y1) = p(z,y) and (z2,y2) = ¥(x,y), so that (z3,ys3) =
(¢ 4+ ¢)(z,y): it says that (wo (¢ +¢))(z,y) = (wo @)(z,y) + (wo¥)(x,y) whence (¢ + ¥)'w =
p*w + P*w, as desired.

For any integer m we have [m]*w = mw. In particular, [m] is a finite, separable morphism whenever
char(k) does not divide m.

o Proof: For m > 0, induct on m. The base case m = 0 is trivial. For the inductive step observe that
[m 4+ 1]*w = [m]*w + [1]*w = (m + 1)w using (12) for additivity and the obvious [1]*w = w.
o For negative m note that [m] = [—1] o [-m] and apply the result for positive m and (11).

o The last statement follows immediately from the fact discussed earlier that a morphism is separable
whenever it is nonzero on differentials.

0.15 (Oct 30) Dual Isogenies and Applications to the Hasse Bound

e Our goal now is to show that “being isogenous” is an equivalence relation on elliptic curves.

e}

Since being isogenous is reflexive and transitive as we have already noted, it remains to show that every
nonzero isogeny ¢ : E; — FEs induces some other nonzero isogeny ¢ : Fo — Ej.

To see that this “dual isogeny” exists, we exploit the contravariant nature of the map ¢* : Div(Es2) —
DlV(El)

Specifically, because ¢* scales degrees by deg ¢, as we showed earlier, it maps Div"(Es) into Div'(E}),
and therefore it descends onto a well-defined map ¢* : Pic’(Fy) — Pic’(E)).

But as we also showed, the group operation in Pic? (E) is isomorphic to the group law on E (namely, via
the map sending a point P € E to the divisor class [P] — [O]), and so by composing these isomorphisms
appropriately, we obtain a group homomorphism ¢ : Fy — Ej.

e Of course, it is not at all obvious that this group homomorphism ¢ is actually an isogeny, since there are
very many possible homomorphisms between the point groups, most of which will not be defined by rational
functions.

Let us examine what precisely this map would look like when applied to a point Q € E5: first we map @
to the divisor class [Q] — [O], then we apply ¢* to obtain deg; ¢ (ZP@_l(Q) [P] = > rew-1(0) [R]), and
finally we must resolve this sum to write it in the form [S] — [O].

By our results on the group law, we have § = deg; ¢ (ZP@,A(Q) P — ZRega—l(O) R), evaluated as a

sum on Ej. But because ¢~ 1(Q) = {P+ R : R € ¢ }(0)} for any fixed P € ¢»~(Q), the difference
between the two sums simply resolves to deg; ¢ - #¢~1(Q) times P.

But since #¢~1(Q) = deg, ¢, the sum simplifies to [deg; ¢ deg, p]P = [deg ] P.

So, to summarize, this map ¢ : Fs — E; maps a point Q € Fs to [deg]P where P is any point in
Q).

Note that this description of ¢ is well posed: regardless of which representative P € ¢~1(Q) is chosen,
since the difference between any of these representatives lies in ¢ ~1(0) = ker .
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o Equivalently, this says ¢(p(P)) = [deg ¢]P for all P € F7, meaning that the composition ¢ o ¢ is simply

the multiplication-by-[deg ¢] map on Ej.

e When ¢ is separable, we may use this observation along with the universal property of isogenies from earlier
to show that this map ¢ actually is an isogeny, and we may then address the inseparable case by analyzing
the Frobenius map:

e Theorem (Dual Isogenies): Let ¢ : E1 — E5 be a nonconstant isogeny.

1.

If ¢ is separable, then there exists a unique isogeny ¢ : Fs — FEj such that ¢ o ¢ is multiplication by
deg ¢ on Fj.

o Proof: Let ¢y = [deg¢] be the multiplication-by-deg ¢ map on E; and F3 = E;. Then since
# ker o = deg ¢, by Lagrange’s theorem we see that ker ¢ C ker .
o Now by the universal property (7) of separable isogenies, there exists a unique isogeny ¢ : Es — E;
such that ¢ o @ =9 = [deg ], as claimed.
If char(k) = p > 0 and Frob,, is the pth-power Frobenius morphism Frob, : E — E®)_ then there exists
a unique isogeny Frob, : E(®) — E such that Frob,, o Frob, is multiplication by p = deg(Frob,) on E.
o Proof: Let w be the invariant differential on E. By property (13) of isogenies we see that [p]*w =
pw = 0, which means [p] is not separable since it is not injective on differentials.

o Hence by property (9) of isogenies, we may factor [p] as [p] = a o Frob, where ¢ = deg;[p] = p? for
some integer d > 1 (note d > 1 because [p] is not separable).

o Then since’ Frob, = (Frob,)? we see that [p] = a o (Frob,)¢~! o Frob,: thus, the choice ¢ =
o (Frob,)?~1 has the property that ¢ o ¢ = [p], as desired.
There exists a unique isogeny ¢ : Ex — Ej such that ¢ o ¢ = [deg ] on E;. This isogeny is called the
dual isogeny of ¢.
o We emphasize here that this statement is equivalent to the one we worked out earlier as motivation
for the construction for ¢: namely, for any P € C;, with Q = ¢(P) we have $(Q) = [deg ] P.
o Proof: By property (9) of isogenies, we may decompose ¢ = « o Froby = a0 (Frobp)d where « is
separable.
o By (1) there exists an isogeny & with & o a = [deg ] and by (2) there exists an isogeny F/r(-)b\p with
Frob,, o Frob, = [deg Frob,).
o Then for ¢ = (ﬁob\p)do& we have gop = (m)dO&oao(Frobp)d = (F/r(E)do [deg a] o (Frob,,)4 =
[deg a]o(Frob,)?o(Frob,)? = [deg a][deg Frob,]¢ = [deg ¢], where the middle equality follows because

multiplication by deg a commutes with other isogenies since they are group homomorphisms, and
the last equality follows from multiplicativity of degrees. Hence ¢ exists.

o For uniqueness, suppose @ o p = [degy] = ¢ o ¢. Then (@ — @) o p = 0 so taking degrees yields
deg(p — ¢) deg ¢ = 0 so since deg ¢ # 0 that means deg(p — @) = 0 whence ¢ = ¢.

4. We have p o @ = [deg ] on Fj.

5.

o Although this result is very similar to the statement of (3), the multiplication-by-deg ¢ maps are
taking place on different curves. Indeed, we have been slightly abusing terminology this entire time
by referring to all of the maps [m] on different curves F using the same name. Luckily, no issues will
arise because multiplication by m “commutes” with all isogenies:

o Exercise: Show that for any integer m and any isogeny ¢ : E1 — Eo, we have [m]g, o = po[m]g,.

o Proof: Notice that popop = [deg p]op = po[deg ] by (3) and the fact that the multiplication-by-m
maps commute with all isogenies per the exercise above.

o Thus, ¢ o (po @ — [degp]) = 0, so by taking degrees as usual we see that since ¢ # 0 we have
pop=[deg].

For any isogenies ¢ : E1 — FEs and ¥ : Es — FE3 we have 1/1/5\%0 =@o 0.

9Technically, what is actually true is that Frob, is the composition Fy_j o---0 Fy o Fy where F; : E®

=1 5 E®") is the Frobenius

map from E®) to E@, By mild abuse of notation, we refer to all of these maps as simply Frob,, since on the level of coordinates
they are all just the pth power map (z,y) — (2P, yP).
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o Proof: Observe that (¢ot))o (hog) = @olhoh]op = poldegt)]op = [degtp][deg ] = [deg o ]
o Since the dual isogeny is unique by (3), we must have @ =po .
6. For any isogenies ¢, : 1 — Fo we have m =p+ .

o Proof: If ¢, ¥, or ¢ + 9 is zero, the result is trivial, so assume all of them are nonzero.

o Let (x1,y1) and (22,y2) be coordinates on Fj. Then because ¢, 9, and ¢ + 1 are all morphisms,
o(x1,91), ¥(x1,y1), and (¢ +v)(x1,y1) are all elements of the function field Fa(k(z1,y1)) of E over
the field k(z1,y1).

o Let D be the divisor [(¢ + ¥)(x1,y1)] — [e(21,91)] — [¥(21,41)] + [O] on Es over k(x1,y;) — in other
words, in Divy(s, ,,)(F2) — since it has degree 0 and the point sum resolves to the identity, it is the
divisor of some function f € k(x1,y1)(F2) = k(z1,y1, T2, Ya)-

o Now switch coordinates and consider div(f) inside the divisor group Divy (s, 4,)(E2) —i.e., with z2, o
constant and x1,y; the variables. Let us compute the zeroes and poles (and their orders) of f.

o If P € Ey(k(za,y2)) is a point with ¢(P) = (z2,y2), then since D has the term —[p(x1,y1)] in it,
D has a pole at P of order e, (P) by the definition of the ramification index. In the same way, if @
has ¥(Q) = (x2,y2) then because of the term —[¢)(x1,y1)] we see that D has a pole at @ of order
ey(Q), and if R has (¢ +9)(R) = (x2,y2) then the term [(¢ + 9)(z1,y1)] contributes a zero of order
€ptp(R).

o So that means the divisor of f inside Divy,(g,,y,)(E2) has the form (¢ +¢)*[(z2,y2)] — ¢*[(w2,y2)] —
V*[(z2,y2)] + > n; P; for some “constants” P; € E1(k).

o Since this is the divisor of a function, the sum of all the points resolves to the identity. Since > n;P;

is constant and does not depend on (22, y2) this means the sum (m) (x2,y2) — P2, y2) — ¥ (z2, y2)
is a constant. Since it is the identity when (z2,y2) = O, it is always the identity.

7. For any nonzero integer m we have [;n\] = [m] and deg[m] = m?.

o We gave a computational argument much earlier to argue that deg[m] = m?, but now we can give a
conceptually cleaner argument by exploiting dual isogenies.

o Proof: We clearly have [/1\] = [1]. Then [7/7@\] = [m)] for positive m follows by a trivial induction from
(6), and for negative m it follows by noting that [—1] = [-1] and using (5).

o For the degree of [m] we note that by definition of the dual isogeny we have [deg[m]] = [7/71\] o[m] =
[m] o [m] = [m?], and so deg[m] = m?.

8. We have deg ¢ = deg ¢ and ¢ = .

o Proof: For the first, taking degrees in [deg ] = ¢ o ¢ and using (7) yields (deg )? = (deg @) (deg ).
Cancelling yields the desired deg¢ = deg .

o For the second, observe by definition that ¢ o ¢ = [deg @] = [degy] = ¢ 0 ¢ on E;. So since ¢ is
nonzero, the usual degree argument shows that é = .

9. For any nonzero integer m, if char(k) does not divide m then the m-torsion subgroup E[m] is isomorphic
to (Z/mZ) x (Z/mZ).

o Proof: By (7), the degree of [m] is m? and as we have previously noted using the action on differen-

tials, [m] is separable whenever char(k) does not divide m.

o Therefore, by our properties of isogenies, we see that #E[m] = # ker[m] = deg[m] = m?.

o In particular, for each prime p|m, the group E[p] is an elementary abelian p-group of order p?, hence
is isomorphic to (Z/pZ) x (Z/pZ).

o Then for each prime power p?|m, the group E[p?] has at most two components in its decomposition
each of which has order at most p?, but since E[p?] has order p>?, that means E[p?] is isomorphic
to (Z/p"Z) x (Z/p"Z).

o The result for m then follows immediately from the Chinese remainder theorem, or from the structure
theorem for finite abelian groups.

(Q/Z) x (Q/Z). [Hint: Note that Ei., is the direct limit of E[n!] as n — 00.]

10. For any nonzero integer m and if char(k) = p, then either E[p?] = {O} for all d > 1, or E[p?] is isomorphic
to Z/p?Z for all d > 1.

o Exercise: Show that when char(k) = 0, the group Ei of all torsion points on E is isomorphic to
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o Proof: As in (9) we know that deg[p?] = p??, but now since p|p?, the map [p?] is inseparable.

o If o is the pth-power Frobenius map, then as we showed in (2), ¢ o ¢ = [p], so (¢ o p)? = [p9].

o By our properties of isogenies, we have #E|[p?] = # ker[p?] = deg,[p?] == deg,(¢ o ¢)¢ = deg,(¢)?
because deg, ¢ =1 as ¢ is purely inseparable.

o Now, since deg ¢ = deg ¢ = p by (8), and deg, ¢ deg; ¢ = p, we either have deg, ¢ = 1 or deg, @ = p.

o In the first case we see that #FE[p?] = 1 for all d, whence E[p?] = {O}. In the second case we see
that #E[p? = p? for all d, so since #E[p] = p each of the groups must be cyclic hence E[p?] is
isomorphic to Z/p?Z for all d > 1.

e We can apply these results very fruitfully to establish some structural statements about the group of points
on an elliptic curve over a finite field. Let us first establish a few facts about quadratic forms.

(¢]

Recall that if G is an abelian group, a function d : G — Z is a quadratic form when d(—g) = g for all
1

g € G and when the pairing (-,-) : G x G — Z with (g, h) = i[d(g + h) —d(g) — d(h)] is bilinear (i.e., is

Z-linear in both g and h).

We also say that a quadratic form is positive-definite when d(g) > 0 for all g € G, with equality if and
only if g = 0.

The usual Cauchy-Schwarz inequality holds for the bilinear pairing associated with a positive-definite
quadratic form: (g, h)> < d(g) d(h).

To prove this note that if d(g) = 0 the result is trivial, and for d(g) > 0, for all integers a,b we have
a%d(g) —2ab (g, h) +b*d(h) = (ag — bh,ag — bh) = d(ag—>bh) > 0 by bilinearity and positive-definiteness.

Setting a = (g, h) and b = d(g) then yields d(g)[d(g)2d(h) — (g, h)?] > 0, and so upon dividing by d(g)
we obtain the desired inequality.

e Now we can apply these facts to the Frobenius map to count the number of points on an elliptic curve over a
finite field.

e Theorem (Points on Elliptic Curves over F,): Let ¢ = p? be a prime power and let E/F, be an elliptic curve
defined over IF,.

1.

2.

3.

The degree map deg : Hom(E;, F3) — Z is a positive-definite quadratic form.

o Proof: First, deg(—¢) = deg([—1]) deg(y) = deg().

o Second, the associated pairing (p,v) = deg(p + ) —/dﬁ(ap) — deg() is bilinear, because we may
write [{p, )] = [deg(p + )] — [deg ()] — [deg(¥)] = ¢ + Yo (p+ 1) —pop—tor = (p+1) o (p+
V) —pop—1hop=1op+ P+ using (6).

o But now this last expression is linear in both ¢ and ¢ by (6), so the pairing is bilinear.

o Finally, the degree map is clearly positive-definite since deg(y) > 0 with equality if and only if ¢ = 0.

o Exercise: On the elliptic curve y? = 23 — x with the isogeny [i](z,y) = (—x,iy) discussed previously,

for ¢ = [a] + [b][{] with a,b € Z, calculate ¢. Use the result to find deg ¢ and compute the associated
quadratic form.

The Frobenius map ¢ = Frob, has the property that 1 — ¢ is separable.

o By light abuse of notation, we write 1 — ¢ instead of [1] — ¢, since [1] — ¢ is much uglier to read.

o Proof: Let w be the invariant differential on E. As we have previously shown,

o By additivity of inverse image maps on differentials, we have (1 — ¢)*w = [1]*w — ¢p*w = w since
¢*w = 0 because ¢ is inseparable hence is trivial on differentials).

o But now since 1 — ¢ is nontrivial on differentials, it is separable.

o Exercise: Show more generally that a 4+ by is separable if and only if the characteristic p does not
divide a.

(Hasse Bound) The number of points on E(FF,) satisfies |#E(F,) — ¢ — 1| < 2,/q.

o Proof: By basic Galois theory of finite fields, an element z € F, lies in F, if and only if 29 = z,
which is to say, if and only if it is fixed by the gth-power Frobenius map .
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o So now if we choose a Weierstrass equation for £ over F,, since E@ = E since the coefficients lie
in F, by hypothesis, we see a point [X : Y : Z] € E(F,) ifand only if o(X : Y : Z) = [X : Y : Z],
which is equivalent to saying that [X : Y : Z] € ker(1 — ¢).

o Hence #E(F,) = #ker(1 — ¢). By (2), the map 1 — ¢ is separable, so # ker(1 — ¢) = deg(1 — ¢) by
our results on kernels and degrees.

o By (1), since the degree map is a positive-definite quadratic form, we may apply the Cauchy-Schwarz
inequality to see that (1, —p)? < deg[1] deg(—¢) = ¢ whence |(1, —p)| < NGE

1 1
o Since (1, —¢) = i[deg(l — ) —deg(—p) —deg(1)] = i[deg(l — ) —q—1], applying the results above
yields |[#E(F,) — q — 1| < 2,/g, as claimed.

0.16 (Nov 2) The Zeta Function, The Weil Conjectures, and The Tate Module

e Exercise: Verify the Hasse bound for E : y? = 2% 4 42 + 1 over F3, F5, F7, F11, and Fi3 (optionally, also over
Fg, ]F25, and F27).

e We can give some intuition for why we might expect an inequality like the Hasse bound to hold.

(¢]

Assuming characteristic not equal to 2 for simplicity, consider a Weierstrass equation y? = p(z) for E.
For each of the ¢ possible finite values of z, there are either 2, 1, or 0 possible values of y, according to
whether z is a nonzero square, zero, or a nonsquare. Since the squaring map z + 22 is a homomorphism
with kernel {+1} in F,, there are (¢ — 1)/2 nonzero squares and (¢ — 1)/2 nonsquares, so the expected
number of values of y for any given z is equal to 1.

Since there are ¢ possible z, the expected number of finite points (x,y) is ¢, so together with the point
at 0o, this gives an expected ¢ + 1 points on E(F,).

We trivially have the inequality |#E(F,) — ¢ — 1| < ¢ since the number of points is at least 1 and at
most 2¢+ 1. Hasse’s bound is therefore a strengthening of the error term from this “trivial estimate” ¢ to
the estimate 2,/g. In fact we can give some statistical motivation for why this estimate on the deviation
is somewhat reasonable:

Exercise: Suppose X is the sum of g independent random variables each of which takes the values 0 and
2 each with probability 1/2. Show that the standard deviation of X is \/q.

If we approximate the point-count on E as the sum of ¢ independent coin flips each of which yields 0
or 2 points, then by the exercise above, the standard deviation in the total number of points would be
v/q- The Hasse bound thus says our count will always be within 2 standard deviations of the mean. (Of
course, this is only a heuristic, since the actual variables themselves are not independent, but it’s useful
for seeing why the results come out near ,/g.)

e Perhaps surprisingly, the error estimate in the Hasse bound is actually tied to much deeper results related to
the Riemann hypothesis for algebraic varieties, via the Weil conjectures. To explain how this works we first
define the zeta function of a variety:

o Definition: Let ¢ be a prime power and V' be a smooth projective variety defined over the field [F,. For each

n >

1, define a,, = #V (F4») to be the number of points of V' that lie in the extension field Fy». Then the

T
zeta function of V' is defined to be the power series (v (T) = exp(D_o; an—).
n

e}

[¢]

" AL
Example: For V = P! we have a,, = ¢" + 1 for each n, and so (p1 (T) = exp(>_,—; (aT) +> e, —) =
n n
1 T'ﬂ
exp(—In(1—¢T)—In(1-T)) = A=aa=1n using the usual series expansion —In(1-7) = > | -

Exercise: Find ¢y (T) for V =P" and for P! x PL.

e It is not especially clear from this definition why exactly we call this the zeta function of V. We can give
some clearer motivation in the situation where V' = C'is a curve:
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e Proposition (Sum Formula for Zeta Function): Suppose C' is a smooth projective curve defined over Fy and
let b, be the number of effective divisors D > 0 of degree n in the divisor group Divg, (C). Then the zeta
function (¢(T') equals Y b, T™.

o Recall that for a point P € C(F,), the degree of P is defined to be the degree of the field extension
Fq(P)/Fq, and the divisor associated to P is the sum div(P) =} cqar,(p)/r,) o (L), which has degree

deg(P).
o Proof: Note that any effective divisor D > 0 in Divg,(C) is of the form ZPGC(F—q) npdiv(P) for nonneg-
ative integers np, and the degree of this divisor is _ pc o) np deg(P).

[¢]

So by the usual properties of generating functions, we have 32 7° b, T = [] pe ey (LHTI8 P4 T2 08 P 4
) = peo,) (1 — T94")7" as a formal power series. (If one formally multiplies out the middle
product, each divisor ZPeC(E) npdiv(P) of total degree n yields one term 7™.)

deegP
Then In[3°7% 0, T"] = =3 peoqry) In(l — Tdel) = Y pec(®;) Lkt 5 whose coefficient of 7™

) 1 deg(P)
is the sum ZPGC(E);kdeg(P):n r ZP@C(E):deg(P)m S

[¢]

, which when we “glue” all of the deg(P)
1 — 1

Galois-conjugate points o(P) together, evaluates simply to —#{P € C(F,) : deg(P)|n} = —#CFqn) =
n n

a—n, where the first equality follows from the fact that an element of F, lies in F» if and only if its degree
n

divides n.
n

T
o So we conclude that In(>> " b,T") = >~ , a,—, which upon exponentiating yields the desired for-
n

mula.

e Now we can explain the analogy for why the zeta function is called a zeta function.

1
o From the sum formula, we have ¢y (T) = > 77 (b, T" = >-D>0 Tdes(D) — >-D>0 ND) where N(D) =

g~ 9e8(P) and T = ¢—*.

o This latter expression is the analogue of the Riemann zeta function’s definition ((s) = >, 5, %

o The idea is that effective divisors on C' are the natural analogue of the positive integers, and that the
norm function N(D) gives the proper “size” of a divisor. The points in C(F,) are the analogues of
the primes showing up in the Euler product ((s) = J[,(1 - p~*)~1, analogous to the Euler product
Co(T) =[1p(1 — T4eP)~1 worked out in the proposition.

e Now that we have worked out some facts about zeta functions, we can state the Weil conjectures:

e Theorem (Weil Conjectures): Let V be a smooth projective variety of dimension n defined over F, with
associated zeta function (¢ (T"). Then the following properties hold:

1. (Rationality) The zeta function (¢ (T') is a rational function of T'. More specifically, (¢ (T) = H?:O pi(T)D™ =

p1(D)ps(T) - - pan—1(T)
po(T)p2(T) -+ pan(T)

1—¢"T, and p;(T) = [[;(1 — a;;T) for some a;,; € C.

for appropriate polynomials p;(T) € 1+ TZ[T], where po(T) = 1—T, p2,(T) =

2. (Functional Equation / Poincaré Duality) The zeta function has a functional equation (c(¢~"T~1) =
+q"E/2TE((T), where E = 2 — 2g is the Euler characteristic of V. In particular, the map o +— ¢"/a
maps the zeroes of p; to the zeroes of po,_;.

i/2

3. (Riemann Hypothesis) For each i, j, the inverse zeroes «; ; of p; have |a; ;| = ¢'/?. Equivalently, with

T = q*, all of the zeroes of p,(T) lie on the line Re(s) = k/2.

4. (Betti Numbers) If V' is the reduction modulo p = char(F,) of a smooth variety X defined over an
algebraic number field, then the degree of p; is the ith Betti number of the space X (C) of complex points
on X.

e The Weil conjectures have a long history. Here is a brief summary of some of it:
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In the early 1800s, Gauss identified some components of these general results in particular examples for
certain curves, in the context of counting points on elliptic curves modulo p.

In 1924, Artin conjectured the general results for curves and Hasse independently proved the results for
elliptic curves.

In 1949, Weil formulated the general statement of the Weil conjectures (he had previously established
Artin’s conjectured statements in the case of curves).

Establishing the Weil conjectures in full took the development of about 20 more years’ worth of algebraic
geometry machinery: Dwork proved (1) in 1960, while Grothendieck proved (1), (2), and (4) in the 1960s,
and Deligne finished (3) in 1973.

e In the specific case n =1 (i.e., for curves), the Weil conjectures read as follows:

Lo(T)

Cc(T) is a rational function of the form (¢ (T) = A=T)i—qD)

OéjT).

for some polynomial Lo (T) =[]

J(l_

2. For gc(T) = Tl_ch(T), we have §C(q_1T_1) = fc(T).

3. The roots of L¢ all have |a;| = ¢

-1/2.

4. The degree of L¢ is 2g.

e Exercise: Verify the Weil conjectures for C = P!,

e Exercise: Show that for elliptic curves, the Weil conjectures are equivalent to the statement that (o(T) =

(1—aT)(1 - BT)

(1-T)(1—qT)

(¢]

(¢]

e}

(¢]

where o and 3 are complex conjugates of absolute value ,/q.

Let us unwind precisely what this statement says about the coefficients a,, = #E(Fgn).
(1—aT)(1— BT)
1-1)(1—qT) -
o 1" n__ .mn_ A3n
tg"—o"—f"

n=1

Suppose for the moment that we know the Weil conjectures are true, so that (¢ (T) =

Then Inc(T)=-In(1-T)—In(l —¢7)+In(1—aT)+In(1-5T) =3

n
so we have #E(F;n) = 1+ ¢" —a" — " for some complex conjugates o and (3 of absolute value ,/q.

, and

Notice that when n = 1, this says #E(F,) = 1+ ¢ — o — 8 where « and 3 are complex conjugates of
absolute value /g, meaning that |[#E(F,) — ¢ — 1| = 2|Re(«)| < 2,/g: precisely the statement of the
Hasse bound!

e So, how could we try to prove the Weil conjectures? As with the proof of the Hasse bound, we need to convert
things to a statement about the gth-power Frobenius map .

e}

First, we observe that P € F, lies in Fy» if and only if P is fixed by ¢™ if and only if P € ker(1 — ¢").
Thus, #E(Fgn) = #ker(1 — ¢™) = deg(1 — ¢") since 1 — " is separable by the same argument used in
(2) of the Hasse bound proof.

—

From properties of duals, we have [deg(1 —¢™)] = (1 —¢™)o(1—¢") =(1—¢@")o(1—¢") =[1] —p" —
QA @ropt =[] —¢" —¢" +[¢"].

This is fairly close to the result we want: we would just need to show that ¢" + ¢™ = [a™ + "] where
a and 3 are complex conjugates of absolute value /g.

Let’s now pretend ¢ is a different kind of object entirely: namely, a linear transformation on a complex
vector space, with ¢ being its dual transformation (or adjoint, depending on terminology) with respect
to an inner product.

Then the sum ¢™ 4+ @™ would represent the trace tr(p™) of the linear transformation ¢™, which by basic
linear algebra equals the sum of the nth powers of the eigenvalues of ¢. So we would obtain a statement
of the desired form if ¢ had exactly 2 eigenvalues (i.e., if ¢ were an operator on a 2-dimensional vector
space) that were complex conjugates of absolute value ,/g.

Of course, none of these statements are really true: although ¢ is a linear transformation, it acts on the
field I, of characteristic p. In order to make statements about eigenvalues that are complex numbers,
we would need to have an action of ¢ on something in characteristic 0.
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o Let us now discuss how to construct an object in characteristic 0 on which ¢ has a natural 2-dimensional
representation. In fact, with no added difficulty, we can do this for any Galois automorphism (or any
endomorphism) of any elliptic curve E.

e Solet E be an elliptic curve defined over the field F' with algebraic closure k as usual, and let 0 € G = Gal(k/F)
be any automorphism in the Galois group. Since F is defined over F', o maps points of E to other points of
E, and indeed o is a group homomorphism from F to E since the addition law of points in F is defined over
F as well.

o For any P € E[m], we have [m]o(P) = o([m]P) = ¢(O) = O, and so G acts on E[m)].

o Since for any integer m not divisible by p = char(F,), the m-torsion subgroup E[m] is isomorphic to
(Z/mZ) x (Z/mZ), this means G has a group action on (Z/mZ) x (Z/mZ), which is to say, we have a
representation G — Aut[(Z/mZ) x (Z/mZ)] = GL2(Z/mZ).

o This is a 2-dimensional representation of the Galois group, which is at least in the right direction for

what we want, but we really need a representation in characteristic 0, not characteristic m. To deal with
this, we can exploit the fact that we have representations for all integers m, not just individual ones.

o Since by the Chinese remainder theorem, the action of the representation is completely determined by
the action on the prime-power torsion groups, it’s enough to instead study the behavior on the [-power
torsion subgroups E[l¢] for | # p, which are isomorphic to (Z/19Z) x (Z/14Z).

o We may glue the [-power torsion groups F[l%] together in a natural way using inverse limits using the
fairly simple observation that if P is an [?-torsion point, then [[]P is an [?~!-torsion point.

e To warm up with a simpler example, let us construct the ring Z; of l-adic integers using the inverse system
ZN7 & 7122 & 7)1P7 & Z)1MZ & - - - of rings with projection maps 7 : Z/I1971Z — Z/19Z given by the
natural projection (i.e., reduction modulo ().

o The elements of the inverse system are tuples (by, ba, b3, by, . .. ) such that w(bsy1) = by for each d, which
is to say, bgy1 = by (mod I?). If we take the unique representative for each b; with 0 < b; < I?, then we
have bgy1 = by + aql? for some unique integer agyq € {0,1,2,...,1 —1}.

o Iterating, we see that we have by, = ag + ail + - + aql? for some sequence of “base-l digits” a; €
{0,1,...,1—1}.

o Therefore, we can equivalently describe the elements of the inverse limit @d(Z/ 197) as infinite base-
expansions ag + a1l + azl® + azl® + - - - for appropriate digits a; € {0,1,...,1 —1}.1°

o Then Z; is a ring via componentwise addition and multiplication since all of the projections are ring
homomorphisms, and the resulting ring operations are simply that of base-I arithmetic on the resulting
digits. In particular, note that Z; has characteristic zero.

o Indeed, Z; also inherits a metric space topology (the l-adic topology) from the natural l-adic valuation
v(>” a;1") given by the minimal power ¢ with a; # 0. (Intuitively, two points are close together under
this topology when their expansions agree for many terms.)

o We may use a very similar inverse limit construction on the torsion groups F[1%].
o Explicitly, consider the inverse system FE[l] a E[1?] a E[I®] a E[1Y] B of groups whose elements are
tuples (Py, Py, P3, Py,...) with P; € E[l9] and where [I]P;; = P;.

o One may think of these tuples as being obtained by starting with the identity O and then successively
choosing inverse images Py, P», Ps, Py, ... under the multiplication-by-I map.

o Since all of the maps are group homomorphisms, the set of such tuples is a group under componentwise
addition: it is the inverse limit @dE[ld].

o Indeed, since each E[l%] is a (Z/l?Z)-module, the inverse limit actually carries a Z;-module structure,
and hence also inherits the /-adic topology.

e Definition: Let E be an elliptic curve and [ be a prime. The [l-adic Tate module of F is the Z;-module
T)(E) = limgE[i?).

10This description shows another standard way to construct Z;: namely, as the completion of Z under the I-adic metric.
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When [ # char(k), when we apply the inverse limit construction starting with generators P and @ of
E|l], we obtain topological generators for T;(E) yielding a group isomorphism T;(E) = Z; x Z;.

When [ = char(k) we instead have T}(E) = Z, or 0, according to whether E[I%] = Z/19Z or 0, respectively.

Now, returning to our discussion, if E is defined over F' and o € Gal(k/F'), then o acts naturally on the
Tate module via o(Py, Ps, Ps,...) = (6 P1,0P,0Ps,...), and since this action is clearly a group action,
it yields a representation of Gal(k/F) on Aut[T;(E)].

In fact, since the Galois group acts continuously on each component E[l?] of the inverse limit (rather
trivially, since it is a profinite group and they are all discrete groups), the Galois action is also continuous.

e Definition: Let F be an elliptic curve defined over the field F' with algebraic closure k, and let [ # char(k) be
a prime. The [-adic Galois representation associated to E is the map p; : Gal(k/F) — Aut|[T;(E)] defined by
pl(O')(Pl,PQ, Pg, e ) = ((J’F’l,O’ij,O']Dg7 e )

(¢]

o

Since ! # char(k) we know that T;(E) is isomorphic to Z; x Z;, so Aut[T;(E)] is isomorphic to Aut(Z; x
7)) = GLy(Zy).
Now, Z; is not a field, but it is an integral domain, so it embeds in its field of fractions Q; = Z;[I~!], and

so by embedding GLy(Z;) inside GL2(Q;), we obtain a 2-dimensional representation of Gal(k/L) over a
field of characteristic zero. (At last, progress!)

0.17 (Nov 6) The Weil Pairing and The Weil Conjectures (again)

e The

remaining ingredient for our plan in proving the Weil conjectures is to find an analogue of an inner

product structure associated to the action of the Galois group on Aut[T;(E)].

[¢]

As with our construction of the Tate module, we will do this by constructing a pairing on the components
E[19] used in the inverse limit construction of T;(E). Indeed, for no additional cost, we can construct
the pairing on E[m)].

Here is a simple way to try to do this: by choosing a basis {P,Q} of E[m|, we have an isomorphism
E[m] = (Z/mZ) x (Z/mZ), so elements are of the form aP + bQ for a,b € Z/mZ.

.. . . _— b
Then a natural pairing with many convenient properties is (aP + bQ, cP + dQ) = ‘ Z d ’ = ad — bc
(mod m). (For instance, the pairing is bilinear, alternating, and nondegenerate, all of which are properties

we would want for something analogous to an inner product.)

Of course this pairing does not take values in a field unless m is prime, but we can easily deal with
this shortcoming by instead taking the pairing to be (aP + bQ,cP + dQ) = (*?~b¢ where ( € k is some
primitive mth root of unity.

However, this construction relies on several choices (the basis {P,Q} and the mth root of unity ¢). In
order to take an inverse limit, we want to give a more natural pairing that doesn’t depend on particular
choices of basis and generator for the group of mth roots of unity.

e So, let us take a different approach for constructing a pairing on the set of m-torsion points E[m] whose values
are mth roots of unity.

o

(¢]

Fix a positive integer m > 2 not divisible by p = char(k).

For any @ € E[m], since the divisor m[Q] — m[O] has degree 0 and the sum of points resolves to the
identity on E, it is principal: say m[Q] —m[O] = div(fg), for a function fg € k(C) unique up to scaling.
We claim that the divisor [m]*Q — [m]*O is also principal. To see this choose any Q' € [m]~'Q: then by
definition we have [m]*Q — [m]*O = 3 pc g, ([Q" + B] — [R]) which is also principal since it has degree
0 and the underlying sum of points is }- pc i, @ = [M?]Q" = [m]Q = O.

This means [m]*Q — [m]*O = div(gg) for some function g¢ that is unique up to scaling.

Now, we have div(gg)) = >_ e pim) (m[Q'+R|—m[R]) and also div(fgolm]) = 3 pe ) (m[Q'+R|—m[R]),
so g¢y and fg o [m] have the same divisor, meaning that they differ by a nonzero scalar factor (since the
divisor of their ratio is zero, hence is constant).
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o Hence by rescaling fq, we may assume that fq o [m] = g

o Now suppose we have some other point P € E[m]. Then for any X € E, we see that go(X + P)" =
fo(Im]X 4+ [m]P) = fo(Im]X) = go(X)™. Thus, as long as go(X) is not zero or oo, the ratio go(X +
P)/gq(X) is some mth root of unity.

o Exercise: Suppose h € k(FE) is a rational function that takes only finitely many values on E. Show that
h is constant. (Note as always that k is algebraically closed.)

o By the exercise, since the ratio go(X + Q)/go(X) € k(E) is a rational function that takes only finitely
many values (namely, the roots of unity, and potentially some other values at the finitely many zeroes
and poles of gg), it must in fact be constant, meaning that it is independent of X.

o Furthermore, since ¢ is defined uniquely up to a constant factor, the ratio go(X + P)/go(X) is indepen-
dent of the specific choice of g.

o Thus, we obtain a well-defined pairing e,, (P, Q) = go(X + P)/go(X) from E[m] x E[m| to the multi-
plicative group of mth roots of unity p,, = {¢ € k: ("™ = 1} in k. (Note that because m is not divisible
by char(k), the group i, is cyclic of order m.)

This pairing is called the Weil pairing:

Definition: Let E/k be an elliptic curve and m > 2 be an integer not divisible by p = char(k). The
Weil pairing e,,, : E[m] x E[m] — i, is defined as follows: for any P, Q € E[m], choose any gg € k(C') such
that div(gg) = [m]*@Q — [m]*O, and then define e,,(P, Q) = go(X + P)/go(X) for any X € E such that the
ratio is defined.

o From our discussion above, the definition of e,, (P, Q) is independent from the specific choice of the
function gp and from the choice of the point X where the ratio is evaluated.

The Weil pairing has various canonical properties:

Proposition (Properties of the Weil Pairing): Let E be an elliptic curve and m > 2 be an integer not divisible
by p = char(k), with e, : E[m] x E[m] — p,, the Weil pairing on E. Then the following hold:

1. (Bilinearity) We have e,,(P1 + P2, Q) = en(P1, Q)em (P2, Q) for any Pi, Py, Q € E[m], and e,, (P, Q1 +
QQ) = em(P7Q1)e’m(Pu QZ) for any P7Q17Q2 € E[m]

X+ P+ P X+ P+ P
o Proof: For linearity in P we have e, (P + P, Q) = 9QUX + P+ _ go(X+ P+ R) .

(X + P) (X+P+P) gc(gl(fX) Py) ) 9ol + )
go(A + o) . go(A + I +1%) gy + 1 .
W = e (P, Q)em(Pe, Q) since (X + 1) = 9o7) for Y = X + Ps.

o For linearity in @, let Q3 = Q1 + Q2 and take f;, g; with div(f;) = m[Q;] — m[O] and div(g;) =
[m]*Q; — [m]*O so that f; o [m] = g/ for each ¢ = 1,2,3. Since the divisor [Qs] — [Q2] — [Q1] + [O]
has degree 0 and resolves to the identity, it is div(h) for some h.

o Then div(f3)—div(f1 f2) = mdiv(h), so f3 = cf1 fah™ for some scalar ¢. Composing on the right with
[m] then yields g5" = f3 o [m] = (cfif2h™) o [m] = c(f1 0 [m])(f2 0 [m])(ho[m])™ = cg"gy" (h o [m])™
and now extracting mth roots yields g3 = ¢’g1g2(h o [m]) for some mth root ¢’ of c.

93(X +P)  dgi(X 4+ P)g2(X 4+ P)h(Im]X +[m]P) q1(X + P) g2(X + P)

o Now we have e, (P, Q1+Q2) 05 (X) Zor (X )ga(X)h([mI X) 7 (X) 7 (X)

em(P,Q1)em (P, Q2), where h([m]X + [m]P) = h([m]X) since P € E[m].
2. (Alternating) We have e, (P, P) = 1 for all P € E[m], or equivalently, e,,(P,Q) = e, (Q, P)~! for all
P,Q € E[m].

o Proof: Take f,g with div(f) = m[P] — m[O] and div(g) = [m]*P — [m]*O with ¢ = f o [m].

o Now for each integer k if we let 7_5p : E — E be the translation map 7_;p(X) = X — kP and also
take fr, = fo71_kp, then div(f o 7_xp) = m[(1 + k)P] — m[kP] since composing with 7_jp simply
translates zeroes and poles by kP.

o We can see that div(fof1--- fm—1) = 0 since the divisor sum telescopes, meaning that the prod-
uct fofi--- fm—1 is constant. Then for gp = g o 7_pp for any P’ with [m|P’ = P, we see that
(9091 gm-1)" = (fof1 - fim—1) o [m] is constant whence gog1 - - - gm—1 iS constant.
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o

o

This means g(X)g(X + P')---g(X + (m = 1)P’) = go(X)g1(X) -+ gm—-1(X) = go(X + P')gr(X +
Py gm1(X +P')=g(X + P)g(X +2P)---g(X + mP’) and so cancelling the common terms
yields g(X) = g(X + mP’) = g(X + P), whence e, (P, P) = 1.

For the second statement we have 1 = e,, (P + Q,P + Q) = e (P, P)em (P, Q)em(Q, Plen(Q,Q) =
em (P, Q)em(Q, P) using bilinearity.

3. (Nondegeneracy) If e,,(P,Q) = 1 for all P € E[m], then Q = O.

o

o

o

Proof: Take fq,gq with div(fq) = m[Q] —m[O] and div(gq) = [m]*Q — [m]*O with g} = fq o [m].
Suppose e,,(P,Q) =1 for all P € E[m], meaning that go(X + P) = go(X) for all P € E[m].

This means gg o 7p = g¢ for all translation maps 7p with P € E[m]. But as we have shown, these
translation maps are the elements of the Galois group of the extension k(E)/[m]|*k(E) via the map
= sending P +— 7.

Hence g¢ is Galois-invariant, so it is an element of the base field [m]*k(E), which is to say gg = ho[m)]
for some h € k(E).

But now fgo[m] = g7y = h™o[m]so fo = h™. This means div(fq) = mdiv(h) so div(h) = [Q] - [O].
But because [Q)] — [O] is principal, it must resolve to the identity: thus @ = O.

4. (Galois-equivariance) If E is defined over F, then for any o € Gal(k/F) we have en(0cP,0Q) =
olen (P, Q).

(e]

(e]

(e]

Proof: Take fq, gq with div(fq) = m[Q] —m[O] and div(gq) = [m]*Q — [m]*O with g7 = fq o [m].
Then div(o fg) = m[oQ] — m[O] and div(ogg) = [m]*cQ — [m]*O and (ogg)™ = (0 fg) o [m] since
the Galois action carries through on divisors and functions, so we have f,q = o fg and g, = 0gg-

_ 9o@(X+0P) _0ge(c'X+P) _ [go(Y +P)] _
;l’/hen (i,:i:P, oQ) = 000 (X) = Toge X)) 0'|: 90 (7) } = olen (P, Q)] where

5. (Compatibility) For any P € E[mm’] and Q € E[m] we have e (P, Q) = e ([m']P, Q).

o

(e]

(e]

Proof: Take fq, gq with div(fq) =m[Q] —m[O] and div(gq) = [m]*Q — [m]*O with gff = fg o [m].

Then div(f5") = mm/[Q] — mm/[0] and (gq o [/])™™" = (fq o [m'])™ .
_(go[mN(X +P) _ g(m]X+[m]P)
Hence €m7n/(P, Q) = (gO [m’])(X) = g([m’]X) - m([ ]P,Q)

6. (Surjectivity) For any mth root of unity (,,, there exist P,Q € E[m] with e,,(P, Q) = (-

(e]

o

Proof: By (1) and (2), we see that the image of e,, : E[m] x E[m] = pu, is a subgroup of fi,.
Suppose the image has order d|m. Then for all P and Q we have e,,(P,Q)? = 1, which by (1) says
that e, (P, [d]Q) = 1.

By the non-degeneracy property (3), this implies [d]Q = O for all Q € E[m]|, which can only happen
when d = m. Hence e, is onto, as claimed.

Exercise: Suppose E is defined over F and E[m] C E(F). Show that F' contains the mth roots of
unity.

Exercise: Suppose E is defined over Q and p > 2 is a prime. Show that the p-torsion subgroup of
E(Q) is either cyclic or trivial.

7. (Adjoints) For any isogeny ¢ : F1 — Es and any P € Fi[m| and Q € Es[m], we have e%)(P,gﬁ(Q)) =
eg)(ga(P), Q) where el is the Weil pairing on E;.

(e]

o

Proof: Take fq,gq with div(fq) = m[Q] —m[O] and div(gq) = [m]*Q — [m]*O with g¢j = fq o [m].
Observe that ¢*[Q] — ¢*[O] — [¢(Q)] + [O] € Div(E4) is principal on E; since it has degree 0 and the
sum of points resolves to zero, since $(Q) is defined to be the sum ZQ’GWI(Q) Q — ZRer(o) R
and these are exactly the points in the sum for ¢*[Q] and ¢*[O] respectively.

So choose h with div(h) = ¢*[Q] — ¢*[0] — [#(Q)] + [O]-

Now, we have div(fg o ¢) = ¢*div(fg) = me*[Q] — me*[O] by our properties of ¢* acting on

foop]| fooyp

divisors, and so div | = m[p(Q)] — m[O], meaning that we may take f; o) = o
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o To find a corresponding gs (o) We can observe that fso) o [m] = Joovp o[m] = foolmlog _

hrm hm o [m]
ngQD B go oy m B 4o o
h"?o ] = <hc<9> [m]) , 80 we may take gs(Q) = thi[m]'
o Then M (P. ¢ _ 9o @X +P) (9oo@)(X +P)/(ho[m)(X+P)  go(e(X)+¢(P))
Th ; n;((P, $(Q)) § g@(zg)(X) (90 0 @) (X)/(h o m])(X) 70 (o(X))
h(m)<(m+ 131P) - gQ(gQJEf)( D e (p(P),Q) where Y = ().

e Now that we have given a more natural construction of the Weil pairing on E[m], we can extend this pairing
to the Tate module by taking inverse limits.

o Explicitly, for a prime [ # char(k), we have a Weil pairing eja : E[l9] x E[l9] = pya.
o Th i i i B g 8 gy gy
e Tate module is formed using the inverse system E[l] <= E[l*] < E[l°] < E[I*] < ---, and we have

the corresponding inverse system on the groups of [-power roots of unity, namely p; L L2 L 3 L
in L -+, where the map [ : pja+1 — pa is the lth-power map.
o Since the groups py« are isomorphic to Z/14Z by choosing a specific root of unity as generator and making

consistent choices the inverse system becomes Z/IZ L 71?7 L AR/ L ZJI1*7 Lo , which (by using
the isomorphism 1Z /19717 = 7./1%7 via dividing representatives by [) is equivalent to our inverse system
ZNZE )P E )P & 7)IM7 & - - - used to construct Z;.

o Hence, by selecting consistent choices of generators for the I%-power roots of unity (i.e., generators
(1,C2,y ..., (g, ... with C(lj_H = (4), which is equivalent to selecting a topological generator of p, we may
view the Weil pairing as taking its values in Z;.

o It remains to show that the inverse-limit structure of Z; is consistent with the inverse-limit structure of
the Tate module.

e Proposition (Weil Pairing on Tate Module): Let E/k be an elliptic curve and [ be a prime with [ # char(k).
Then the Weil pairings e« : E[l9] x E[I?] — pa extend to a pairing e : Tj[E] x T)[E] — Wmape = Zy.
This l-adic Weil pairing is bilinear, alternating, nondegenerate, Galois-equivariant, and the dual of an isogeny
behaves as an adjoint.

o Proof: First, the Weil pairings e;s are compatible with the inverse limit @duld, since by the compatibility
and bilinearity properties we have e;at1(P, Q)" = e ([I[|P, Q)" = e;([| P, [[]Q).

o The other properties all follow by taking the inverse limit of the properties we showed above for the
individual Weil pairings e;a.

e The [-adic Weil pairing provides the final ingredient for proving the Weil conjectures for elliptic curves:

e Theorem (Weil Conjectures for Elliptic Curves): Let E be an elliptic curve defined over the finite field F, of
characteristic p and let ¢ be the gth-power Frobenius map. Then the following hold:

1. For any prime [ # p, if ¢; is the image of ¢ under the l-adic Galois representation p; : Gal(k/F) —
Aut[T}(F)], then det(¢;) = deg ¢ and tr(¢;) = 1 + deg(¢) — deg(1 — ¢). In particular, the determinant
and trace of ¢; are integers that are are independent of [, and the characteristic polynomial det(T —1;) =
T? — triy;T + det 1, has two complex-conjugate roots of absolute value V4

o Proof: Choose a Z;-basis {v,w} for T;(F): then the matrix associated to ¢, with respect to this

basis is some 2 X 2 matrix Z Z , meaning that ¢;(v) = av 4+ cw and ¥;(w) = bv + dw.

o Using the l-adic Weil pairing we then have e(v, w)%® ¥ = e([deg p|v, w) = e((pog)v, w) = e(pv, pw) =
e(av+cw, bv+dw) = e(v, w)*@~b¢ = e(v, w)4°t ¥t using the bilinearity, adjoint, and alternating prop-
erties. But now since e is nondegenerate, we must have deg ¢ = det /.

o The same calculation also shows that deg(l — ¢) = det(1 — ¢). Finally, we have tr(v;) = a+d =
14 (ad—bc) — [(1 —a)(1 —d) — (=b)(—c)] = 1 + det(x)) — det(1 — 1)) = 1 + deg(p) — deg(1 — ), as
desired.
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o The fact that the determinant and trace are integers and independent of [ are immediate, since deg ¢
and deg(1 — ¢) are both fixed integers.

o Now, for any rational number m/n, we have det(m/n—1;) = det(m—ni);)/n? = deg(m—nyp)/n? > 0
since isogenies have nonnegative degree.

o Hence by continuity, the characteristic polynomial det(7" —1;) is nonnegative on R, so it cannot have
distinct real roots: thus its roots o and 8 are complex conjugates (possibly equal), and since their
product is deg ¢ = g, each has absolute value /g as claimed.

2. Forany n > 1, #E(Fyn) = ¢" + 1 — " — 3" for some complex conjugates « and /3 of absolute value ,/q.

o Proof: As we noted in our earlier discussion of the Weil conjectures, P € E(F,») if and only if
©"(P) = P if and only if P € ker(1 — ¢").
o Then since (1 — ¢™)*w = w the map 1 — ™ is separable, so #E(F,n) = # ker(1 — ") = deg(1 — ™).
o Now since ™ is the ¢"th-power Frobenius map, applying (1) to it yields deg(1 —¢™) = 1+deg(™) —
tr(yp) = 14 ¢™ — a”™ — g™ for some complex conjugates « and 3 of absolute value ,/q.
(I1-aT)(1-pT)
(1=T)(1—qT)
V/q- As an immediate consequence, the Weil conjectures hold for E.
™ "
o Proof: By definition and (2), we have In (¢ (T) = Y07, #E(Fqn)7 = Z?zl(ln—l—q”—oz"—ﬁ")? =
—In(1 -=T)—In(1 —¢T) +In(1 — oT) + In(1 - BT).
(1 aT)(1 - BT)
A-T)(1—dT)

3. The zeta function (c(T) = for some complex conjugates o and S of absolute value

o Exponentiating immediately yields (¢(T') =

0.18 (Nov 9) Endomorphism Rings, Part 1

e We now use the Tate module to study isogenies and endomorphisms. To begin, observe that since isogenies
also commute with the multiplication-by-l maps, they also act on Tate modules.'!

o Explicitly, suppose ¢ : E; — E5 is an isogeny. Then since ¢ o [I] = [I] o ¢, the action of ¢ induces a
natural map of Z;-modules ¢; : T}(E1) — T;(E2) via (P, Pa, P3,...) = (p(P1), o(Ps), p(P3),...).

o Since the componentwise action is clearly additive in the isogeny ¢, we obtain a group homomorphism
U : Hom(FE1, Es) — Hom(T;(E1), T;(E2)).

o Exercise: Show that when Fy = E = E», the action ¥ : End(E) — End(7;(F)) with ¥(p) mapping
(P, Py, Ps,...) € T)(E) to (p(P1), p(P2),p(Ps),...) € T;(E) is a ring homomorphism.

o Indeed, when T;(E;) # 0, which we know occurs whenever [ # char(k), this homomorphism ¥ :
Hom(E;, Ey) — Hom(T;(E,), T;(E2)) is injective.

o To see this suppose that ¢ € ker(¥) so that ¢(T;(E;)) = 0, which is equivalent to saying that E[l?] € ker ¢
for all d. In particular, ker ¢ is infinite: but as we showed, nonzero isogenies have a finite kernel, and so
we must have ¢ = 0.

o In fact, a much stronger statement is actually true:

e Proposition (Isogeny Action on Tate Modules): Let E; and E» be elliptic curves over k and [ be a prime not
equal to char(k). Then the natural map ¥; : Hom(E, E2) ® Z; — Hom(T;(E4),Ti(E2)) defined by mapping
© ® 1+ ¢; and then extending Z;-linearly, is injective, where ¢;(Py, Pa, P3,...) = (p(P1), o(Ps), p(P3),...).

o The proof of this result is somewhat involved. Let us motivate the general idea by attempting to give a
direct argument first.

o Suppose ¢ € ker ¥;, so that ¢; = 0. By definition of the tensor product, ¢ is a finite sum of simple
tensors ¢ = 1 ® a1 + - -+ + Y ® a for some isogenies p; : B, — Fo and some scalars «; € Z;.

o Now, the fact that ¢; = 0 means that ¢ annihilates E[l%] for each d > 1.

HTn fact, we have really been using this observation already, since we used some facts about 1 — Frob to prove the Weil conjectures
for elliptic curves.
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o So, if we write oy; = a; 0 + a; 1l + ai’le + .-+, then for b; g = a; 0+ a; 1l + -+ ai’dld (i.e., the reduction
of a; mod 19) we see that by 41 + ba g + -+ + bi a¢r. annihilates E[14] for each d > 1.

o We would now like to apply a similar argument as the one earlier: namely, to observe that we would have
an isogeny whose kernel is infinite, hence it must be zero. Unfortunately, this does not work because all
of the isogenies ¥q = b1 g1 + ba,qp2 + -+ - + bi qpy are different for different d, so there is nothing to
prevent them from having increasingly large kernels.

o Instead, observe that kert, contains E[l?] = ker[l%], and so since [[?] is separable, by our results on
composition of isogenies, we know that there exists some other isogeny Ay such that 14 = [I%] o Ag4.

o What we would like to say is that this forces all of the coefficients b; 4 to be multiples of I, which since
they are obtained by reduction of o; mod ¢, would mean that they are all zero. This would follow, for
instance, if the ¢; were linearly independent and A4 € span(y;).

o We can recover the core of the argument using the following lemma:

o Lemma: Let M be a finitely generated subgroup of Hom(E;, F3) and let My, = {¢ € Hom(E1, Es) :
[m] o p € M for some m > 1} be the subgroup of M-divisible elements. Then My;, is also finitely
generated.

o Proof (of Lemma): Since M is finitely generated, the tensor product M ® R is a finitely generated R-
vector space, which we may endow with the natural topology from R. We may then extend the degree
map to give a continuous real-valued function on M ® R: the degree map with integer coefficients is a
quadratic form on M as we previously showed, so we may simply extend scalars to R, in which case the
corresponding real-valued quadratic form is certainly continuous.

o By continuity, the set U = {¢ € M ® R : degyp < 1} is open, and since M is torsion-free (because
Hom(E, E») is torsion-free), we see that My;, injects into M ® R (indeed, it is a subset of M ® Q).

o Since Mgy NU = {0} since all elements of Myg;, are isogenies and thus nonzero elements of Mg;, have
degree at least 1, this means My;, is a discrete subgroup of a finite-dimensional real vector space, and
hence is finitely generated (in fact, the number of generators is at most dimg (M ® R) = rankz M).

o Now we can prove the original result:

o Proof (of Proposition): Suppose ¢ € Hom(E1, E) ® Z;. Then ¢ is some finite sum of simple tensors.
Let M be the subgroup of Hom(E1, Es) spanned by the isogenies in those tensors.

o By the Lemma, the subgroup My;y is finitely generated, say with a basis 1, ..., k. Then since ¢ € My;y
we have ¢ = 1 @ a1 + - - - + Y ® oy for some isogenies ¢; : F1 — F5 and some scalars a; € Z;.

o As above, writing a; = a; 0 + ai1l + a;2l?> + - -+ and setting b; 4 to be the reduction of a; mod 1%, we
see that ¥g = by ap1 + ba,apa + -+ + bgapr annihilates E[I?] for each d > 1. Thus ker, contains
E[19] = ker[l?] and so 14 = [I%] o A4 for some isogeny Ag.

o But now Ay € Mgy, 80 A\g = c1p1 + - - - + crk for some integers c1, ..., ck, since {¢1,..., @k} is a basis
for Mdiv-

o Then the statement 14 = [I9] o \q implies that I9cipy + -+ + I9cpop = bi,ap1 + ba.apa + -+ + bi,apk so
all the coefficients must agree. But since b; 4 is the reduction of a; mod ld, this means b; 4 = 0 for each .

o Since this holds for each d > 1, we see that all of the [-adic series coefficients of «; are zero for each i,
meaning each a; = 0 and thus that ¢ = 0 as desired.

e Now we can use this result to describe more explicitly the structure of isogeny groups and endomorphism
rings:

e Proposition (Isogeny Groups and Endomorphism Rings): Let E;, F5, and E be elliptic curves. Then the
following hold:

1. The group of isogenies Hom(E1, Es) is a free abelian group of rank at most 4.

o Proof: Because Z; has characteristic zero and the isogeny group is torsion-free as we showed previ-
ously, by basic properties of tensor products we see that rank;Hom(E, E2) = ranky, [Hom(FE1, F2)®
Zy).

o Explicitly, a Z-basis of Hom(FE}, E5) is also a Z;-basis of Hom(E;, F3) ® Z;, and if there is no Z-basis
for Hom(E, E3) because its rank is infinite, an infinite linearly independent subset of Hom(FE1, E3)
yields an infinite linearly independent subset of Hom(FE1, Eq) ® Z;.
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2.

o By the proposition above, Hom(F1, E2) ® Z; injects into Hom(7;(E1), T;(E2)) = Hom(Z; x Z;,Z; x
7;) = Msyx2(Z;), which has rank 4 as a Z;-module.
o Hence rankzHom(FE1, E2) = rankg, [Hom(E1, E2) ® Z;] < ranky, [Hom(T;(E1),Ti(Es))] = 4, as
claimed.
The endomorphism ring End(FE) is a Z-algebra of characteristic 0 and rank at most 4 possessing an
anti-involution ¢ — ¢ such that @ = ¢+, g;’l\/J =)@, ¢ = ¢, [7/71\] = [m] for all m € Z, and for
which ¢ = @ is a nonnegative integer that equals 0 only when ¢ = 0.
o Proof: The multiplication-by-m maps are a subring of End(F) isomorphic to Z, and since [m)]
commutes with all isogenies, End(E) is a Z-algebra of characteristic 0.
o The rank statement is simply (1) in the case E = E; = Es. The existence of the anti-involution
and all of the associated properties all follow from our results on dual isogenies and the fact that

o =[degy] > 0.

e We can now give a general classification of the possible endomorphism rings of an elliptic curve based on the
properties established in (2) of the proposition above.

(¢]

If F is a field, recall that an associative F-algebra is a ring extension A of F' that is also a finite-
dimensional F-vector space, where the vector space and ring structures are compatible. (Explicitly, for
r,s € A and a € F, this means a(rs) = (ar)s = r(as).)

Example: Any finite-degree field extension L/F is an associative F-algebra, as is the matrix ring
Myysin(F).

Example: The division ring of real quaternions H = R + Ri + Rj + Rk with i? = j2 = k? = ijk = —1 (so
that ij = —ji, etc.) is an associative R-algebra. (In fact, other than R and C, the quaternions are the
only other associative R-algebra having no zero divisors: this is a theorem of Frobenius.)

If A is an associative F-algebra, an order of A is a finitely-generated subring R of A such that RQ F = A.
(We emphasize here that part of this definition also includes the fact that A and R have the same
multiplicative identity.)

Equivalently, and more concretely, an order is a subring R (with 1) such that as a Z-module, we have
ranky R = dimgA.

e As we will show, there are three different types of Z-algebras of characteristic 0 with rank at most 4 having
an anti-involution and a positive-definite quadratic form defined on them, which are as follows:

1.
2.

(¢]

(¢]

o

The ring Z.

Orders in imaginary quadratic fields. Recall that an imaginary quadratic field is a field extension K/Q
of degree 2 which is not a subfield of R. Explicitly, K = Q(v/—D) for some squarefree positive integer
D > 0, meaning that K = Q + Qv/—D. Equivalently, an imaginary quadratic field is an associative
Q-algebra of the form A = Q + Qa with multiplication rules o € Q and o? < 0.

Orders in definite quaternion algebras. Recall that a definite quaternion algebra is the quaternionic
analogue of an imaginary quadratic field extension of Q: it is an associative Q-algebra of the form
A =Q+ Qo + QB + QaB with multiplication rules o2, %2 € Q with o® < 0, 82 < 0, and a8 = —Ba.

Exercise: If K = Q(v/—D) is an imaginary quadratic field, its ring of integers O is Z[a] where a =
{\/j when — D = 2,3 (mod 4)

(1++v=D)/2 when — D =1 (mod 4)
Z + fOk for a positive integer f, the conductor of R. [Hint: Show [Ok : R] = f is finite.]
Exercise: Show that both the ring of naive integral quaternions R = Z + Zi + Zj + Zk and the ring of
Hurwitz quarternions H = Z+Zi+7Zj + Zw are orders in the algebra A = Q+ Qi+ Qj + Qk

. Show that the orders of K are the rings of the form R =

of rational quaternions, where i? = j2 = k2 = ijk = —1 as usual.

Exercise: Show that if S is a Noetherian integrally closed domain with fraction field F', then R = M,,»,,(S)
is an order in A = M, x,(F).

e Let us now show the claimed result:
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e Theorem (Endomorphism Rings): Let R be a ring with 1, of characteristic 0, havmg no zero divisors, Wthh
has rank at most 4 as a Z-module, and has an anti-involution r — 7 such that 7 + s = 7 + 8, 7% = &7, 7 = r,

mi

m for all m € Z, and for which r# = 7r is a nonnegative integer that equals 0 only when r = 0. Then R

is either isomorphic to Z, to an order in an imaginary quadratic field, or to an order in a definite quaternion
algebra.

(¢]

Proof: Since R is finitely generated (as it is torsion-free and has rank at most 4 as an additive group),
it suffices to prove that K = R ® Q is either QQ, an imaginary quadratic field, or a definite quaternion
algebra.

We can extend the anti-involution to K in the natural way by taking r Wq) = (p/q)7 and extending
linearly. It is immediate that the resulting anti-involution on K retains all of the same properties except
that 77 is now a nonnegative rational number.

Define norm and trace functions on K via nm(a) = ad and tr(a) = a4+ & for o € K.

Clearly the norm is always rational and multiplicative, and since 1 4+ nm(«) — nm(l —a) = 1 + ad —
(1-4)(1—a)=a+d&=tr(a) we see that the trace is rational and additive. Additionally, for rational
numbers x we have tr(z) = x + & = 2.

Observation: if tr(a) = 0, then 0 = (o — a)(a — &) = a? — tr(a)a + nm(a) = o + nm(a), so a? € Q
and o < 0 with equality only when o = 0.

If K = Q we are trivially done so suppose K # Q and pick a ¢ Q. Then the element § = o — %tr(a)
has tr(8) = tr(a) — tr(3tr(a)) = tr(a) — tr(a) = 0, and B is nonzero.

Hence by the Observation, 32 € Q and 8% < 0, so if K = Q() we are done since K is an imaginary
quadratic field. Otherwise, suppose K # Q(3) and select v ¢ Q(f).

Define the element § =y — Jtr(y) — 3 - trgﬂ)ﬁ and observe that tr(ﬁﬁﬂ) is rational since 82 is a negative
rational.

Then tr(8) = tr(y) — tr(y) — 5 - tr(ﬁiﬁ)tr(ﬁ) = 0 since tr(3) = 0 as calculated earlier, and hence §% < 0.
We also have tr(36) = tr(8y) — str(v)tr(8) — str(B7) = 0 as well.

So now since tr(8) = tr(d) = tr(86) = 0 we have g = —B,8=—6,and so 86 = 755 = 68 =—65.

This means Q[3,6] = Q + QB8 + Q5§ + QBJ has 3% < 0, §2 < 0, and 36 = —33, so it is a quaternion
algebra.

Now we claim that {1, 3,0, 50} is Q-linearly independent, so suppose we had a linear dependence w +
xB + yd + 260 = 0.

Taking the trace yields 2w = 0 so w = 0. Now multiplying 8 + yé + 256 = 0 on the left by g and on
the right by J yields (z52)d + (y02)8 + 28262 = 0, where we used 32,% € Q to move terms.

But this is a Q-linear dependence between 3, §, and 1, but because 5 ¢ Q and ¢ ¢ Q(3) all coefficients
must be zero, and so {1, 3,4, 56} is linearly independent.

This means Q[3, 4] is a 4-dimensional Q-vector space, hence it must equal K since the dimension of K
is at most 4 (since the rank of R is at most 4) by assumption.

e Interestingly, the characteristic-0 and characteristic-p behaviors for the endomorphism ring structure are quite
different.

(¢]

In characteristic zero, as we will show later in a more concrete way using analytic methods, the endomor-
phism ring cannot be a quaternion order, and indeed it can only be an order in an imaginary quadratic
field in rather special situations: typically it is just Z.

In positive characteristic, any of the three possible endomorphism ring types can occur, but there is a
rather interesting separation of the behaviors.

For an elliptic curve defined over F,, the endomorphism ring is always bigger than Z, and we can
characterize fairly precisely when the endomorphism ring is a definite quaternion order or an imaginary
quadratic order.

Over other fields of positive characteristic, when the elliptic curve is not defined over F,, the endomor-
phism ring is always Z.
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0.19 (Nov 13) Endomorphism Rings, Part 2

e For now, let us continue our study of the endomorphism ring by using some general tools from the study of
central simple algebras and the Brauer group.

(¢]

For a field k, a central simple k-algebra A is a (finite-dimensional) associative k-algebra which is simple
and whose center is precisely k.

Exercise: If k is a field and D is a division ring with center k, show that the matrix algebra M,,«, (D)
is a central simple k-algebra.

In fact, by Wedderburn’s theorem, every central simple k-algebra is of the form M, ., (D) for some
(unique up to isomorphism) division ring D with center k, and some (unique) n.

When two central simple k-algebras have the same (or to be pedantic, isomorphic) division ring D, we
say A ~ B. This relation is clearly an equivalence relation, and its equivalence classes are denoted [A].

The classes of central simple k-algebras form an abelian group Br(k), called the Brauer group of k,
with multiplication [A][B] = [A ®; B] given by tensor product, identity [k], and inverses given by
[A]~! = [A°PP], where A°PP denotes the opposite ring of A (the ring with the same elements and addition,
but where multiplication is reversed: r°PP + s°PP = r 4 s and r°PPs°PP = gr).

Restricting now to the case where k is a global field (either an algebraic number field or a function field
over F, of transcendence degree 1), a place p of k is either a finite prime ideal of the ring of integers
of k (which has an associated p-adic metric), or an infinite place associated to one of the embeddings
of k into its algebraic closure. To each place we have an associated metric (either the p-adic metric for
a finite place p or an archimedean metric for an infinite place) yielding a corresponding completion k,
under that metric.

When k£ = Q, the places are simply the integer primes p, whose associated metric is the p-adic metric
yielding the completion Q, (the fraction field of the p-adic integer ring Z,), along with a single infinite
place co whose metric is the usual absolute value and whose completion is R.

For each place p of k, we obtain a homomorphism Br(k) — Br(k,) defined by [A] — [A ® ky]. One may
prove that [A ®y ky] = 1 for all but finitely many p (this is the analogue of the fact that any integer has
only finitely many prime factors), and thus there is a well-defined homomorphism Br(k) — P, Br(ky).

In fact, this map is injective (this is a result known as the Albert-Brauer-Hasse-Noether theorem), and a

stronger result, due to Hasse, fits this map into an exact sequence 1 — Br(k) — €D, Br(ky) iy Q/Z —
0, where inv, denotes the Hasse invariant map, which we will not describe in general. (The exactness of
this sequence is a fundamental result connecting local and global class field theory.)

Furthermore, the sum of all of the Hasse invariants (over all places) is an integer, and it follows from the
Grunwald-Wang theorem that the order of [A] in the Brauer group is equal to /[A : k] where k is the
center of A.

We will also mention that there is a very nice way to construct central simple algebras using cohomology
classes (known as the crossed product construction). Through this construction one may prove that the

——%

Brauer group Br(k) is canonically isomorphic to the second cohomology group H?(Gy Jk> k).

e Now we can apply these results to the algebra A = End(F) ® Q, which is a central simple k-algebra for £k = Q
(if End(E) is Z or a quaternion order) or an imaginary quadratic field (if End(F) is an imaginary quadratic
order).

(¢]

o

e}

In the specific case k = Q, the Hasse invariant inv, is calculated as follows: when A ® Q, = M,,»,(Q,)
(when [A,] is the identity class in which case we say A splits at p) we have inv,, = 0, and otherwise (when
[A,] is not the identity class in which case we say A ramifies at p) we have inv, = 1/2.

Additionally, from the Brauer-group exact sequence, the sum Zp inv, is always an integer.

Also, the order of [A] in the Brauer group is equal to y/[A : k] where k is the center of A, so when End(E)
is a quaternion order, the order of [A] equals v/4 = 2.

e Proposition (Endomorphisms in Characteristic Zero, I): Suppose E is an elliptic curve in characteristic zero.
Then End(FE) cannot be an order in a quaternion algebra.

69



o Proof: Suppose by way of contradiction that End(E) is an order in a quaternion algebra. Let A
End(E) ® Q and let I be a finite prime.

o By our results on isogenies and the Tate module we know that End(E) ® Z; injects into Aut(T;(F)) =
M2><2(Zl)-
o Tensoring with Q; shows that A ® Q; injects into May2(Z;) ® Q; = Mayx2(Qy).

o When End(F) is a quaternion order, its rank is 4, and so A ® Q; is (isomorphic to) a 4-dimensional
subspace of Msy2(Qy), but this subspace must therefore be all of Myy2(Q;).

o Thus, A® Q; & M3x2(Q;) and thus inv;[A] = 0 for all finite places I.
o But since there is a unique infinite place and the sum of the invariants is an integer, we must also have
inve[A4] = 0.

o Now, because the map Br(Q) — P, Br(Qy) is injective, this means [A] is the identity element of the
Brauer group. But this is, at last, a contradiction, because End(E) ® Q is not a matrix group since it
has no zero divisors. (Alternatively, we could get a contradiction from observing that the order of [A] is

1, whereas /[4: Q] = 2.)

e Exercise: Show that the endomorphism ring of y? = z
previously, is isomorphic to Z]i].

3 — 2 with the isogeny [i](z,y) = (—=,iy) discussed

e On the other hand, in positive characteristic, we have several different classes based on the isomorphism type
of the elliptic curve.

o It turns out that over F,, there are 2 possibilities: either End(E) is an order in an imaginary quadratic
field or End(F) is an order in a quaternion algebra.

o We have previously seen that over I, there are also 2 different possibilities for the p-power torsion: either
all of the groups are cyclic, or all of the groups are trivial.

o In fact, perhaps rather surprisingly, it turns out that these two situations align completely: the p-power
torsion groups are trivial if and only if the endomorphism ring is an order in a quaternion algebra!

e In order to phrase this result properly we first require a quantity that allows us to characterize elliptic curves
up to isomorphism.

e Definition: Let E be an elliptic curve defined over a field F. If E has a Weierstrass equation y? = 2° + Az + B,

3
(42) where A = —16(443 + 27B?) is the

the j-invariant of F is defined to be the quantity j = —1728

discriminant of E.

o We note that the j-invariant is well-defined because the discriminant A is nonzero because elliptic curves
are defined to be nonsingular. Additionally, even though the Weierstrass equation for E is not unique
because we may perform a rescaling A’ = u*A, B’ = u*B, the discriminant transforms as A’ = u!'2A
and so we see j' = j is invariant. (This is why it is called the j-invariant.)

o For an arbitrary Weierstrass form y?+ai2y+asy = 3 +asx?+asx+ag these definitions are more involved.
Setting by = a? + 4ag, by = 2a4 + aja3, bg = a3 + 4ag, and then by = a?ag + 4azas — a1azas + aza3 — aj,
we have A = —b%bg — 81)431 — 276% + 9bobybe and j= (—bg + 36byby — 216()6)3/A

o For simplicity we will give the discussion in the case char(k) # 2, 3 since then we may use the much more
understandable formula j = —1728(4A4)3/A.

e The j-invariant characterizes an elliptic curve up to isomorphism, in the sense that E; and Es are isomorphic
(over the algebraic closure k) if and only if they have the same j-invariant:

e Theorem (j-Invariants and Isomorphism): Let k be an algebraically closed field.

1. If Fy and Es are elliptic curves over the algebraically closed field k, then F; and Fs are isomorphic over
k if and only if j(F1) = j(E9).

o Recall that the only transformations preserving a reduced Weierstrass form (in characteristic not 2
or 3) are (z/,y') = (u2z,u3y) yielding (4’, B') = (u*A,u®B).
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Proof (for char(k) # 2,3): Our calculations above show that if E; and Es are isomorphic then
J(E1) = j(E») since any transformation of the Weierstrass form of Fj leaves the j-invariant un-
changed.

Conversely, suppose j(E;) = j(E2) with Ey : y?> = 2% + Ajz + By and Ey : y? = 23 + Asw + Bo.
Then j(E1) = j(E2) implies A3 /(27A3 +4B3}) = A3/(27A3+4B3) which upon clearing denominators
becomes 27A3A3 + 4A3B3 = 27TA3 A3 + 4A3B? whence A3B2 = A3B?.

If A; =0 then since A # 0 we must have B; # 0 and so Ay = 0. Then (As, By) = (u*A;,u%By) for
u = (B2/Bl)1/6.

If By = 0 then since A # 0 we must have A; # 0 and so By = 0. Then (As, By) = (u*A;,uBy) for
u = (AQ/A1)1/4.

If 1417 Bl ;é 0 then AQ, Bg 7& 0 also. Then (Ag, Bg) = (U4A1, UGBl) foru = (AQ/A1)1/4 = (32/81)1/6;
these are equal because A3 /A3 = B?/B2.

Remark: The proof in characteristics 2 and 3 is essentially the same, just with more subcases based on
the various possibilities for the additional possibilities for reduced 2-parameter Weierstrass equations
(e.g., y> + 2y = 2% + a4z + ag in characteristic 2, or y? = 2% + a22? + ag in characteristic 3).

2. If F is any subfield of k£ and jy, € F, then there exists an elliptic curve defined over F' with j-invariant

. 36
o Proof: If jo # 0,1728 then it is not hard to check that the Tate curve E : 3% +xy = 2% — P
Jo —
1
——— has discriminant A = 52/(jo — 1728)% and j-invariant j = jo.
o For the remaining cases, we can similarly check that the curve y? +y = 23 has A = —27 and

j = 0, and the curve y? = 23 + x has A = —64 and j = 1728. These yield nonsingular curves in
characteristic not 2 or 3.

o When char(k) = 2,3 we have 1728 = 0 and so there is only one remaining j-invariant to check. In

characteristic 2 the first curve is nonsingular while in characteristic 3 the second curve is nonsingular,
so this accounts for all cases.

e Now we can give various equivalent conditions for the endomorphism ring structure of an elliptic curve over

Fy:

e Theorem (Endomorphism Rings Over F,): Let F' be a perfect field of characteristic p (e.g., F,) and E be an
elliptic curve defined over F. For each integer » > 1 define ¢, : E — E®") to be the p"-power Frobenius map
and denote 7 = ¢. Then the following are equivalent:

© 2 N oo WD

10.

The p-torsion group E[p] is trivial.

The p-power torsion groups E[p"] are all trivial.

The dual Frobenius isogeny ¢ is purely inseparable.

The dual Frobenius isogenies ¢, are all purely inseparable.

When F is finite, tr(¢) = 0 mod p (where the trace is computed in End(T;(E)) for any I # p).
The multiplication-by-p map [p] is purely inseparable and j(E) € .

The endomorphism ring End(F) is an order in a quaternion algebra.

The sum of Hasse invariants ) inv,E is equal to 1.

The endomorphism algebra End(E) ® Q is the unique (up to isomorphism) definite quaternion algebra
ramified at p and oo.

When p > 2 and F has a Weierstrass equation 4> = f(x), the coefficient of zP~! in f(z)®~1/2 is zero.

An elliptic curve satisfying any of these equivalent conditions is called supersingular.

o Proof: (1) < (2): Since E[p] is the p-torsion subgroup of E[p"], one being trivial is equivalent to the

other being trivial.

o (1) & (3): We have #E[p] = #ker[p| = deg,[p] = deg, ®, so E[p| is trivial if and only if ¢ is purely

inseparable.
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(3) & (4): Since ¢, = ¢" the inseparability of all of the ¢, is equivalent to the inseparability of ¢.

(3) & (5): Over a finite field during our discussion of the Weil conjectures we established that ¢ =
[tro] — ¢. So we have ¢*w = ([try] — ¢)*w = (trp)w, whence ¢ is inseparable precisely when tr(¢) = 0
mod p.

(3) = (6): We have [p] = ¢ o ¢ and ¢ is purely inseparable, so if ¢ is purely inseparable then so is [p].
Furthermore% by our results on inseparable isogenies, ¢ : lz(p) — FE factors as ¢ = 1 o ¢’ where ¢’ :
E® — E®") is the Frobenius map on E® and ¢ : E®) — F is some other isogeny. But 2since
degp = p = deg ¢’ we must have degt) = 1 and so 9 is an isomorphism. This means E and E®") are
isomorphic, so they have the same j-invariant.

But the j-invariant is a rational function of the coefficients of a Weierstrass form, hence ¢?j(E) =
j(E(pQ)) = j(E): thus ¢? fixes j(E) whence j(E) € F,2, the fixed field of ¢x?.

(6) = (7): Suppose [p] is inseparable and j(E) € F,2. Suppose ¢ : E — E’ is some isogeny: then
since 9 o [p]g = [p|r’ © ¥, taking inseparability degrees yields deg, v deg,[p]|r = deg;[p|r deg; ¥ so since
deg; v > 0 we see deg;[p]rr = deg;[p|r = p? meaning [p] is also purely inseparable on E’, and so
#E'[p] = deg[plz = 1.

Applying (1) = (6) on E’ shows that j(E’) is also an element of F

q?>
j-invariant, there are only finitely many possible E’ up to isomorphism.

and so by our results on the

Now suppose End(E) is not an order in a quaternion algebra, so that K = End(F) ® Q is a number field
(either Q or an imaginary quadratic field).

Exercise: Show that if F and E’ are isogenous then End(F) ® Q =2 End(E’) ® Q. [Hint: Let p : E — E’
be an isogeny. Show that the map sending f € End(E) to delggago ofo@ e End(F')®Q is an injective
ring homomorphism.|

As noted above there are only finitely many E’ isogenous to E, and by the exercise above, each of their
endomorphism rings is an order in K = End(E) ® Q. Now let [ # p be an inert prime!?in K not dividing
the conductor of any of the orders End(E’) for any E’ isogenous to E: then (I) remains prime in each
ring End(E").

Now choose some k larger than the number of possible isogenous curves E’ and let P be a point of order
I¥ on E. Let ®; be the cyclic subgroup of order I* generated by [I*~%]P: then we have ®; C &3 C &3 C
s CPpg C Dy

By our results, each of the quotients E/®; is an elliptic curve isogenous to E, and so by the pigeonhole
principle some pair of them must be isogenous: say E/®, & E/®,,,. Since we also have a natural
projection map 7 : E/®,,, — E/®, with cyclic kernel isomorphic to Z/I’Z, composing the projection
with the isomorphism yields an endomorphism A of E, whose kernel is also cyclic of order 1.

But now X is a factor of [[¥] since ker A C ker[I¥] = E[i*], so A|I*¥ in End(E). Since [ is a prime element
of End(E’) by the above discussion, this means A\ = ul® for some exponent ¢ and some unit © € End(E)
(i.e., an automorphism, which since it is invertible must have degree 1).

Taking degrees shows that [* = # ker()\) = deg,()\) = deg()\) = deg(u) deg[l°] = [*¢, so ¢ = b/2. But then
we would have ker(\) = ker[l¢] = ker[1%/?] but this is a contradiction because the kernel of \ is cyclic of
order {* while the kernel of [I%/?] is a product of two cyclic groups of order {*/? and is not cyclic.

—(3) = (7). Suppose ¢ is separable: we will show that End(E) is commutative. Since ¢ is separable,
we know that E[p?] = Z/p?Z and thus the Tate module T,,(E) = Z,,.

As we have already seen, any endomorphism of E naturally acts as an endomorphism of the Tate
module, and this action must be injective as follows from our argument earlier on the Tate module
Ti(E): specifically, if 1) € End(E) acts as zero on the Tate module, then E[p?] € ker for all d. Then
since [p?] = g 0 ¢4 and @, is onto, we see that pg(ker 1) D ker g so #keryp > # ker pg = deg, pq =
(deg, ¢)? = p? since ¢ is separable of degree d. Then # ker ¢ is infinite so 1 = 0.

2There are three types of behavior for a prime [ in a quadratic extension K/Q: the ideal (I) can remain prime (I is inert), the ideal
(1) = L1 L2 can factor as the product of two distinct prime ideals (I splits), or the ideal (I) = L? can factor as the square of a prime

A
ideal (I ramifies). If the discriminant of the field is A, then the splitting behavior is determined by the Legendre symbol (7) when

the symbol is +1 the prime [ splits, when the symbol is 0 the prime ! ramifies, and when the symbol is —1 the prime [ is inert. As
such, the ramified primes are those dividing the discriminant, and by Dirichlet’s theorem on primes in arithmetic progressions, there
are infinitely many split primes and infinitely many inert primes (more precisely, asymptotically half of primes exhibit each behavior).
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o But now the endomorphism ring End(E) injects into Aut(T,(E)) = Aut(Z,) = Z,, which is commutative,
so End(F) is commutative.

o (7) = (8),(9): Let I # p be a prime and let A = End(E) ® Q. Then by the same argument as given
above in the characteristic-zero case, A ® Q; & Myx2(Q;) and so inv;(A) = 0 for all finite primes [ # p.
However, since the element [A] in the Brauer group Br(Q) has order /[A : Q] =2, [A] # 1 and thus A
must be ramified at at least 2 places.

o Since the only remaining places are p and oo, A must be ramified at both: thus the Hasse invariant
>, vp(E) =1, and by the injectivity of Br(Q) — €, Br(Qp), this information uniquely determines
the class [A4] in Br(Q). But since dimg A = 4, the class [A] characterizes A itself up to isomorphism.

o (8) = (7). (9) = (7): Obvious. (The sum _ inv,[A] is zero when A is a field.)

o (5) < (10): Since (2) implies (3) we know that j(E) € F,2 and so E is defined over a finite field F' = F,.
Now let x be the nontrivial quadratic character on F; (+1 on unit squares, 0 on zero, —1 on nonsquares):
as we have previously noted, #E(F,) =q¢+ 1+ Zzqu x(f(x)).

o Exercise: When ¢ is odd, for any a € F, show that x(a) = a(?~V/2. [Hint: F) is cyclic.]

o Exercise: For a positive integer k, show that }_ p 2¥ is 1 when (¢ — 1)|k and is 0 when (¢ — 1) { k.

o Let f(z)la=1/2 = Zi(:qo—l)ﬂ crrk. By the first exercise, we have #E(F,) = ¢+ 1 + 2 acF, f(z)a=1/2 =
qg+1+ Zz(:qo_l)/g er]Fq crrt =q+1+ Zz(:qo—l)ﬂ ck(zxqu z¥) = ¢+ 1—c,1 in F,, where the last step
follows from the second exercise.

o But as we have previously shown, #E(F,) = g + 1 — tr(p), so tr(p) = ¢,—1 as an element of F,. Hence
one is zero modulo p if and only if the other is zero modulo p.

0.20 (Nov 16) Elliptic Curves over C

e Exercise: Show that y? = 23 + 2 + 1 is supersingular over F17 by computing both #E(F;7) and the coefficient
of % in (23 4+ z + 1)® mod 17.

e Exercise: Show that for an odd prime p, y? = 23 + x is supersingular over F, if and only if p = 3 (mod 4).

e Exercise: Show for a prime p > 3, an elliptic curve E/F, is supersingular if and only if #E(F,) = p + 1.
Deduce that the pth-power Frobenius map ¢ has p? = [—p] and that $ = —.

e Exercise: Show that the elliptic curve y*> = z(x — 1)(z — ) in Legendre form is supersingular over F, if and

- 2
only if A is a root of the polynomial H,(t) = Z,(f;ol)/z (P=D7%)7¢tk . [Remark: One may show that H,, is
separable. By using some basic facts about equivalences of Legendre forms, one may give a precise count of
the number of supersingular curves over F,,.]

e We can now describe the endomorphism ring structure over arbitrary fields of positive characteristic:

e Theorem (Endomorphism Rings in Positive Characteristic): Let F' be a field of positive characteristic p and
let E be an elliptic curve defined over F'. Then

1. End(FE) = Z precisely when j(FE) is transcendental over F),.

2. End(E) is an order in an imaginary quadratic field precisely when j(E) is algebraic over F, and [p] is
not purely inseparable.

3. End(F) is an order in a definite quaternion algebra precisely when j(E) € F,> and [p] is purely insepa-
rable.

o Proof: We have already shown (3) in our discussion of supersingular curves earlier. It remains to show
that when E is not supersingular, then End(FE) contains some element other than a multiplication-
by-m map if and only j(E) is algebraic over F,,.

o So, first suppose j(E) is algebraic over F, so that j(E) € F,a for some d > 1. By our results on
Jj-invariants this means F is isomorphic to a curve defined over IF,,; since the endomorphism ring is
invariant under isomorphism classes, we may therefore replace F with this curve without changing
anything.
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o Then since E is defined over F-, the p?th-power Frobenius map ¢ is an endomorphism of E (it fixes
all of the coefficients). We claim that ¢ is not a multiplication-by-m map for any m.

o If we had = [m] then taking degrees yields p¢ = deg ¢ = deg[m] = m? so that m = £+p?/2. But then
taking kernels yields 1 = # ker ¢ = # ker[+p?/?] = p?/2 since by assumption E is not supersingular
so its p?/2-torsion subgroup is cyclic of order p?/2. This is a contradiction since it would give d = 0.

o Hence End(FE) is strictly larger than Z, so it must be an order in an imaginary quadratic field.

o Now suppose j(E) is transcendental over F, and suppose by way of contradiction that End(E) is
strictly larger than Z: then K = End(F) ® Q is an imaginary quadratic field.

o Let [ # p be any prime not dividing N and let ®; C ®5 C --- be a chain of subgroups with ®; cyclic
of order [* (e.g., generated by the terms (P;, P,,...) of a generator of T}(E)).

o Then E; = E/®, is also an elliptic curve and its j-invariant is also transcendental over F,. Further-
more, we have an associated isogeny ¢ : E — E; whose degree is I?, and by an earlier exercise we
have End(E;) ® Q = K as well.

o Now let a; € End(E;) ® Q have o € Q with o? < 0; by rescaling we may assume a? = —N; for
some positive integer N;, and by rescaling further if necessary we may assume «; € End(E;) with
af = —Ni.

o Then in End(FE) we may observe that (¢;cip;)? = @ialp; = a?(deg ¢;)?, so taking the square root
yields p;c;0; = £al?, and left-composing with ¢; and cancelling yields o; o ¢; = £¢; o a.

o In particular, this means «a(ker ;) C ker ¢;, so that a®; C ®;. This holds for all i, so upon taking
inverse limits we see that a acts as scalar multiplication on the Tate module 7;(F), meaning that
a<P17P27...) :C(Pl,PQ,...) for some ¢ € Z;.

o But the characteristic polynomial of & on the Tate module has integer coeflicients (it is an algebraic
integer), so ¢ € Q is actually rational. But this is a contradiction, since then a? = ¢? would be
positive, contradiction.

e We now shift focus in our discussion to study elliptic curves over the complex numbers. There are several
different threads that will all converge in this discussion, so we will start with the historical motivation in
analysis for studying elliptic curves.

[¢]

Consider the problem of calculating the arclength of the ellipse 2%/a? + y2/b?> = 1. Using the natural

parametrization x = a cost, y = bsint we see that the arclength equals s = 4 foﬂ/Q \/(12 sin?t + b2 cos2 t dt =

4b [T /1= k2 sin® t dt with k2 = 1 — a? /b2,

Substituting = = sint with do = costdt yields s = 4b fol
(1 —2%)(1 — k%2?).

1 — k222
1— 22

d
dx = 4bf01 13/7:”2 where 32 =
—x

d
We therefore see that the ellipse arclength is obtained by integrating the differential w = 1y7:102 on the
curve y? = (1 — 2?)(1 — k%2?).

In fact, this curve has genus 1, as can most efficiently be seen by verifying that the differential dz/y is
holomorphic and nonvanishing, so since it obviously has rational points, it is an elliptic curve.

-1 k+1 2i(k+1
Explicitly, by substituting «’ = a%“ and ¢/ = (mj—iyl)Q with a = kii_l and e = (2(_—’;)2), one may
eventually verify!® that y? = (1 — 22)(1 — k?2?) becomes the elliptic curve (y')? = 2/(z' — 1)(2' — \) in
k4 1)2
Legendre form with A = E/ﬂJ—r1;2

Therefore, calculating the arclength of an ellipse (after some amount of torment) eventually becomes a
problem of computing an integral of the form | ¢ f(z)w on an elliptic curve, where w is the invariant
differential and C' is some contour. (Since w is a basis for the space of differentials, all integrals on E are
of this form.)

Indeed, the fact that computing the arclength of an ellipse eventually leads to computation of an integral
on an elliptic curve is the historical reason that elliptic curves are so named!

13Ty find this actual change of coordinates, we need only calculate explicitly the functions used in the Riemann-Roch argument for
showing elliptic curves have Weierstrass equations.
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e So let us now discuss the general problem of integrating differentials on elliptic curves.

o

o

d
The most basic integral of this form would be the integral of the invariant differential [, w = [, 2=
Y
d
Jo < when written as an integral in the single variable x € C.
z(x—1)(x — )

However, an obvious difficulty arises: namely, that the square root function is not single-valued but
rather double-valued, so as an explicit contour integral in the complex plane, the integral is not well
defined until we choose a specific branch cut of the square root.

In general, the square root function /x changes its value by a factor of —1 along a continuous path that
circulates with winding number 1 around the singular point x = 0.

Therefore, the product /z(z — 1) can be made single-valued if we make a branch cut from = = 0 to
x = 1 (i.e., meaning that we do not allow any of our contours to cross the branch cut), since then any
path that circulates once around the branch cut will enclose both singular points * = 0 and x = 1, and
so the value of the product will be scaled by (—1)? = 1, which is to say, it will not change.

In a similar way, we may make the function /x — A single-valued by making a branch cut from z = X\ to
x = oo (since the square root function is also singular there).

More properly, what we are actually doing is making branch cuts from 0 to 1, and from A to co in two
copies of P1(C), and then gluing them together along the branch cuts to form a Riemann surface. (The
two different copies correspond to the two possible choices of sign in the square root.)

Exercise: Show that the surface obtained by gluing together two spheres along two branch cuts is
topologically a torus.

Geometrically, we can keep track of which copy of P!(C) we are on by introducing another variable v,
whose square is equal to the product z(z—1)(z— A): then the sign of y keeps track of the correct location
in the Riemann surface.

Of course, this is just a convoluted way of saying that the resulting Riemann surface is simply the elliptic
curve E : y? = z(x —1)(z — \), thought of as a 2-dimensional surface over R rather than a 1-dimensional
curve over C. (This is also exceedingly reasonable since the underlying Riemann surface is a torus, which
has genus 1.)

So a far more sensible way to do all of this is to view [, w as an integral where C' is a path in E(C).

e We may now try to construct a map from E to C by sending a point P to the integral fc w, where C' is any
contour starting at the origin O and ending at P.

(¢]

By standard results in complex analysis, the value of a contour integral is deformation-invariant, meaning
that a continuous deformation of the contour does not change the value of the integral (as long as the
starting and ending points are the same).

However, because of the branch cuts, the value fop w is not uniquely determined, since there are in-
equivalent paths from O to P (namely, paths winding different numbers of times around the branch
cuts).

Let « be a path looping around the r1-r5 branch cut once, and let 5 be a path looping around the r3 — oo
branch cut once. Since o and § generate the first homology group H;(T') of the torus T, the difference
between any two paths between 0 and P on the Riemann sphere P!(C) with branch cuts is homotopic
to a linear combination of v and S3.

This means the integral fOP w is well-defined up to adding a Z-linear combination of the periods w; = [ w

and wy = wa, which is to say, we obtain a well-defined map E(C) — C/A via P fOPw (mod A),
where A = Zwy + Zwo.

In fact, by a somewhat involved Green’s theorem calculation, we can show that the periods are R-linearly

independent. Explicitly, taking a particular branch cut of the square root defining y allows us to write

. d d
w1:2f;2—xandw2:2ffo—x.
Ly sy
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o Writing & = u + iv, we have £ [[Lw AW =

(du + idv) A (du — i dv) 1 .
= ———————dudv. Th
7] Mo jgga =y =y dv- This

integral converges since it is integrable near the three poles (as can be seen by using polar coordinates),
and its value is clearly positive.

o But by applying Green’s theorem to the contour bounded by paths from r; — ro — r3 — 00 — 71, and

decomposing w into real and imaginary parts and computing their various signs in the regions around
the branch cuts, one may show that % [[.w A @ also equals Re(w:)Im(ws) — Im(w;)Re(ws). Since this
quantity is positive, w; and ws are R-linearly independent.

o So: the two periods are always R-linearly independent, and so the subgroup A is discrete, hence since it

has rank 2 inside the 2-dimensional real vector space C, it is a lattice.

o The quotient space C/A as a group is then isomorphic (and homeomorphic) to (R/Z) x (R/Z) = S* x S*,

which is topologically a torus.

o Indeed, it is easy to see this directly, since the lattice A has a fundamental parallelogram with vertices 0,

w1, wa, wi +wsy: then the quotient space C/A consists of this parallelogram with opposite edges identified
with the same orientations, which is a torus.

o Since F(C) and C/A are both complex tori and we have an analytic map from one to the other (namely,

given by integrating the invariant differential of F), it is reasonable to expect that the map is a complex
analytic isomorphism.

o In fact this is true (as we will show): to give a taste of how this works, note that because w is translation-

P+Q

p W= fOP w—i—fOQ w, so the integral map is a group isomorphism.

. . P P
invariant, we have fo tQ, = fo w4

e Unfortunately, calculating the integrals directly, using a Weierstrass equation of F, is difficult to do for a

0.21

generic curve.

o Given a specific equation, of course, we could simply compute numerical approximations of the periods

using numerical integration procedures. If we are lucky, we may even find that the period integrals for
certain curves can be evaluated exactly.

o But a general kind of calculation is rather beyond our reach.

o So what we will do instead is approach this problem from the other side: namely, starting with a lattice

A = Zw1 + Zwo, construct the corresponding elliptic curve E whose periods are wy and wo. (This is quite
a reasonable thing to do because lattices in C are much easier to understand!)

o Now, under the assumption that E(C) and C/A are complex-analytically isomorphic, the coordinate

functions x and y for E will correspond to well-defined meromorphic functions on C/A, which is to say,
meromorphic functions on C whose values are independent of the specific representative in C/A where
they are evaluated.

o We therefore want to study functions with this property.

(Nov 20) Elliptic Functions, The Weierstrass p-Function

e Definition: Let A = Zw, + Zws be a lattice in C. An elliptic function relative to A is a meromorphic function

on C that satisfies f(z +w) = f(z) for all w € A and z € C. The set of all elliptic functions relative to A is
denoted C(A).

o Remark: When the lattice A is clear from context, or not relevant, we will simply say “elliptic function”

without explicitly saying “relative to A”.

o Elliptic functions are also commonly called doubly-periodic functions since the general condition above

is equivalent to f(z+w1) = f(z+w2) = f(2): in other words, saying that f has two different periods wq
and ws.

o Obviously, constant functions are elliptic functions. Keeping in mind the general principle that elliptic

functions will correspond to rational functions on the associated elliptic curve E, we should expect it to
be somewhat challenging to construct elliptic functions, since most functions on E will not be rational.
We will therefore study general properties of elliptic functions first, and then use the results to give
constructions of elliptic functions.
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o As with any meromorphic function, we may fruitfully discuss the order of vanishing, zeroes, poles, and
residues of an elliptic function.

o Explicitly, if f is a nonzero elliptic function on C, then for any zy € C we have a local Laurent expansion
f(z) =30 pan(z — 20)"™ at zp, where we assume the leading coefficient aj, # 0 (note that when k > 0
this is a familiar power series, while when k& < 0 this is a Laurent series).

o For this Laurent expansion, the order of vanishing of f at zg, denoted ord,,(f), is the value k. We say
that f has a pole of order |k| at zp when k& < 0 and a zero of order k at zy when k > 0.

o The residue of f at zp, denoted res,,(f), is the coefficient a_;. Note that the residue can be nonzero
only when f has a pole at z.

e Let us now collect some basic facts about elliptic functions:

e Proposition (Properties of Elliptic Functions): Let A = Zw; + Zws be a lattice in C, let C(A) denote the field
of elliptic functions with respect to A, and let D be a fundamental region for C/A (e.g., the parallelogram
with vertices 0, wy, wa, wi + wy or some C-translate of it). Then the following hold:

1. A nonzero elliptic function f € C(A) has finitely many zeroes and poles inside of D.

o Note that this is the analogue of the statement that a nonzero rational function in k(C) has only
finitely many zeroes and poles.

o Proof: Since the fundamental parallelogram D is compact, if f had infinitely many poles they would
have an accumulation point, but poles of a meromorphic function are discrete. Hence f has only
finitely many poles.

o Applying the argument to 1/f shows that f also has finitely many zeroes, so f has finitely many
zeroes and poles.

2. An elliptic function with no zeroes, or no poles, is constant.

o Note that this is the analogue of the statement that a rational function in k(C) with no zeroes or
no poles is constant.

o Proof: If f has no poles then f is holomorphic on all of C (i.e., f is an entire function).

o Since C/A is compact and f is continuous, f is bounded on D, hence on all of C because f is doubly
periodic. But then f is an entire function that is bounded, so by Liouville’s theorem, f is constant.

o If f has no zeroes, then applying the same argument to 1/f shows that 1/f hence f is constant.

3. For any f € C(A), we have >, ¢ presw(f) = 0, where the sum is evaluated over any fundamental
region D.

o Note that the sum of residues is well defined by (1), since f has only finitely many poles hence
finitely many nonzero residues.

o Proof: Choose any fundamental region D whose boundary contains no zeroes or poles of f: this is
possible since there are only finitely many zeroes and poles by (1), but there are uncountably many
inequivalent translations to select for D.

o Consider the integral | op f(2)dz: since f takes the same values on parallel edges of 9D, the contri-
butions to the integral on opposite sides cancel since they have opposite orientations, so the integral
is zero.

1
o Then Cauchy’s residue theorem immediately yields >, cc/a resw(f) = 3 Jop f(z)dz=0.
i
4. For any f € C(A), we have ZwE(C/A ord,,(f) = 0, where the sum is evaluated over any fundamental
region D.
o This result says that f has the same number of zeroes and poles, counted with multiplicity: it is the
analogue of the result that deg(div f) = 0 for any nonzero f € k(C).
o Proof: As in (3), choose any fundamental region D whose boundary contains no zeroes or poles of
f-
o Since f is doubly-periodic so is its derivative f' hence so too is the ratio f'/f.

o If the Laurent series for f at w is ax(z —w)*+-- -, then the Laurent series for £’ is kay(z —w)¥=1+- -
and so the Laurent series for the ratio f'/f is k(z —w)™! + -+, and so res, (f'/f) = k = ord, (f).
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f'(2)

o Asin (3), the integral faD e )

dz is zero, so then Cauchy’s residue theorem yields ZMGC/A ord,, (f) =

)
Zwec//x res, (f'/f) = faD 7z dz = 0.
5. For any f € C(A), we have ZweC/A ordw(f)w € A, where the sum is evaluated over any fundamental
region D.

o Note that choosing a different fundamental region D will potentially shift points w in the sum by an
element of A, so unlike the sums in (3) and (4) which are independent of the choice of D, this sum
is only well-defined modulo A.

o Proof: As in (4) we choose a fundamental region D whose boundary contains no zeroes or poles of
f: say with vertices a, a + w1, a + w1 + ws, a + wy in counterclockwise order.

97 faD e dz

i f(z)

o Decomposing the integral into components along the four sides of D, and then applying ellipticity

of f'/f yields

f ( ) 5 - /a+w1 f/(Z) ot /a+w1+w2 f/(Z) ot /a+w2 Zf/(z) st /a Zf/(z) i

o By Cauchy’s residue theorem we have 3, ¢ 5 ordw (f)w = 3_, cc/a resw(2f/ f) =

oD f( ) (Z) +w1 (Z) +witwso f(Z) +wo f(Z)
a+wiy (Z) a+w2 fI(Z) B a+wy B y f/(z) L a+ws2 Zf/(z) 3
[ ey [ e [

!
o But now since f'/f is elliptic, we have (f'/f)(a) = (f'/f)(a + w1), so f;+wj J;((Z)) dz equals 2mi
z
times the winding number W, (0) around O of the curve v; : [0,1] — C with y(t) = f(a + tw;).

o Hence we obtain 3, ¢/ 5 ordw(f)w faD f( )) dz = —waW,, (0) + w1 W,,(0), which is an

element of A because the winding numbers are both integers.
6. An elliptic function with at most one pole, with pole order at most 1 there, is constant.
o Proof: Suppose f were elliptic and had a single simple pole. Then by (3), since the sum of the

residues of f is 0, the residue at that pole would be zero, but then f would be holomorphic hence
constant.

e So far we have established some properties of elliptic functions without actually describing any such functions
aside from constants. Let us use these properties to (try to) give a construction of an elliptic function.

o From (2) we know that any nonconstant elliptic function must have at least one pole, and from (6) we
see that the total pole order must be at least 2.

o Taking motivation from the z-coordinate function on an elliptic curve (which has one pole, of order 2,
at 00), let us try to construct an elliptic function f(z) with a double pole.

o By translation we may place this pole anywhere, so let us put it at 0. Then the Laurent expansion of
f(z)at 2=01is c_o272 + O(271) for some ¢ # 0, and so by rescaling we may assume c_p = 1.

o Now, by (3), since f has only one pole (up to periodicity), the residue at that pole must be zero, so the
27! coefficient in the Laurent expansion at z = 0 must be zero.

o So in fact, the Laurent expansion for f(z) is of the form f(2) = 272 + ¢ + ¢12 + c22? + -+ for some
power series cg + c1z+ cgz? + - - - that is necessarily holomorphic in a neighborhood of 0. In other words,
the difference f(z) — 22 is holomorphic near 0.

o But f(z) is actually doubly periodic, so f(z) also has a double pole at each point aw; 4 bws of the lattice
A; by the above argument, we see that f(z) — (2 — w)~2 will be holomorphic near an arbitrary w € A.

o So now, we ask: what happens if we subtract all of these “pole contributions” (2 —w)~2 for all w € A

from f(2)? The resulting function would then have no poles at all, hence be entire, hence (under the
assumption it is elliptic) constant. By shifting so that this constant is zero, we would obtain a formula

for f(z): namely, f(z) =Y ca(z —w) 2
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e We now turn around and try to use this series as our construction of an elliptic function: namely, f(z) =
Y wenlz— w)~2 where the sum ranges over all elements w = aw; + bws € A.
o Unfortunately, this construction does not quite work, for a critical reason: the series » (2 — w) 2
does not converge absolutely!

o Exercise: Let w = aw; + bws. Show that |w|> = za? + yab + zb? is a positive-definite quadratic form in
(a,b), where = = |w1|?, y = 2Re(w1@3), 2 = |wa|*.

1
o Exercise: Show that if Q(a,b) is a positive-definite real quadratic form, then E(O,O);é(a,b)EZXZ Q(a,b)F

diverges for k¥ < 1 and converges absolutely for k¥ > 1. [Hint: Compare to the corresponding integral,
diagonalize the quadratic form, and use polar coordinates.]

o Exercise: Let A = Zw; + Zws be a lattice. Show that > o, lw| ™" diverges for k < 2 and converges
absolutely for k£ > 2.

o Now, letting > ,, denote a sum over nonzero elements in A, for z bounded (e.g., in a fundamental re-

1 2z 322 _ _
7+F+ :ZweA*’w 2+O(w 3)‘

w? w3

- 1
gion) the absolute value seriesis 3> 4 |2 — w| > = S wens
z

is on the order of > |w| ™ which diverges by the exercises above.

wEA*
o So all of this says that our attempted construction does not work because the associated series does

not converge. But notice that it barely fails to converge: indeed, if we were able to get rid of the w2
2z 322

term, then the remaining series would be ZweA,w#O " + o

. ‘ =D A w0 27 || ™%, which does
converge absolutely.
o In fact, it is not at all hard to remove that term: simply subtract w2 from each term of the series where

w # 0.

1 1
o So our new construction is the function f(z) = — + Z [2 - 2]. By the calculations above,
# wEA* (Z o OJ) w
this series does converge absolutely and uniformly on compact subsets of C to a meromorphic function
having a double pole at each element of A.

1

e The function we have just constructed is called the Weierstrass p-function. Since the convergence of the
various series ) . ,. w™* will also be important, we also define them now:

e Definition: Let wi,ws are R-linearly independent complex numbers and A = Zw; + Zws be the associ-

1
ated complex lattice. The Weierstrass p-function (with respect to A) is defined to be p(z;A) = — +
z

1 1 1
Z [(Z_WP - cﬂ} , and the Eisenstein series of weight 2k (with respect to A) is Gax(A) = Z ok where

wEA* wWEA*

the sums are over all nonzero w € A.

o When A is clear from context, we will just write p(z) in place of p(z; A) and Gay in place of Gar(A).

are all zero, as follows

. . . . . 1
o We index the Eisenstein series as Gg, because the odd-indexed sums ) . — T
w

trivially by substituting w — —w.
e Let us now establish the key properties of this function:
e Theorem (Properties of the p-Function): Let A = Zw; + Zws be a complex lattice with associated Weierstrass
1 1 1 1
p-function p(z;A) = 5+ > [(z—w)Q - Uﬂ] and Eisenstein series Goj(A) = » 55 Then the following

weA* wEAx
hold:

1. The Eisenstein series G (A) is absolutely convergent for k > 1 but not for k < 1.

o This result follows from the discussion above, but we will give a separate self-contained argument.
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o Proof: By standard geometric results about lattices'®, if the fundamental parallelogram for A has

area A, then the number of w € A with |w| < R is %Pﬁ + O(R) as R — oo.

o Then for arbitrary R and sufficiently large d, the number ng of w € A with R < |w| < R+d is ©(R).

o Hence by grouping w together into the annuli R < |w| < R + d, by the comparison test we see
#{weA: Rd<|wl < Rd+d}
that ~
RS (Ra)F

~ R . - .
Y Re1 Rk which as a p-series is convergent for £ > 1 and divergent for k < 1.

—2k . :
w| has the same behavior as the series Y 5,

weA*

2. The series defining p(z) converges absolutely and uniformly on compact subsets of C\A.

1| |z |2w — 2| <10|z|

o Proof: For |w| > 2|z|, we have

(z-w? @ wPllw—z" |

1 1 1

o Hence the tail of the series — + E ——— — — | with |w| > 2]z| is bounded in absolute value

22 (z—w)? w?

wEA*
10]z] ..
by > cns W which converges absolutely by (a).
w

o Hence by the Weierstrass M-test, the series defining p(z) converges absolutely and uniformly on
compact subsets of C\A.

3. The p-function is meromorphic on C with a double pole with residue 0 at each point of A (and no other
poles).

o Proof: For w € A the local expansion of p(z) at w is (z —w)? + O((z —w)?) so there is a double pole
with residue 0 at A. Since the series for p is absolutely convergent on C\A by (2), p has no other
poles.

4. The p-function is an even function: p(—z) = p(z).

1 1 1 1 1 1
o Proof: We have p(—=z) = W +w§* [(—z—w)2 - uﬂ} =5 + wg* {(Z_FW)Q - uﬂ] = p(z) by
substituting w +— —w in the sum.

1
5. The derivative '(z) = —2 E G_wp is an odd function with a triple pole at each point of A (and no
zZ—w
wEA
other poles).

o Proof: Since the series for p converges uniformly on compact subsets of C\A its derivative is obtained
by differentiating the series term by term, immediately yielding the given sum.

o Then g’ is odd since derivatives of even functions are odd, and ¢’ has a triple pole at each point of
A since differentiating a pole creates a pole of one higher order but does not otherwise create new
poles.

6. The p-function and its derivative are elliptic functions with respect to A.
o Proof: First, ©'(z) is elliptic since the series expression in (5) is clearly invariant under translation
by elements of A.

o For p(z), taking the antiderivative of p'(z+w) = @' (z) yields p(z+w) = p(z)+C,, for some constant
C,, depending only on w and not on z. Setting z = —w/2 and using evenness of p immediately yields
C, =0, and so g is also elliptic.

7. The field of even elliptic functions C(A) is equal to C(gp(z)).

o Proof: Suppose that f is an even elliptic function, with f(—z) = f(2) = f(z + w) for all w € A.

o Our goal is to construct an elliptic function having the same zeroes and poles as f using only
expressions of the form p(z) — ¢ for constants ¢: then the ratio of f to this function is elliptic and
has no zeroes nor poles hence is constant.

MExplicitly, imagine tiling the interior of the disc |z| < R with copies of the fundamental parallelogram of A. Each copy contains
exactly one point of A. Tf the area were perfectly covered, the number of parallelograms would equal the area of the circle mR? divided
by the area of the parallelogram A. The amount of over/undercounting produced by this tiling procedure (i.e., comparing the tiling
that fits the maximum number of copies of the parallelogram strictly inside the circle, to the one that uses the smallest number of copies
to cover the circle) is on the order of the perimeter of the region, which is O(R).
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8.

o Let D be a fundamental parallelogram for A and let H be a fundamental domain for (C/A)/{£1}
(i.e., half of the fundamental parallelogram, consisting of a unique representative chosen among the
two points {¢,w; + we — ¢} for each ¢ € D).

o Now, since f is even, for each ¢ € D we have ord¢(f) = ordy, +u,—c(f), and also for the half-lattice
points ¢ with 2¢ € A, we see that ord,(f) is even because f((z) = (=1)""! @) (—2) hence £ (¢) = 0
since ( = —¢ mod A.

o Now list all of the zeroes {ay,...,ar} and poles {by,...,b;} of f inside H, including appropriate
multiplicities, where we list any zero or pole ¢ with 2¢ € A with half multiplicity.

., £ = pla)
=t p(z) - p(bz)

o To see this, observe that p(z) — p(a;) has a zero at a; and a zero at —a; (if a; = —a; this is a double
zero) and a double pole at 0.

o We claim that the function g(z) = has the same zero and pole orders as f.

o Hence by construction, g(z) has the same zero and pole order as f does at all points except possibly
at 0.

o But because f and g are both elliptic, the sum of both of their orders over all points is 0, and so
they must have the same order at 0 as well. Hence the ratio f(z)/g(z) is elliptic with no zeroes or
poles, so it is constant. We conclude that f(z) € C(p(z)) as claimed.

)
The field of elliptic functions C(A) is equal to C(p(z), ©'(2)).

)
)+ 1(=2) | fE) — f(=2)
2

are even and
2¢/ ()

o Proof: If f(z) is elliptic, then both of the functions

elliptic, hence by (7) they are both rational functions of p(z).
o Then it g(p(2) = LTI wna o)) = TS e mave 1(2) = glo(2) + 0/(2)

2¢/(2)
h(p(2)) € Clp(2), 9'(2)) -
o Remark: In fact, this shows every elliptic function is a rational function in p(z) plus ¢'(z) times
another rational function in p(z).

0.22 (Nov 27) Elliptic Curves via the Weierstrass p-Function

e The goal of this entire discussion of elliptic functions was to find the analogues of the coordinate functions x
and y on C/A.

[¢]

Since p(z) has a double pole at 0 and @’(z) has a triple pole at 0, these two functions are natural
candidates for z and y, following the Riemann-Roch analogy (in which = was constructed as an element
of L(2P) not in L(P) and y was constructed as an element of L(3P) not in L(2P)).

We therefore can hope that there exists a relation of the form ©'(2)? = p(2)% + Ap(z) + B for some
constants A and B (which necessarily will depend on the lattice).

Indeed, we know there must be some algebraic relation of this general form, because g’(z)? is an even

elliptic function, hence by (7) in the proposition above it must be a rational function of p(z).

We can use (7) to compute the precise relation, which requires only understanding the zeroes and poles
of ¢'(z). This will give us one form of the cubic expression we seek.

Alternatively, we could simply calculate the Laurent expansions of each of the terms near z = 0 and
compute an appropriate linear combination that is holomorphic: then it will be a holomorphic elliptic
function hence constant. This will give us a second form of the cubic expression.

e Now we carry out these two different calculations, which will allow us to establish the precise nature of the
map associating C/A with the complex points of an elliptic curve E(C):

e Theorem (Elliptic Curves and p—Functions) Let A = Zw1 + Zw> be a complex lattice with associated Weier-

1 1
strass p-function p(z) = —Jr Z [ — 2} and Eisenstein series Goi, = Z —7 - Then the following
w w

hold:

wEA* wEA*
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. The derivative g’(z) has three single zeroes, located at the nonzero half-lattice points wy /2, wa/2, (w1 +
wa)/2.

o Proof: We have already shown that ¢’(z) has a triple pole at 0, and so it must also have three zeroes.

O (wi/2) = ¢'(w1/2 — wi)

o From the fact that @' is both elliptic and odd, we can see that
' (—w1/2) = —¢'(w1/2), and so @'(w1/2) = 0.

o Likewise we also have p'(w2/2) = 0 and @' ((w1 + w2)/2) = 0, and so ' has zeroes at the nonzero
half-lattice points w1 /2, wa/2, (w1 +w2)/2. Since g’ only has three zeroes, these are all of the zeroes.

We have ¢/(2)? = 4(p(z) — e1)(p(2) — e2)(p(2) — es) for e1 = p(wr/2), €2 = p(ws/2), and es
o((w1 +ws)/2).

o Proof: Applying the proof of (7), we see that for e; = p(w1/2), ea = p(wa/2), and ez = p((w1 +
w9)/2), the function (p(z)—e1)(p(z) —e2)(p(z) —es3) has the same zeroes and same zero multiplicities
as ¢’(z)?, and both functions also have a pole of order 6 at 0, so they are equal up to a constant
factor.

near z = 0 while
+ O(275) while

To find this constant factor we can simply observe that @(z
©'(2) = 2273 4+ O(272) near z = 0, so (p(2) — e1)(p(2) — e2)
0 (2)2=427540(z79).

Hence the constant factor is the ratio, between the leading coefficients, which is 4. We conclude that
0/(2)2 = 4(p(2) — e1)(p(2) — €2)(p(2) — e3), as claimed.

=272 + 2211(216 + 1)G2k+222k

o Proof: For z closer to 0 than the nearest nonzero w € A*, we have

O(z~

Y
e3) = 276

(Z)

3. The Laurent series for p(z) around z = 0 is given by p(z)

1 1

p(z)

‘2+Z[

|

_2_2—|— Z

R

1
S w?

2
weA* w wEA* Z/w)
P & 1
o —2 =2 n
D> z] P00 Y [l
weAx Ln=1 n=1 weEAx*
= zfz—l—Z(n—l—l)GnHz”
n=1

where the change in summation order is allowed since the series converges absolutely.
o The given formula follows immediately upon noting that G,, is zero for odd n.

4. We have ¢/(2)? = 4p(2)3 — 60G4p(z) — 140Gs.

o Proof: Using (3) and basic series manipulations, we can work out the first few terms of various
Laurent expansions:

p(z) = 27243G422 +5Gez* +---
p(2)2 = 271 4+6G4+10Gez* + -
p(2)> = 27049G27% +15Gg + - --

() = —227346G4z+20Gez> +---

4270 —24G4272 — 40Gg + - -

—4p(2)% — 60G4p(2) = 140Gg + - - -
o Hence the difference is an elliptic function with no pole at 0 hence no poles anywhere, since 0 is the
only pole of p and g'. It is therefore constant, hence equals 140Gg, its value at 0.

and so '(2)?

5. For go = 60G4 and g3 = 140G, the polynomial f(z) = 423 — goz — g3 has distinct roots, so y? = f(x)
is an elliptic curve.

o Proof: From (2) the roots of f(x) are the values e; = p(w1/2), ea = p(w2/2), and e3 =
so we need only see they are distinct.

p((w1+w2)/2),

o For this we observe that p(z) — o(w;/2) is even hence has a double zero at w;, but since its total pole
order is 2, we see it only vanishes at w;. In particular, it does not vanish at the other two half-lattice
points, and so ey, e, e3 are distinct.
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e The proposition above establishes an explicit correspondence between complex tori C/A and complex elliptic
curves F, via the Weierstrass p-function and its derivative. In fact, this correspondence is natural, in both
the category of Riemann surfaces and in the category of groups:

e Theorem (Elliptic Curves and p-Functions): Let A be a complex lattice with go = 60G4 and g3 = 140G and
let E be the elliptic curve y? = 423 — goz — g3. Define the map ® : C/A — E(C) via ®(2) = (p(2), ¢'(2)),
with ®(0) = occ.

1. The map @ is a bijection.

o Proof: By (5) we see that the image of ® is a subset of E(C).

o To show @ is onto, choose a finite point (x,y) € E(C): then p(z)—x is a nonconstant elliptic function
hence has a zero, say at z = a.

o Then ¢'(a)? = 4a® — goa — g3 = y? so (swapping a for —a if needed) we have p'(a) = y: then
®(a) = (z,y)-

o To show @ is one-to-one, if ®(z1) = P(z2) then p(z) — p(21) is an elliptic function vanishing at zq,
—z1, and zg. Since it only has order 2, two of these points must be equivalent modulo A.

o If 221 € A then we see 2o = +27 (mod A), in which case p/(21) = ¢'(22) = @' (£21) = +¢p'(21) so we
must have the plus sign, and so 2o = z1 in C/A.

o If 221 € A then as noted in (5), p(z) — p(21) has a double zero at z;, so since it vanishes also at za,
we again have z3 = 2z in C/A.

2. The map @ is a globally analytic isomorphism of Riemann surfaces.

d d '(2)d
o Proof: To show ® is an analytic isomorphism, observe that @*(—x) = ?((z)) =¥ (,Z() )Z =dz, so ®*
(= (2
maps the invariant differential of E(C) to the invariant differential dz of C/A.
o This means ® is locally an analytic isomorphism, and since ® is a bijection from (1), it is a global

isomorphism.

3. The map @ is a group isomorphism.

o Proof: By (1) we need only show that ® is a homomorphism. Let 271,29 € C: per the geometric
group law, this requires showing that ®(z1), ®(z2), P(—2z1 — 22) are the three intersection points of
a line with F.

o If z; = 0 or 22 = 0 then the result follows by noting ®(—z) = (p(—=2), p'(—2)) = (p(2), —p'(2)) =
—®(2), and the case z; = —29 follows in the same way.

o Otherwise, if the line through ®(z1) and ®(z2) is y = ma+b then the elliptic function p'(z)—mp(z)—b
has a triple pole at 0 hence has exactly three zeroes, two of which are z; and z5. (If z; = 25 this
argument is still valid, as long as we use the tangent line and count with multiplicity.)

o But by property (5) of elliptic functions, summing the coordinates of all zeroes and poles yields an
element of A: hence the remaining zero must be —z; — 2o modulo A, so the third point is indeed
®(—2z1 — 29) as required.

e Let us give a bit of context to the (very nice!) result of this theorem.

o This theorem provides an explicit parametrization of the points on the elliptic curve E/C with Weierstrass
equation y? = 423 — gox — g3, namely as (x,y) = (p(2), p'(2)) for z € C/A.

o This is essentially the nicest possible form of a parametrization for the points on E/C, as the parameter
functions are meromorphic. (The only thing nicer would be if they were actually rational functions, but
a rational parametrization would give an isomorphism with P*(C) hence is only possible in genus 0.)

o Indeed, this development nicely parallels the genus-0 case for the circle x? + y?> = 1, which has a
parametrization x = cos z, y = sin z for z € C/2miZ.

o In the genus-0 case, the parameter functions are also obtained by inverting the integrals of the differential

d d d
w =22 here this yields fC @ _ fC % which is the well-understood inverse sine integral that can
Y -

be made well-defined using a branch cut from —1 to 1. (Then, up to sign, the other parameter function
is obtained as the derivative of the first.)
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In our genus-1 case, the parameter function p (up to a minus sign) is obtained instead by inverting the
dx

Vizd = gox — g5

d
elliptic integral [ f =/

e Our next task is to bring isogenies into the discussion.

o

[¢]

The theorem above indicates that we have a very robust correspondence between C modulo lattices and
elliptic curves over C, so we should expect that the natural morphisms in the category of elliptic curves
(namely, isogenies) should have an equally natural counterpart for lattices.

Since the correspondence respects the group structures, we are seeking an analytic mapping that sends
a lattice A into another lattice As.

The only obvious analytic maps with this property are linear functions of the form ¢(z) = az + 8 for
some «, § € C, as any nonlinear function would distort the lattice structure.

Since our lattices all contain 0, we must have 5 = p(0) € As. But since we only care about the maps
modulo the lattice, we may simply apply a translation to the image to move 3 to 0, and thereby put ¢
into the form ¢(z) = az.

In order for this to be a well-defined map from C/A; to C/As, we would require the image of Ay to be
contained in As, meaning that aA; C As.

We now show that indeed, these complex scalings on lattices correspond to isogenies of elliptic curves.

e Theorem (Isogenies and Lattices): Let A; and Ay be complex lattices.

1.

2.

The only holomorphic functions ¢ : C/A; — C/Ay with ¢(0) = 0 are the scalings ¢, (z) = az such that
al; C Ag, and conversely each such scaling is a holomorphic function from C/A; to C/A,.

o Proof: The fact that each of these maps is a holomorphic function from C/A; to C/As is obvious
(the maps are well-defined by the requirement aA; C As, and the maps are clearly holomorphic).

o Now suppose that ¢ : C/A; — C/A5 is holomorphic with ¢(0) = 0. Since C is simply connected,
by the lifting property of universal covers, we may lift ¢ to a holomorphic function f : C — C such
that f(0) =0 and ¢ om = my 0 f, where m; : C — C/A; is the natural projection map.

o Then for any w; € Ay we have f(z+w1) = f(2) (mod As), so that f(z+w1) — f(z) € As. Fixing wy
and letting 2z vary continuously yields a continuous function f(z+ w;) — f(2) from C to the discrete
subset Ao, so this difference must be constant, hence independent of z.

o Differentiating then yields f/(z + w1) = f’(2) and so f’ is a holomorphic elliptic function hence
constant. Hence f is linear, and then since f(0) = 0 we see that f(z) = az for some «. Finally,
since f(A1) C As per the lifting property, we have aA; C As.

If ¢ : E1 — E, is an isogeny of elliptic curves defined over C with associated lattices A; and Ao, then ¢
corresponds to a unique scaling map ¢, (z) = az for some « with aA; C A, and conversely each such
scaling corresponds to an isogeny.

o Proof: Because isogenies are rational functions that are defined everywhere, under the correspon-
dence ® described earlier, each isogeny is a holomorphic function from C/A; to C/As. By (1), such
a map must be a scaling.

o Conversely, suppose we have a scaling map ¢, (z) = az for some « with «A; C As. Then the map
¢ is given explicitly by ¢(p(z; A1), ¢'(2; A2)) = (p(az; Az), o' (az; Az)).

o Now because aA; C As, for any wy € Ay we have p(a(z + w1); A2) = plaz + aw; As) = p(az; As)
where the last equality follows because aw; € As.

o But this means f(z) = p(az;As) is an elliptic function with respect to Aj, hence by our results it
is some rational function in z = p(2; A1) and y = p’(z; A2). Differentiating shows that ¢’ (az; Ag) is
also a rational function in @ = p(z; A1) and y = @' (z; Ag).

o So, writing x = p(z; A1) and y = ¢'(2z; A2), we see that ¢(z,y) is a rational function of z and y that
is defined everywhere, so it is a morphism. Since it (trivially) maps 0 to 0, it is an isogeny.

Two complex tori C/A; and C/As are isomorphic if and only if there exists some nonzero « such that
aly = Ay. (We say the lattices are homothetic.)
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o

(e]

Proof: By (2), the existence of an isomorphism is equivalent to saying that there are scalings ¢, (z) :
A1 — Ay and ¢g(2) : A — A such that ¢, o g is the identity map, and that aA; C As and
BAz C Ag.

Obviously in that case we must have a8 = 1, and then Ay = faA; C BAs C Ay requires that we
have equality everywhere, so aA; = As. Conversely, if aA; = Ay then clearly the map ¢/, is an
inverse of ¢,; it is well defined because (1/a)As = A;.

Exercise: If the associated Weierstrass equation for A is E : y? = 423 + Az + B for A = —60G4(A)
and B = —140Gg(A) and « # 0, calculate the associated Weierstrass equation for oA and verify
directly that the resulting elliptic curve is isomorphic to E.

4. (Uniformization): For any A, B € C with A3 —27B2% # 0, there exists a unique complex lattice A such that
g2(A) = A and g3(A) = B: specifically, it is the period lattice for the elliptic curve E : y? = 423 — Az — B.

o

We will temporarily defer the proof of this result, since it requires establishing some properties of
the j-invariant as a function on lattices.

5. For an elliptic curve E with associated period lattice A, the two functions ¢ : C/A — E(C) with

P

¢(2) = (p(2),¢'(2)) and F : E(C) — C/A with F(P) = [, d?m are analytic isomorphisms that are

inverses.

o

(e]

e We can
theorem

1

2

Proof: We have previously shown that ¢ is an analytic isomorphism and that F' is analytic.
d "(z)) d

Now, (Foy)(z) = g(z) & _ fép(z)’p @) particular, rather trivially, (F o ¢)(0) = 0.
Y Y

This means F o ¢ is an analytic map on C/A sending 0 to 0, so by (1) it is a complex scaling: say
(Fop)(z) =az.

dr, _

Now, we have (F o ¢)*(dz) = ¢* o F*(dz) = ¢*
(Fop)(dz) = (dz) w(y o)

= dz, but since (az)*(dz) = adz, we

must have o = 1.

Hence F o ¢ is the identity function, so since ¢ is an analytic isomorphism, F' is its inverse (and also
an analytic isomorphism).

now completely transfer back and forth between elliptic curves and lattices. More precisely, the
implies that we have the following equivalence of categories:

. (Objects) Elliptic curves defined over C (up to isomorphism)
(Morphisms) Isogenies ¢ : F1 — FEj.
- (
(

Objects) Complex lattices A (up to homothety)

Morphisms) Complex scalings ¢, (z) = az with aA; C As.

e With this lattice perspective, we can give a much more concrete analysis of the endomorphism ring of E:

e Theorem (Endomorphism Rings in Characteristic Zero, Again): Let E be an elliptic curve defined over C
with associated lattice A = Zw; + Zws, and also let 7 be the nonreal complex number ws/w; .

1. If K = Q(7) is not an imaginary quadratic field, then End(F) = Z.

o

Proof: Per our analysis above, if E/C has associated lattice A, then the endomorphisms of E/C
correspond to complex scalings ¢, (z) = az such that aA C A.

Since we only care about the lattice A up to homothety, we may replace A = Zw, + Zw, with its
rescaling A = Z + Z7 by 1/w;.

Then A C A < a,ar € A <= a =a+ br and ar = ¢+ dr for some a,b,c,d € Z.

If b = 0 then we have @ = a (so that « is multiplication by an integer) and then ar = d7 yields no
condition on 7 since we can just take d = a = a.

Otherwise, if b # 0, then the conditions imply that 7(a 4+ b7) = ¢ + d7, so that 7 is a root of the
quadratic polynomial b7% + (a — d)T — ¢ = 0.

So since 7 is nonreal, this means 7 generates an imaginary quadratic extension K = Q(7). Thus,
when Q(7) is not an imaginary quadratic field, the endomorphism ring cannot contain any « other
than multiplication by an integer.
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2. If K = Q(7) is an imaginary quadratic field, then End(F) is an order of K.

(e]

Proof: Continuing the notation and argument from (1), if K = Q(7) is an imaginary quadratic
field, then the possible scalar multiples « are the ones for which there exist integers a,b, ¢, d with
a=a+br and ar = c+dr.

These equations yield (a — )7 - (d — @) = b7 - ¢ so cancelling 7 and rearranging yields o? — (a +
d)a+ (ad — be) = 0. This means « is the root of a monic polynomial with integer coefficients, so it
is the element of the ring of integers O of the field K.

This means the endomorphism ring End(E) is the subring of Ok containing all elements o € Ok
that can be written in the form a + b7 for a,b € Z.

p+qv—-D
T

Ok, so there is a nonreal element o € End(E).

Then End(F) contains the Q-linearly independent set {1,a}, whence End(F) ® Q = Q(7) and so
End(F) is an order in the imaginary quadratic field Q(7), as claimed.

Since 7 = for some integers p, q,r, D with ¢ # 0 and D > 0, we have r7 = p+ ¢/—D €

3. If E’ is any elliptic curve defined over a field F' of characteristic zero, then End(FE) is isomorphic either
to Z or to an order in an imaginary quadratic field.

o

The general principle here, that algebraic geometry over an arbitrary algebraically closed field of
characteristic zero is the same as algebraic geometry over C, is known as the Lefschetz principle.

The idea is simply that all of our results deal with finite sets of varieties, morphisms, and points (or,
at worst, countably many of them), which can each be written in terms of finitely many polynomials
or rational functions.

Then, taking the field F’ to be generated by all the coefficients of these equations (over Q), we see
that any question over F' about these objects deals exclusively with calculations inside the algebraic
closure F’. But since F’ has countable transcendence degree over Q, it is isomorphic to a subfield of
C by a Zorn’s lemma argument, and then F” is also isomorphic to a subfield of C by the uniqueness
of algebraic closures.

Proof: If F is a subfield of C, then the result follows immediately from (2).

Otherwise, since End(F) is finitely generated (as we have previously proven, it has rank at most 4),
the field F’ generated by the coefficients of E and all endomorphisms of E has finite degree over Q,
so it is isomorphic to a subfield of C. Then the result follows immediately as above.

0.23 (Nov 30) Complex Multiplication, The Modular Group

o Exercise: Under the correspondence of E(C) with C'/A, show that the m-torsion points on E(C) correspond
to the m-division points LA = {z : mz € A} in C/A. Deduce that E[m] = (Z/mZ) x (Z/mZ).

e Exercise: Continuing the exercise above, let e,, be the Weil pairing on E[m] with E[m] viewed as - A. For
A = Zw; + Zwy, show that e,, (@tbws coitdws) _ p2mi(ad—be)/m
’ m ’ m

e Exercise: Let ¢ be an endomorphism of an elliptic curve E/C corresponding to a scaling a on the associated
lattice A. Show that deg p = #ker p = #(A/aA) = aaw =V, where V is the ratio of the area of a fundamental
parallelogram for oA to the area of a fundamental parallelogram for A.

e Let us now discuss the interesting situation of elliptic curves having an endomorphism ring larger than Z.

e Definition: If F is an elliptic curve over C whose endomorphism ring is an imaginary quadratic order, we say
E has complex multiplication (often shortened to “E has CM”).

o The lattice perspective explains the terminology: the endomorphisms of E correspond to complex scalings
of the associated lattice, and so when E has endomorphisms other than the usual multiplication-by-m
maps [m], these “extra endomorphisms” correspond to multiplications by a nonreal complex number on
the associated lattice.

o Example: For the lattice A = Z + Zi, the endomorphism ring of the associated elliptic curve is Z[i], since
the set of scalars o € C with oA C A is the Gaussian integer ring Z[i], which is an order in the field Q(3).
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o Exercise: For the lattices A = Z+Zp where p = €2>7/3 is a nonreal cube root of unity, and A = Z+7Z+/—5,
find the endomorphism rings of the associated elliptic curves.

e There is very much to say about elliptic curves with complex multiplication, so we will only give a very
minimal overview of some of their properties.

o For convenience we will restrict attention to elliptic curves with complex multiplication by the full ring
of integers Ok of an imaginary quadratic field K = Q(v/—D).

o So suppose we have a lattice A = Zwy + Zwsy with corresponding elliptic curve E.

o From our discussion above, we have End(F) = {« € K : aA C A}, so in particular, if A is an ideal of
the ring Ok, then all a € Ok will have oA C A, and so the endomorphism ring will be isomorphic to
Ok (Indeed, this is even true when A is any K-scalar multiple of an ideal of O, which is to say, when
A is a fractional ideal*® of K.)

o However, since we are only interested in lattices up to homothety, scaling a lattice by an element of
Ok will yield an isomorphic elliptic curve, so we should identify ideals that differ by a principal factor.
In other words, we only want representatives from the group of nonzero ideals modulo principal ideals,
which is simply the ideal class group of K.

o In fact, these yield all of the elliptic curves with complex multiplication by Ok:

e Theorem (Complex Multiplication and Class Groups): Let K be an imaginary quadratic field with ring of
integers Ok, let a be a nonzero fractional ideal of O, and let A be a lattice whose associated elliptic curve
Ex has complex multiplication by Og. Then the following hold:

1. The product aX = {aq A1 + -+ -\t ; € a5, \; € A} is a lattice in C.

o Proof: If a = é[ for an integral ideal I of O, then a is clearly a discrete subgroup of C (as it is
contained in éOK) and it has rank 2 since I has rank 2 (as it is a nonzero ideal hence contains rOg
for any nonzero r € I).

2. The elliptic curve Ey 5 has complex multiplication by Og.

o Proof: For any 3 € C we have 8 € End(Eyz) <= BaA CaA <= a!BaA CataA < BACA
<= € End(E,), where a~! is the fractional ideal inverse of a in Of.

3. For any other fractional ideal b, the curves E,x and Epa are isomorphic if and only if a and b have the
same ideal class in the class group of K.

o Proof: As we have shown, two curves are isomorphic if and only if their lattices are homothetic,
which in this case is equivalent to saying there exists some ¢ € C with c(aA) = bA.

o Then both ab™'c and (ab_lc)’1 scale A to itself, so they are both ideals of O, but the only invertible
ideal of O is Ok itself.

o This means ab™ ¢ = Ok and so ac = b, which means a and b have the same ideal class in the class
group of K.

4. The class group CI(K) has a simply transitive action on the isomorphism classes of elliptic curves with
complex multiplication by Ok, via a- Ey = Egp.
o Proof: The scaling operation of fractional ideals on lattices is clearly a group action since lattice
scaling clearly satisfies a(bA) = (ab)A.

o Working instead with the associated elliptic curves yields a group action of fractional ideals on curves.
This action then descends to an action of the class group on isomorphism classes of elliptic curves
by (3).

o To see that the action is transitive suppose Ay and A are lattices whose associated elliptic curves
have endomorphism ring Ok.

15Recall that a fractional ideal of an integral domain R is an R-submodule of the field of fractions of R having the form d~11I for some
nonzero d € R and some ideal I of R. A fractional ideal a is invertible when there exists another fractional ideal b with ab = R; since
Ok is a Dedekind domain, every nonzero fractional ideal is invertible (indeed, this property actually characterizes Dedekind domains).
In the quadratic integer ring O, one has (d~1I)~! = (d/N(I))I where I is the conjugate ideal of I and N(I) = #Ox /I is the ideal
norm of I.
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o Choose any nonzero A\; € Ay and let a; = )\%Al: then a, is a fractional ideal of K since it is a finitely

generated subring of K. Similarly choose any nonzero Ay € Ay and let a; =

1

A
o Then )\—QagaflAl = Ay so for b = Cl2(11_1 we have b+ Ex, = Epn, = B /a0)ns = En,-
1

o So there exists a fractional ideal sending EA, to Ej,, meaning the action is transitive. Finally, the
action is simply transitive, since if a- Ex = b- E then by (3), a and b represent the same ideal class.

5. Up to isomorphism, the number of elliptic curves over C with complex multiplication by O is equal to
the ideal class number h(K).

o Exercise: Let G be a group acting simply transitively on a set .S, meaning that for any a,b € S there
exists a unique g € G with g - a = b. Prove that #G = #5.

o Proof: Apply the exercise to (4).

6. If E/C is any elliptic curve with complex multiplication by Ok, then the j-invariant j(F) is algebraic
over Q, and in fact [Q(j(E)) : Q] < h(K). As a consequence, F is isomorphic to a curve defined over an
algebraic extension of Q.

o Proof: Let o be any field automorphism of C. Then End(c(E)) = End(E) via the map ¢ +— opo 1.
o Hence if F has complex multiplication by O, so does o(FE) for any automorphism o of C.

o Additionally, since j(o(E)) = o(j(F)) since the j-invariant is a rational function of the Weierstrass
coefficients of E, by (5) there are at most h(K) possible values for j(o(F)) since o(F) has complex
multiplication by Ok.

o But this means there are at most h(K) possible values for o(j(E)) as o ranges over automorphisms
of C, so j(F) is algebraic (as any transcendental element of C can be mapped to any other transcen-
dental element of C via a Zorn’s lemma argument) and then it has algebraic degree at most h(K)
over Q since it has at most h(K) possible Galois conjugates over Q.

o The last part now follows immediately, because F is isomorphic to a curve defined over Q(j(E)) as
we showed previously in our analysis of j-invariants.

e We will remark that (6) in the theorem above can be quite substantially strengthened, as the inequality is
always an equality: when E has complex multiplication by the ring of integers O, the extension degree
[Q(J(E)) : Q] always equals the class number h(K).

o In fact, the extension field K(j(E)) is the Hilbert class field of K, the maximal unramified abelian
extension of K.

o As a consequence, the j-invariant j(F) is rational if and only if the class number h(K') equals 1.

o There are exactly 9 imaginary quadratic fields of class number 1, as proven by Baker using linear forms in
logarithms (in 1966), and Heegner (in 1952) and Stark (in 1967) using modular functions. As such, there
are 9 rational j-invariants yielding elliptic curves with complex multiplication by a full ring of integers

Op . Here is a table:

1++v-11
2

]

| Field | Q) Qv-2) QW=3) [OoW-7)] QW-11) |
] J(E) \ 1728 8000 0 \ —3375 \ —32768
Field [ Q(V-19) | Q/-13) | QW67 Q(/—163)
J(E) | —884736 | —884736000 | —294395904000 | —262537412640768000
o Exercise: Compute the endomorphism rings of 4% = 23 + 2, y? = 2 — 352 4+ 98, and y? = =3 + 422 + 2z.
o Exercise: Find an elliptic curve having complex multiplication by O — = Z]
o Exercise:

For the lattice A = Z + Zi show that Gg(A) = 0. Deduce that the associated elliptic curve is
of the form y? = 2% + Az. What is the j-invariant of this curve? What is its endomorphism ring?

o Exercise: For the lattice A = Z + Ze?™/? show that G4(A) = 0. Deduce that the associated elliptic curve
is of the form y? = x> + B. What is the j-invariant of this curve? What is its endomorphism ring?

e We now shift our focus back to lattices and functions on lattices, to study the question of classifying all
complex lattices up to homothety.
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o From our equivalence of categories, this is equivalent to classifying elliptic curves up to isomorphism,
which (as we have already seen) is completely solved by calculating the j-invariant. So, we can keep in
mind the fact that the answer will turn out to be classified by the j-invariant as a function on complex
lattices.

o For now, let us work directly with lattices up to homothety. Since we may rescale the lattice A =
Zwy + Zwo arbitrarily, rescaling by 1/w; allows us to work instead with a lattice of the form A =Z + Zr1
for 7 = wa /w1y, which (by sending 7 — —7 if needed) we may assume is a complex number in the upper
half-plane H = {7 € C : im(7) > 0}.

o However, many such 7 yield equivalent lattices, since there are many changes of basis (e.g., 7 +— 7+ 1)
that preserve the lattice structure or send A to a homothetic lattice (e.g., 7 — —771).

o We first observe that for a lattice A = Zw; + Zws, the set {ws, w4} is a basis of A if and only if there
exists some matrix M € G Ly(Z) such that M (w1, ws) = (w3,wy), since the inverse change of basis M !
must also have integer entries.

o If we then impose the additional restrictions that im(ws/wy1) > 0 and im(wy/w3) > 0, then the matrix
M preserves basis orientations hence must have positive determinant, and so M € SLy(Z).

o Now suppose that A = Z + Z7 is homothetic to A’ = Z + Z7' for some 7,7" € H, say with A’ = aA.
o This is equivalent to requiring that {1,7'} is a change of basis from {«a, a7}, which by our observations
above is equivalent to saying that (o, a7’) = M(1,7) for some M € SLy(Z).

o Writing M = [ CCL Z } explicitly, this says 7/ = aat + ba and 1 = cat + da, so by taking the ratio

b
we see 7/ = ZTi 7 in other words, 7/ is the image of 7 under some fractional linear transformation
T
az+b a b
v(z) = ot d where { ¢ d } € SLy(Z).
b d — be)i
o Exercise: For a,b,c,d € R with ad — bc > 0 and 7 € H show im (aT + ) = (a C)HE(T)
cT+d ler + d|
e at +b a b ,
o Conversely, if 7/ = for some € SLy(Z), then for a = ¢7 + d we see that aA’ =
et +d c d

Z(at + b) + Z(et + d) = A since {at + b,cT + d} is an integral change of basis from {1,7}, and by the
exercise, the basis has the correct orientation.

o So we see that in order to obtain a unique value of 7 for each lattice up to homothety, we want to take

b
representatives for the group action of SLo(Z) on H acting via y7 = o+ ¥ for each v = [ (Cl b ] €

d
SLy(Z).
o Remark: One may check with some tedious algebra that this action is a group action, but it follows
b
much more naturally by observing that the group of fractional linear transformations v(z) = azi pi with
cz

ad—bc # 0 on C = A'(C) are simply the invertible linear transformations [2q : z1] > [azo+bz1 : czo+d21]
on P!(C); the nonzero-determinant condition is required to ensure that the map is well-defined, and then
the composition being the same as matrix multiplication is obvious.

o Notice also that —I = { -0 ] € SLy(Z) acts trivially on H, so in fact we really have an action of

0 -1
SLo(Z)/{£I} on H.
e Definition: The group I'(1) = SLy(Z)/{£I} = PSL2(Z) is called the modular group.

o Although I'(1) is a quotient group, we will simply write its elements as matrices, taking as implicit the
equivalence of any matrix with its negative.

o Exercise: Show that the action of the modular group on H is faithful (i.e., that the identity is the only
element acting trivially on all of H).

0

. . . . -1
o The modular group has a convenient pair of generators, given by the matrices S = [ 1 0 ] and

T = [ (1) 1 ] corresponding to the maps z — —z~1 and z — z + 1 respectively.
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0 1 1
1 0 1

o We can also describe a fundamental domain for the action of I'(1) on H: specifically, we take the region

o Exercise: For S = [ _01 ] and T = [ } in T'(1), show that S has order 2 and ST has order 3.

1
D with |Re(2)| < 3 and |z| > 1. Then S and T map D to various other regions, as illustrated below:
Action of SL,(Z) on H

Fundamental
Region

sTS | sT sT'|sT'S

-1 1 0 1 1
2 2

o Since S and T are fractional linear transformations, they map generalized circles'® to generalized circles,
and so since the boundary of D consists of two half-lines and a circular arc, each of the images of D
under a word in S and T is a generalized triangular region (whose “sides” are arcs of generalized circles),
some of which are in the diagram above.

e Let us now prove that D is a fundamental domain for the action of I'(1) on H:

e Proposition (Fundamental Domain for I'(1)): Let D be the region consisting of all z € H with |Re(z

|~

)| <
and |z| > 1, and let I'(1) be the modular group with its usual action on H with elements S = { (1) _01 ] and
1 1
(31
1. For any z € H there exists some v € (S, T) with vz € D.

o Proof: Let A = Z 4 Zz. Since A is discrete, there are only finitely many pairs (c,d) with |cz + d|
within a given radius of the origin.
b

o Nowtake’y:[ccl d

] € (S,T) such that |cz + d| is minimized (this is possible by the observation
Tm(z)
lez + d)?
o Now select an integer n such that |[Re(T™vyz)| < 1/2; this is possible since applying T shifts the real

part by 1.

above). Equivalently, this means Im(vyz) = is maximized among all v € (S, T).

Im(z")

K5
Im(z") = Im(yz), but this would contradict the maximality above because then the element ST™~y
would have ST™yz = Sz’ with larger imaginary part than ~z.

o We claim that 2/ = T"~z lies in D: for this, simply note that if |2/| < 1 then Im(Sz’) =

2. If z € D and v € I'(1) are such that v # 1 and vz € D, then z and vz must lie on the boundary of D.
More precisely, either Re(z) = +1/2 and yz =z F 1, or |z2| =1 and vz = —1/z.

o Proof: By interchanging z and vz as necessary, we may assume Im(z) < Im(~z).

o For v = { a b }, since Im(vyz) = LZ)Q we have |cz +d| < 1. But since |cz +d| > |¢|Im(z) >
c d lcz + d|
| (v/3/2), we must have ¢ = 0, —1, or 1, and by rescaling v by —1 we are reduced just to the cases

c=0and c=1.

o If ¢ = 0, then we must have d = +1, so rescaling v by —1 we may assume d = 1, and then since
dety =1 we have a = 1 also. Then vz = z + b, but since « is not the identity the only possibility is
to have b = F1 so that Re(z) = £1/2 and vz = z F 1.

16Recall that a generalized circle in C refers to a circle or a line (which we think of as a circle with infinite radius).
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o If ¢ =1, then |2+ d| < 1 implies that d = 0 and thus |z| = 1, except in the two situations where
z = e™/3 or e27i/3 (in which case respectively d = —1 and d = 1 are possible), as is easily seen from
the diagram of D, but in those cases we still have |z| = 1.

o When d = 0 since dety = 1 we have b = —1 so that vz = a — 1/z and as above the only way this
can occur is for a = 0 (in which case yz = —1/z) or for z = ¢™/? (where a = —1 is also possible) or
e>™/3 (where a = 1 is also possible).

wi/3

o One may then check the finite number of possible cases for v to see that when z = e 2mi/3

we also have vz = e™/3 or €?™/3, so the result holds.
3. T'(1) is generated by S and T

o Proof: Let v € T'(1), choose any zj in the interior of D such as zg = 3i, and let z = vz.

By (1), there exists some ' € (S, T) such that v’z € D, which is to say, (v'y)zo € D.

But by (2), since zg and (v'7)zo are both in D, and they are not both on the boundary, they must
be equal, and v’y = 1. Hence v = (7/)~1 € (S, T), as required.

Remark: In fact, one may show that I'(1) has a presentation <S, T:8%=(ST)® = e>, meaning that
S? = e and (ST)? = e are essentially the only relations between S and 7. Equivalently, I'(1) is the
free product of the subgroups (S) of order 2 and (ST of order 3.

or e

[¢]

[e]

o

e The quotient space!” T'(1)\H classifies lattices up to homothety, and our discussion above shows that we
may write down convenient representatives for this quotient space: namely, the region D (with appropriate
identifications made on its boundary).

o More explicitly, we identify the left and right edges Re(z) = —1/2 and Re(z) = 1/2 of the boundary, and
we also identify the left and right halves of the arc of |z| = 1.

o Topologically, this quotient space is isomorphic to C.

o If we look at other T'(1)-translates of the fundamental domain D (such as the one obtained by applying
S to D) we see that they are all generalized triangles, suggesting that we are actually “missing” the third
vertex of the triangle, which corresponds to the point at co inside D.

o In these other I'(1)-translates of D, the “third vertex” is either at oo or is a point on the real axis: more
specifically, it is a rational point, since yoo = a/c is always rational for v € T'(1).

o This suggests, in order to obtain the proper action, we should adjoin the points of P*(Q) to H, and work
instead with the action of I'(1) on this slightly larger set.

e Definition: The extended upper half-plane H* is the set HUP*(Q) = HUQ U {cc}.

o We have a natural action of I'(1) on P}(Q): namely, by taking vz : y] = [az + by : cx + dy] for
a b
=2 )
o Indeed, this is just the action of (fractional) linear transformations on P!(C) we mentioned earlier.

o This action is transitive: for any a/c € Q in lowest terms, by the Euclidean algorithm there exist b,d € Q

Withad—bc:l;thenyz[z Z

o Exercise: Show that the stabilizer in T'(1) of oo is the subgroup (T').

] € I'(1) has yoo = a/c, so co may be moved to any point in P1(Q).

e By putting the action of I'(1) on P!(Q) together with the action on H, we get an action of I'(1) on H*. Let
us examine the resulting quotient spaces:

e Definition: The modular curves X (1) and Y (1) are defined as X (1) = I'(1)\H* and Y (1) = I'(1)\H.

o The points in X (1) not in Y(1) are called cusps of X(1).

o The reason we call these quotient spaces “modular curves” is because they have a natural Riemann surface
structure that is in fact also algebraic (i.e., they are algebraic curves over C).

TWe write the quotient space as I'(1)\H rather than the more traditional H/T'(1) because I'(1) acts on H via a left group action.
There are other groups that we would like to take quotients by as well, sometimes simultaneously with I'(1), and these will mostly act
on the right, so we put I'(1) on the left.

91



o Geometrically, by identifying the appropriate boundary components of the fundamental domain D, we
immediately obtain the local Riemann surface structure on the interior of D (namely, the one from C
itself).

o By applying an appropriate alteration of the fundamental domain, we may make a similar construction
for the boundary points, but difficulties arise at the points z = ¢ and z = €™/3 because any open
neighborhood of either one contains points equivalent under the action of I'(1).

o As such, writing down the Riemann surface structure explicitly (in terms of local coordinates) is quite
tedious. Rather than giving the uninspiring details, we will simply say that the idea is a special case of
the general notion of an orbifold, a topological space that is locally the quotient of Euclidean space by
a finite group (namely, the stabilizer at the given point).

o For Y (1), the local quotient is by the trivial group, except at the points i (where the stabilizer has order
2) and €'™/3 (where the stabilizer has order 3).

o As a Riemann surface, Y'(1) is not compact. Its compactification is X (1), which one may check has genus
0 via the geometric identification of the sides of the fundamental domain.

0.24 (Dec 4) Modular Functions and Modular Forms

e Now that we are viewing X (1) as a Riemann surface, the next natural thing to do is study the meromorphic
functions defined on it.

o Equivalently, these are meromorphic functions defined on I'(1)\H*: namely, meromorphic functions on
the upper half-plane that transform in a natural way under the action of the modular group T'(1).

o Our entire motivation for discussing this quotient space in the first place was to characterize lattices up
to homothety (this was the space I'(1)\H), and so a meromorphic function defined on this space is the
same as a meromorphic function that is well-defined on lattices up to homothety.

o We have already constructed several meromorphic functions on lattices, such as the Eisenstein series
1

Gar(A) = Y ,cp- —55- These are not well-defined up to homothety, since Gap(ah) = a= Gy (A), but
w

by taking appropriate combinations of these functions, we can construct functions that are invariant
under lattice scalings.

o Rather than narrow our focus specifically to these functions invariant under scalings, it will be far
more valuable to consider the wider class of functions with scaling properties analogous to those of the
Eisenstein series.

1

mT4+neN* (mT + n)Qk’ then

o For the Eisenstein series in particular, with A = Z + Zr, writing Gax(7) = >

a b 1 (c+dr)?k
f - T'(1) we have G - [ R )
or any vy [ c d :| € ( ) we have 2k(77—) Zmr+n€A (m(y7) + n)gk Zmr+neA (m(ar +b) + n(cr + d))zk
1
= (c+dr)* Y L reas T o) (er + d)?*Gap (1), where the middle equality follows from the fact

that {ar + b, e + d} is also a basis of A by the assumption v € T'(1).

o Therefore, the invariance condition we want is f(y7) = (c7 + d)2* f(7) for each v = [ Z fl } e I'(1).

e Definition: Let k € Z and f(7) be a meromorphic function on H. We say that f is weakly modular of weight 2k

(for T'(1)) when f(y7) = (c7 +d)?* f(7) for each v = [ Z Z } € T'(1) and each 7 € H.
1
o Example: For k > 2, the Eisenstein series Gox(T) = >, n)£(0,0) (mr + )2 is weakly modular of weight
; ; -

2k, as calculated above.

o Exercise: Show that the space of weakly modular functions of weight 2k is a C-vector space, and that
the product of weakly modular functions of weights 2k and 2! yields a weakly modular function of weight
2k + 21
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o Per the exercise we see that the space of weakly modular forms (of all weights) naturally carries the
structure of a graded C-algebra.

o Although the invariance condition may seem somewhat arbitrary, it arises rather naturally from consid-
ering differential forms:

o Exercise: Show that d(vz) = (cz + d)~2dz. Deduce that f is weakly modular of weight 2k if and only if
the differential k-form f(z)dz* is invariant under the action of I'(1).

o The definition can also be generalized in a number of ways, such as by using various subgroups of T'(1)
rather than T'(1) itself: we will do this later.

o In our definition above, we can restrict attention to the case where the weight is even, because if f(y7) =
(er + d)* f(7) for an odd k, then taking v = —1I yields f(7) = —f(7) so f is identically zero.

o One may construct a more interesting theory of modular functions of odd weight by introducing a
character x(d) to the definition: namely, requiring f(y7) = (er + d)*x(d)f(7) for some multiplicative
character y. (We will not pursue this topic further, but it leads to many rich and interesting results.)

e Since I'(1) is generated by S and T, f is weakly modular if and only if f(7+1) = f(7) and f(—1/7) = 72* f(7)
for all 7 € HL.

o In particular, f is periodic with period 1, so it has a Fourier expansion in terms of the variable ¢ = e2 it
say as f(q) =200 ang™.

o Then since f is meromorphic on Hi, f is meromorphic in the open unit disc 0 < |¢| < 1 with the origin
removed.

e Definition: Let f be a weakly modular function with Fourier expansion f (q)=>7° an,q"™. If the expansion

n=—oo 1N
is actually a Laurent expansion (i.e., of the form > >° , a,¢" for some k) then we say f is meromorphic at oo,
and if the expansion is a power series (i.e., of the form >~ ;a,q™) we say f is holomorphic at co. A weakly
modular function that is holomorphic at oo is called a modular form, and if in addition f(co) = 0, it is called
a cusp form. The C-vector space of all modular forms of weight 2k is denoted Moy, while the C-vector space

of all cusp forms of weight 2k is denoted Say.

o As we will show below, the Eisenstein series give examples of modular forms, and all modular forms can
be written in terms of them.

o Since the holomorphicity condition is additive and multiplicative, we see immediately that we can fit the
spaces Moy, of modular forms of weight 2k together into a natural C-algebra M = @zozo Moy

e Proposition (Basics of Modular Forms): We have the following;:

1
1. Let k > 2 be an integer. The Eisenstein series Gox(T) = >_(,, 1)2(0,0) (mr )2 is a modular form of
: D (mr+n

weight 2k, and its value at oo is Gog(00) = 2¢(2k) where ¢ denotes the Riemann zeta function.

o Proof: We have already shown above that Ggi is weakly modular, so we just need to show it is
holomorphic at co and compute its value there.

o First, for 7 in the fundamental domain D, so that |Re(7)| < 1/2 and |7]| > 1, we have |m7 +n| =
(m7 +n)(m7T +n) = m2 |7]> + 2mnRe(7) + n2 > m2 — mn +n® = |mp + n| where p = ¢27i/3,

o But as we have already shown, the series for Ga5(p) converges absolutely, and thus Gax(7) converges
absolutely and uniformly to a holomorphic function on D, hence by I'(1)-invariance the same is true
on all of H.

o For the value at oo, since Gy, is periodic we may assume without loss that 7 — oo inside D, and by

uniform convergence we may take the limit as im(7) — oo term-by-term. The terms with m # 0 have
1 1

limit zero, while the terms with m = 0 are constant in 7 and have sum Zn;éo T 25, ok

2¢(2k), as claimed.

(27i)2k

2. More explicitly, the Fourier expansion of Gy, is Gax (1) = 2¢(2k) + 2m

oo o2k—1(n)q"™ where

o4(n) is the sum of the dth powers of the positive divisors of n.
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o Proof: We start with the standard formula 7 cotmz = + Soe 17 d2’ which can be extracted
from Euler’s product formula for the sine function.
. €T e q+1 o 2mi ‘ oo 1
o Since wcotmz = mi o o mq—l = M — ¢ = —im — 2miy 4 q", we see that . +

Soe 13 d2 = —im—2miy oo q"

1 1
o Differentiating k—1 times and then separating terms yields >, , T aF = CE (=2mi)k 000 nklgn,
z —1)!
1 1
o Now, for the Eisenstein series we have Gox (1) = 3° 1 11)£(0.0) TR 20(2K)+23 00 1> e )

o Substituting z = mr in the formula above then yields
_ 2k—1 mn
Gop(T) = 2¢(2k)+2 Z 2k —27i)? Z

2(—27rz) k1
= QC(QIC)-‘FW Z nk qd

mn=d

—27i)? =
= 2¢(2k) + %71' Zazk 1(

3. The discriminant A = g3 — 27g2 for the usual go = 60G4 and g3 = 140G, is a cusp form of weight 12.

o Proof: Since g, is a modular form of weight 4 and g3 is a modular form of weight 6, both g3 and g3
are modular forms of weight 12, hence so is A.

o To see that A is a cusp form we compute its value at oco.

4 8 4
o By (1) we have ga(c0) = 120¢(4) = §7T4 and gz(o0) = 280¢(6) = ﬁﬂ'ﬁ, 5o A(oo) = (5774)3 -
4 6
27(%#6)2 = 0, using the well-known values ((4) = % and ((6) = 9% first calculated by Euler

using his product formula for sine.

1 k
4. Let f be a nonzero modular form of weight 2. Then }_pcp(1)\g- e—ordp(f) =& where ep is the order
P

of the stabilizer of T'(1) at P, which inside D is 2 at P =i and 3 at P = >/ and 1 elsewhere.

1 1 k
o The equation can also be written as ord.(f) + iordi(f) + gordp(f) + 2 peiny(p) ordp(f) = 5 for

p = e2™/3_ (The order at oo is the order of the Fourier expansion f = >.°°  ¢,¢" for f.)
o We note as usual that up to I'(1)-equivalence, f has only finitely many zeroes and poles since it is

meromorphic on the compact region X (1) = I'(1)\H*.
!

o The idea is similar to our results about elliptic functions: we integrate %J% around the boundary
of X (1) and apply Cauchy’s integral theorem.

o The “alterations” to the formula (namely, the 1/ep factors) come from the fact that near ¢ and p,
the contour only encloses 1/2 (respectively 1/3) respectively of a path encircling that point, so only
1/2 (respectively 1/3) of the pole residue is counted.

o Proof: Let R be large and consider the contour Cr that follows the counterclockwise boundary of
D, except cuts off along the line im(z) = R, and also follows a sixth-circle arc of radius 1/R around
/3 a half-circle arc of radius 1/R around i, and a sixth-circle arc of radius 1/R around e'"/3,
Additionally, we include corresponding semicircles of radius 1/R around any zero or pole on the
boundary of D (there are necessarily two of these). These contributions will cancel out, so we will
now ignore them.

I'(z)

, 7

residues of = over all points inside C'g, which R — oo is the sum of the zero and pole orders at

o Consider the 1ntegral — f Cn dz, which by Cauchy’s residue theorem equals the sum of the

interior points of D.
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o We can also the contributions to the integral on each component directly using the fractional residue
theorem.

o The contributions on the vertical sides of D cancel exactly, the contribution on im(z) = R tends to

—ords (f), the contribution on each of the sixth-circles tends to —éordp( f), and the contribution

1
on the half-circle centered at ¢ tends to —iordp(i).

o Finally we tabulate the contributions on the left and right halves of the boundary of the circle |z| = 1:
F(s2) _ 2% )
f(8z) 2z f(z)

im/2 Ti/3

these do not cancel exactly, but rather because

, there is an extra contribution

2k k
of — [ — dz over the twelfth-circle from z = €'/ to z = €™/3, which integrates to &
z

o Setting this sum equal to the sum of residues earlier yields the result.

5. The modular form G4 has a simple zero at p and is nonzero elsewhere, the modular form Gg has a simple
zero at i and is nonzero elsewhere, and the modular form A has a simple zero at oo and is nonzero
elsewhere.

o Proof: Note that G4, Gg, and A have no poles, so all of their orders are nonnegative everywhere for

1 1 k
the purposes of using the formula ord, (f) + iordi(f) + gordp(f) + 2 peint(p) ordp(f) = 5 in (4).

o By (4) since the weight of G4 is 4, the sum of orders is 1/3. But the only way this can happen is for
ord,(G4) =1 and for the other orders to be zero.

o Likewise, since the weight of Gg is 6, the sum of orders is 1/2, and the only way this can happen is
for ord;(Gg) = 1 and for the other orders to be zero.

o Finally, for A, since its weight is 12 its sum of orders is 1. We have shown in (3) that ords (A) > 1,

so we must have ords,(A) = 1 and the other orders equal to zero.
6. We have My, = 0 for k < 0, and also My = C, My = 0, My = CGy, Mg = CGg, Mg = CG2, and
Mip = CG4Gé.

o Proof: If f € Moy, is nonzero then since f is holomorphic on H and at co we have ordpf > 0 at all
points P, and so the sum in (4) must be nonnegative. In particular, Moy, = 0 for k < 0.

o For My we necessarily have ordp f = 0 so f is holomorphic and nonvanishing hence constant.

o For My we cannot have a sum of orders involving terms 1, 1/2, 1/3 equal to 1/6, so My = 0.

o For My have a sum of orders equal to 1/3 so as in (5) f has a simple zero at p and is nonzero
elsewhere. But then f/G, is holomorphic and nonvanishing hence constant.

o Exercise: If f € Mg, Mg, or My, show that f/Gg, f/G3, or f/(G4Gg) is constant, respectively.
7. For any k > 2, we have Mgy, = Soi, & CGoy-

o Proof: The map ¢ : Mg — C given by o(f) = f(c0) is linear, with kernel Sy.

o Also since ¢(Gar) = 2¢(2k) # 0 per (1), we see ¢ is onto. The result follows immediately from the
first isomorphism theorem.

o Remark: More generally, by the same proof, Mo, = So, @ Cf for any f € Moy that is not a cusp
form.
8. For k > 0, the map f — A - f is a vector space isomorphism of My, with Sopy12.
o Proof: Clearly this map is linear and well defined since A(oo) = 0 by (3) hence (Af)(c0) = 0, and
multiplying by A increases the weight by 12.

o But since A has a simple zero at oo and is nonvanishing elsewhere by (5), the map from Sogy12 to
Moy with g — g/A is a well-defined inverse map.

o Explicitly, if g € Sak412 then g/A will be a weakly modular function of weight (2k + 12) — 12 = 2k,
and it is holomorphic at oo because dividing a holomorphic function that vanishes at P by one with
a simple zero at P still yields a holomorphic function.

9. We have dim(May) = |k/6] + 1 except when k =1 (mod 6) in which case dim(Mqyi) = |k/6].

o Proof: By (7) and (8) we have dim(Mag412) = dim(Sax412) +1 = dim(Mag) + 1, and now the result
follows by a trivial induction using (6).
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10. The graded algebra M = @;~ , My, is isomorphic as a graded algebra to C[G4, G¢] where G4 has weight
4 and G has weight 6.

o Exercise: Show that the number of nonnegative integer solutions (a,b) to 2a + 3b = k is equal to
|k/6] + 1 except when k =1 (mod 6) in which case it is instead |k/6].

o Proof: Observe that G¢GY € My, whenever 2a + 3b = k.

o By the exercise and (9), there are exactly dim(Masy) elements of the form G¢GY in My, and they
are linearly independent because any linear dependence would imply that G%/G2 is an algebraic
meromorphic function hence would be constant, but it is not constant because it has a pole at i and
a zero at p.

o The graded algebra statement then follows immediately, since My has a basis given by the elements
G3GY that lie in it.

e By using (10), we can obtain some nontrivial identities between Eisenstein series.

o For example, since Gg € Mg = CG? we see that Gg = cG? for some constant c.
2((8 8/4725 3
o Evaluating at oo shows that ¢ = 45((4))2 = ;;2025 = so we obtain the quite nontrivial fact that

3
Gg = ?Gﬁ. (All of the obvious approaches to proving this identity directly are quite messy; e.g., directly

via the lattice definition, or via the g-expansions.)
o Exercise: Using ((10) = 7'0/93555, prove that G19 = 5G4Ge/11.

e Let us now establish some properties of the modular j-invariant, which will ultimately allow us to prove the
uniformization theorem:

92(7)3
A(r)

e Definition: Let 7 € H. The modular j-invariant is j(7) = 1728

o Of course, this is simply the j-invariant of the elliptic curve y? = 42% — go(7)z — g3(7) associated to the
lattice A =Z + Zr.

e Proposition (Properties of j(7)): Let j be the modular j-invariant defined on the upper-half plane H.

1. The function j(7) is a weakly modular function of weight 0 that has a simple pole at co.
o Proof: As we showed in the proposition above, A is nonvanishing on H and g is holomorphic, so
the ratio g3 /A is also holomorphic.
o Additionally, since g5 and A both have weight 12, the ratio has weight 0.
o Finally, since g, is nonvanishing at co and A has a simple zero, we see that j has a simple pole at
00.
2. The function j induces a complex analytic isomorphism j : X (1) — P!(C).
o Proof: This is just a rephrasing of (1), since j is weakly modular and meromorphic on H*, this means
j is a well-defined meromorphic function on T'(1)\H* = X (1).
o But since the total pole order of j is equal to 1, this means j : X (1) — P!(C) is an analytic map of

degree 1 between compact Riemann surfaces, meaning it is an isomorphism.

3. The field of modular functions of weight 0 is equal to C(j), and the ring of modular functions holomorphic
on H of weight 0 is equal to C[j].

o Proof: Suppose f is a modular function of weight 0. Then foj~!:P!(C) — P!(C) is also meromor-
phic.

o But by standard results of complex analysis, the only meromorphic functions on the Riemann sphere
P1(C) are rational functions, so f o j71(z) = r(z) is some rational function in z.

o Setting 7 = j~!(2) yields f(7) = r(j(7)), meaning f is a rational function in j, as claimed.

o For the second part, we observe that any rational function with nonconstant denominator must have

a zero since 7 : X (1) — P!(C) is onto, so non-polynomial rational functions of j all have at least one
pole.
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4. (Uniformization) For any A, B € C with A% —27B2 # 0, there exists a unique complex lattice A such that
g2(A) = A and g3(A) = B: specifically, it is the period lattice for the elliptic curve E : y? = 42° — Az — B.

(e]

Proof: By3 (2), since j is onto and A3 — 27B% # 0, there exists a 7 € H such that j(r) =
1728/13—72732'
We will then construct an « such that A = Za + Zat. Note that go(A) = a=%ga(7) and g3(A) =
a~%g3(7) by the lattice scaling property.

If A =0 then j(7) = 050 g2(1) = 0. We take o = (g3(7)/B)"/%: then go(A) = a %g2(7) =0 = A
and g3(A) = a%g3(7) = B.

If B =0 then j(7) = 1728 so g3(7) = 0. We take a = (g2(7)/A)Y/*: then g2(A) = a%ga(7) = A
and g3(A) = a5g3(r) = 0= B.

2 2
2479923((:)1 _ Zﬁf - 247;; and so (g5(7)/B)Y/6 = (go(r)/A)1/4. Taking a to be
this quantity yields go(A) = a~*go(7) = A and g3(A) = a6g3(7) = B.

It is also straightforward to check that these are the only possible choices of a and 7 that will work
here.

It AB # 0 then

5. The Fourier expansion of j is j(q) = ¢~ + 744 + 196884q + 21493760¢> + - - - where all of the coefficients
are integers.

o

In particular, this expansion gives another reason for the appearance of the scaling constant 1728 in
the formula for j: namely, it makes the residue at oo equal to 1.

The first few coefficients can be worked out explicitly using the g-expansions of the Eisenstein series
calculated earlier. (We will not do this calculation explicitly, since it is quite messy.)

The fact that the coefficients ¢, are integral is more difficult, and in fact they have very many
interesting divisibility properties: for example, if 2%|n then 23¢+8|c,, and if 3%|n then 32¢3|c,, also.
A rather stunningly unexpected observation, first made by McKay in the late 1970s, is that the
smallest nontrivial representation of the monster group has dimension 196883, and the second-
smallest representation has dimension 21296875 (note in particular that 1 + 196883 + 21296875 =
21493760).

Conway, Norton, and Thompson conjectured that there existed a graded representation of the mon-
ster group on an appropriate modular function field arising from the quotient of H* (minus some
number of points) by an appropriate group. The coefficients of the j-invariant then arise as the
traces of low-degree components of this representation.

The existence of this “moonshine module” was eventually proven by Borcherds in 1992, thereby
establishing this very surprising connection between the j-invariant and the sporadic simple groups.
(The name “moonshine” was coined by Conway, who initially thought that the idea that there could
be any connection between the j-invariant and representation dimensions was truly outlandish!)
We will mention another interesting numerical coincidence related to the j-invariant: as 7 = (1 +
v—163)/2 is a quadratic integer lying in the ring of integers of Q(1/—163), which has class number
1, the associated j-invariant is integral.

For 7 = (1 +1/—163)/2 we have ¢ = e*™™ = —e~™V163 "and so j(—e~"V163) is an integer.

But evaluating the g-expansion yields j(—e~7V163) = —e™V163 4 744 — 196884~ 7V163 ... and
so since the later terms are all very small, we see that ™63 is very close to an integer: indeed,

evaluating it numerically yields e™v163 ~ 262537412640768744 — 7.5 - 10713,

The observation that e™ 163 is very close to an integer is often attributed to Ramanujan (though it

does not appear in any of his works or notebooks), but was actually first noted by Hermite. This
number also appeared in an April Fool’s joke (claiming that Ramanujan had predicted it was actually
an integer) in Gardner’s mathematical games column in Scientific American in 1975.

0.25 (Dec 7) Modularity and Fermat’s Last Theorem

e One of the main results of our discussion is that the j-invariant parametrizes the isomorphism classes of elliptic
curves over C.
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o We have seen this through both from our algebraic perspective (using explicit isomorphisms of curves)
and the analytic perspectives (using the modular j-invariant).

o In the modular lens, more precisely, we showed that the modular function j yields an analytic isomor-
phism j : X(1) — P!(C). By removing the point at oo in both spaces we equivalently get an analytic
isomorphism from Y (1) = I'(1)\H to C.

o The whole motivation to begin with was to find an analytic way to describe the moduli space of all
elliptic curves up to isomorphism, which we equivalently phrased in terms of characterizing lattices up
to homothety.

e What we would like to do now is broaden our perspective to construct moduli spaces for other objects of
interest.

o As we spent much time discussing, an elliptic curve is a genus 1 curve together with a marked point
serving as the identity element in its group of points (i.e., a point of order 1).

o What if we instead wanted to parametrize curves of genus 1 together with a marked point of order N,
for some N > 17 Or, alternatively, what if we wanted to parametrize curves of genus 1 together with
a cyclic subgroup of order N? (The difference between these two situations is that in the first case, we
have a specific generator for the cyclic subgroup, while in the second we only know the subgroup itself.)
Or we could even seek to parametrize curves together with a pair of generators of the N-torsion group.

o Suppose we want to study pairs (E, P) where P is a point of order N. Then the appropriate notion of
equivalence (E, P) ~ (E', P') is for there to exist an isomorphism ¢ : E — E’ with ¢(P) = P’. On the
level of lattices, we have pairs (A, P) where P € %A/A up to corresponding homothety: a pair (A, P) is
equivalent to (A’, P’) when there exists a scaling @ with A = A’ and aP = P'.

o Likewise, to study pairs (E,C) where C is a cyclic subgroup of order N, then the appropriate notion of
equivalence (E,C) ~ (E’,C") is for there to exist an isomorphism ¢ : E — E’ such that ¢(C) = C’. On
the level of lattices, we have pairs (A, C) where C is a cyclic subgroup of %A/A of order N, and with
(A, C) equivalent to (A’,C") when there exists a scaling o with aA = A" and aC = C".

o Finally, to study pairs (E,(P,Q)) where (P, Q) generate E[N], the equivalence is an isomorphism ¢ :
E — E' with p(P) = P’ and ¢(Q) = Q'. For lattices, the pairs are (A, (P,Q)) with (P,Q) = +A/A
with (A, (P,Q)) is equivalent to (A, (P’,Q’)) when there exists a scaling « with «A = A’, aP = P’, and
a@ = Q.

o Since each of the equivalence classes above requires a scaling with aA = A’, we may rescale our lattices

again to be of the form Z + Zr for some 7 € H: then we seek to understand which values of 7 yield
equivalent pairs (A, C), (A, P), and (A, (P, Q)).

o In the first case, we can change our lattice’s basis so that C is the subgroup generated by 1/N inside
Z + 7, in the second case we can change basis so that P = 1/N mod A, and in the third case we can
change basis so that P =1/N mod A and Q = 7/N mod A.

o Since the corresponding action must still preserve the lattice Z 4 Zr, the resulting actions on 7 must all
still lie in T'(1), but not all such maps will preserve the additional data of the subgroup C, the point P,
or the ordered basis {1/N,7/N}.

e The relevant matrix groups are as follows:

e Definition: Let N be a positive integer. We define the following subgroups of SLs(Z), where x indicates the
value may be arbitrary.

[y
!
=
Il
/_/H
| —
o
[SUS
—_
m
95)
~

[\v]
N
N—
L—
o
ISUS
—_
I

[ (1) (1) } (mod N )}, the principal congruence subgroup of level N.

2. Fl(N)_HZ Z]GSLQ(Z): [Z‘ Z]:H ’1*] (modN)}
b b
d d

3.F0(N):{{z ]ESLQ(Z):[Z ]E{;I](modN)}
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o Notice that I'(N) is the kernel of the reduction-mod-N map I'(1) — SL2(Z/NZ), and so I'(N) is a normal
subgroup of finite index in T'(1). Indeed, the projection map is surjective, as follows from a straightforward
Euclidean algorithm calculation, so the index [I'(1) : T(N)] = #SL2(Z/NZ) = N° [ (1 —p~?).

o Since I'(N) C T'1(N) C Ty(N) we see that I'o(N) and I';(N) also have finite index in T'(1).
o Exercise: Calculate [I'(1) : I'y(N)] and [['(1) : To(N)].

e Proposition (Moduli Spaces): Let N be a positive integer and let A, = Z + Z7 for 7 € H.

1. The moduli space parametrizing pairs (E, P) up to equivalence, where F is an elliptic curve and P is a
point of order N is the set of pairs (A,, P) = (A;,1/N + A;) under the equivalence (A, P) ~ (A, P’)
when 7" € T'1(N)7. The corresponding moduli space Y;(N) is therefore isomorphic to the quotient space
'y (V) \H.

at +b a b

o Proof: Suppose (A, P) ~ (A, P'): then 7/ = y7 = o d for some v = d } € SLy(Z) and
a = c¢7 + d. In such a case we have P’ = (¢ +d)/N + A/, so in order for this to equal 1/N + A,/
we require ¢ = 0 (mod N) and d =1 (mod N). Then det~y = 1 requires a = 1 (mod N) while b can
be arbitrary, so v € I'1(N).

o Conversely, when v € I'1(N) we do have P’ =1/N + A/, so (A, P) ~ (A, P’).

o The second statement is immediate, since the calculation above shows that the equivalence classes
are precisely the right cosets of I'1 (V) acting on H.

2. The moduli space parametrizing pairs (E,C) up to equivalence, where F is an elliptic curve and C
is a cyclic subgroup of order N is the set of pairs (A;,C) = (A,,(1/N) + A;) under the equivalence
(A;,C) ~ (A, C") when 7/ € To(N)7. The corresponding moduli space Yo(N) is therefore isomorphic
to the quotient space I'g(N)\H.

at +b a b

pr—— for some v = e d ] € SLy(Z) and o = e7 +d. Then

C' = ((er +d)/N) + A, so in order for this to equal (1/N) + A, we require ¢ = 0 (mod N) and
d to be invertible modulo N. But the latter condition follows automatically from det~y = 1 since if
¢ =0 (mod N), then dety = ad (mod N): thus, we have v € T'o(N).

o Conversely, when v € I'g(N) we do have C' = (1/N) + A/, so (A, P) ~ (A, P"). The second
statement is immediate as in (1).

o Proof: Asin (1) we have 7/ = y7 =

3. The moduli space parametrizing pairs (E, (P,Q)) up to equivalence, where E is an elliptic curve and
(P, Q) is an ordered basis for E[N] is the set of pairs (A,, (P, Q)) = (A, (1/N + A,,7/N + A;)) under
the equivalence (A, (P,Q)) ~ (A, (P',Q’)) when 7/ € I'(N)7. The corresponding moduli space Y (N)
is therefore isomorphic to the quotient space I'(N)\H.

aTi—z for some v = “ Z ] € SLy(Z) and o = c7 +d. Then
P'=(cr+d)/N + Ay and Q' = (at + b)/N + A/, so in order for these to equal 1/N + A, and
7/N + A, respectively, we require ¢ =0 (mod N), d=1 (mod N), a =1 (mod N), and b =0 (mod
N), so that v € T'(N).

o Conversely, when v € T'(N) then clearly equivalence follows, and the second statement is immediate
as in (1) and (2).

o Proof: Asin (1) we have 7/ =7 =

e As in the case of Y(1) = T'(1)\H, the moduli spaces Y (N), Yy(N), and Y7(N) all carry a natural Riemann
surface structure owing to their construction as a quotient space of H by the subgroup I'(IV), T'g(V), or T'1 (V)
respectively.

o We can construct these Riemann surfaces geometrically by noting that each subgroup has a fundamental
domain obtained as a union of some copies of the fundamental domain D of I'(1): specifically, the union
over an arbitrary choice of coset representatives U, cp(1),qyD, with (as usual) appropriate identifications
made along all of the boundaries.

o Also as with Y (1), these Riemann surfaces are not compact: we can compactify them by working instead
with the quotient spaces G\H* for G = I'(N), T'o(N), I'1(N), yielding the respective moduli spaces
X(N), Xo(N), and X;(N) respectively.
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By general facts about Riemann surfaces (specifically, GAGA: the principle that complex-analytic maps
between compact Riemann surfaces are actually defined by algebraic equations), these moduli spaces
are actually algebraic curves over C, but just as in the particular case X (1) = P!(C), much stronger
statements are true.

Specifically, Xo(/V) and X (V) are both algebraic curves over Q, while X (V) is an algebraic curve over
Q(¢w)-

To show these facts requires working out what the function fields C(X(G)) look like for each of these
congruence subgroups G. We have already shown that C(X (1)) = C(j) where j is the j-invariant, and
so it suffices only to work out what the extensions C(X(N))/C(X (1)) are.

After unwinding the ideas appropriately, in fact all of this follows from the moduli space descriptions of
X(N) and X(1) above: the extension C(X(N)) is equal to C(j, z(E;[N])) where Ej; is the (universal)
27j 27j
17287 T j 1728
Then C(X(N))/C(X(1)) is Galois with Galois group Aut(E;[N]) = SLy(Z/NZ)/{£I}, which (more or
less) is just a rephrasing of the original description of X (V) as the moduli space I'(IV)\H* and the fact

that X (1)/X(N) = SLy(Z/NZ)/{+I}.

Roughly speaking, the idea is that the j-invariant parametrizes all elliptic curves, and then the additional
data carried in X () by the generators of the N-torsion subgroup causes the functions in the kernel of
the multiplication-by-N map (i.e., the elements of E;[N]) also to be well-defined on X (V).

Now, we can try to play the same game with base field Q instead of C: the idea is that Q(j, E;[N])/Q(j)
is also Galois with the same Galois group, and so the corresponding function field extension yields a
natural candidate for the function field of X (N).

Tate curve y? = 423 — with j-invariant j.

By using the Weil pairing, one may then show that the resulting field extension describing X (N) is
(isomorphic) to a subfield of Q({x), and that X(N) and X; (V) are both actually defined over Q.

e Now that Xo(N), X1(N), and X (N) are compact Riemann surfaces, in analogy with what we did for X (1),
we can consider meromorphic functions on these surfaces.

(¢]

As with X (1), the best thing to do is to consider the broader family of (weakly) modular forms with
respect to the subgroups I'o(N), T'1(N), and T'(V).

e Definition: Let I be a congruence subgroup of SLy(Z). A weakly modular function of weight k& with respect

to I' is a meromorphic function f on H such that f(y7) = (cr + d)* f(7) for all v = [ .

(¢]

a b

b er.

When T contains I'(N), we say that f is weakly modular of weight k and level N.

Because [ (1) ]Y } € T'(N), all weakly modular functions of level N are periodic with period N, hence

has a Fourier expansion with respect to gy = e2™7/N of the form f(T) =3 angR.

We say that f is meromorphic at co if the expansion is a Laurent expansion (starting at n = k for some
k), and holomorphic at oo if the expansion is a power series (starting at n = 0).

With T'(1), all points of P!(Q) were I'(1)-equivalent to co, but with a proper subgroup I', there may be
others that are not I'-equivalent to oo. In order to have the proper analogy, a modular form with respect
to I' must also be holomorphic at all cusps (I'-equivalence classes of points in P1(Q)).

e Definition: Let I' be a congruence subgroup of SLy(Z). We say a weakly modular function f of weight k
with respect to I' is a modular form if f is holomorphic on H and at all cusps, the latter condition meaning
that f(ar) is holomorphic at oo for all « € SLo(Z)/T. If in addition f vanishes at all cusps, we say f is a

cusp form.

(¢]

(¢]

We note that the cusp condition only needs to be checked for a finite set of «, namely, any set of coset
representatives for I' in SLy(Z).

As with T'(1), the modular forms My (T") and cusp forms S (T") of weight k are vector spaces that fit into
graded algebras.
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o For proper subgroups of SL2(Z), we will generally end up with more modular forms than with I'(1) =
SLy(Z) itself.

1
o For instance, for any N > 2, the conditionally convergent Eisenstein series Go(7) = >, ez > e mrn)?
mr+n
is not weakly modular, but the modified series Go n(7) = G2(7) — NG2(N7) is modular of weight 2 for

Lo(N).

o There is very, very much to say about general modular forms and cusp forms of various levels, which
we will not be able to discuss now, aside from mentioning that many of the results we showed for I'(1)
extend fairly nicely (e.g., the weight-counting formula leading to a dimension formula for M, which can
be obtained by using Riemann-Hurwitz on the natural covering map from I'\H* to I'(1)\H* ).

o As in the case of I'(1), a natural problem is to construct a convenient basis for the spaces of modular
forms and cusp forms of weight k for I'.

o One way to do this is to use the Hecke operators (I) and 7T;, which are commuting endomorphisms of
M (T'1(N)) which also preserve cusp forms.

o To construct these, note first that I'y (V) is a normal subgroup of I'g(N) and the map sending ( CCL Z ) to
d is an isomorphism of the quotient with (Z/NZ)*. The weight-k action of I'g(NN) preserves My (I'1(N))
and S;(T'1(NV)), hence we get an action of the quotient group on each.

o For d € (Z/NZ)* we write the corresponding automorphism of My (T'1(N)) as (d), and then when [ is a
prime not dividing N we define the automorphism S; = [¥=2 (I).

o We also define the operator Tj on My(T'1(N)) via Tif(q) = 0% o cin ()" + 3200 len(Sif)g™. It’s not
at all obvious that this preserves My (I'y(N)) and Si(T'1(N)), but it does: geometrically speaking, T; is
obtained as a sum over all of the double cosets of T'1 (V).

o One can also define a natural inner product on the space of cuspforms, called the Petersson inner product:
with hyperbolic measure du(r) = y~2dzdy (for 7 = x + iy) and f,g € Sp(I), we take (f.g)p =
N fF\H* f(n)g(r)(imr)kdu(r) where Vp = fF\H* du(r) is the volume of the fundamental domain. (The
normalization ensures that the inner product is consistent when changing groups, and the integral con-

verges because the product fg¢ vanishes at each cusp.)

o Then the Hecke operators are normal operators with respect to the Petersson inner product, so since
they all commute with one another, by an invocation of the spectral theorem, one then immediately sees
that Si(T') has an orthonormal basis of Hecke eigenforms.

o We make one final observation using the Hecke operators: if f € My(I'1(N),x) is a Hecke eigenform
and has a Fourier expansion f(gn) = Y. ,—an(f)gy with ai(f) = 1, then amn(f) = an(f)an(f) when
ged(m,n) =1, and apr (f) = ap(fayr (f) — x(p)p*ay—2(f) for all primes p and all 7 > 2.

e The Modularity Theorem can then be phrased as follows:

e Theorem (Modularity Theorem, Morphisms): Let E/C be an elliptic curve with rational j-invariant. Then
for some positive integer N there exists an onto morphism of algebraic curves Xo(NN) — E defined over Q.

o The function in this theorem gives what is called a modular parametrization of E. The smallest such N
is called the conductor of E.

o This formulation of the modularity theorem, while fairly direct, does not give any indication why such
a morphism should exist, nor why it would be so useful, so we will now shift direction to give another
formulation in terms of the traces of Frobenius a,(E) for primes p, packaged together using the L-function,
that highlights the number-theoretic content of this statement.

e So, suppose that F is an elliptic curve with rational j-invariant.

o Since F is isomorphic to a curve with rational Weierstrass coefficients (namely, the Tate curve with the
same j-invariant), we may simply replace E with that curve, and by rescaling we may in fact take the
Weierstrass coefficients to be integers: say y? +a,xy+asy = 2 +azx? +asx+ag for a1, az, as, as, ag € Z.

o Consider two such equations to be equivalent if they are related by a rational change of variables.

101



o For each prime p let v, (E) be the minimal p-adic valuation of the discriminant of any Weierstrass equation
equivalent to the one for E. If we define the global minimal discriminant of £ as Amin(E) =[], pvr(E),
then (by a somewhat involved calculation that essentially reduces to the Chinese remainder theorem)
there exists a change of variables that minimizes the p-adic valuation of A simultaneously for all p.

o Example: The rational elliptic curve y? = 2% — 1323z + 97254 with A = —2123'%67 is isomorphic to the
curve 32 + xy = 2% — r + 2 with A = —3267. This latter model is minimal since any rational change of
variable rescales A by rational twelfth powers, so the minimal possible discriminant would be —3367.

e Now assume that we have written F using a global minimal Weierstrass equation with discriminant A. We
can then consider the reduction of F modulo p: when p 4 A the reduction is a nonsingular elliptic curve (we
say that E has good reduction modulo p), and when p|A the reduction is a singular curve (we say that E has
bad reduction modulo p).

o We have three different types of bad reduction, depending on the type of singularity:

% The group of points on E/F, is isomorphic to the multiplicative group F7, in which case we say F
has split multiplicative reduction modulo p. This occurs when the singularity of E is a node whose
double tangent line is defined over IFp.

* The group of points on E/F, is isomorphic to the multiplicative group of (p + 1)st roots of unity in
IF;Q, in which case we say E has nonsplit multiplicative reduction modulo p. This occurs when the
singularity of F is a node whose double tangent line is not defined over F, (its slope is then in ).

* The group of points on E/F, is isomorphic to the additive group F, in which case we say E has
additive reduction modulo p. This occurs when the singularity of E is a cusp (i.e., with a triple
tangent line).

o Using the behavior at the primes of bad reduction, we can give a formula for the conductor of E: it is
N = Hp pfr where fp is 0 at primes of good reduction, 1 at primes of multiplicative reduction, and 2 at
primes of additive reduction (plus an additional bounded term for p = 2 and p = 3, whose behavior is
somewhat more complicated due to possible wild ramification there).

e Now we can define the L-function associated to an elliptic curve.

o Recall from our proof of the Weil conjectures that for E/F, the zeta function Zg(T) = exp(>_ oo | #E(Fpn )T /n)
Ly(T)

——————— where L,(T) = (1—-aT)(1-5T) =1—a,T T2

(1—T)(1—pT) where P( ) ( @ )( 5 ) a’;D +p

for ap = a+ B =tr(p,) =p+1— #F(F,) equal to the trace of Frobenius, and where «, 3 are complex

conjugates of absolute value /p.

is a rational function of the form

o We now extend the definition of this local factor L,(T) to the situation where E has bad reduction at p
1—T when F has split multiplicative reduction
by taking L,(T) =< 1+ T when FE has nonsplit multiplicative reduction modulo p.
1 when F has additive reduction
o In fact, from the calculations noted above for the point counts in the three cases, with a, = p+ 1 —

#E,5(F,), we still actually have L,(T) = 1 — a,T + Xtriv,a(p)T?, where Xiriv,a is the trivial character
modulo A (which is 1 on integers relatively prime to A and 0 on integers not relatively prime to A).

e Definition: Let E be an elliptic curve over Q in global minimal Weierstrass form. The Hasse-Weil L-function
associated to E is the Euler product L(s, E) =[], Ly(p~*) " = T[,(1 = app™* + Xuriv,a(p)p' ~2*) ", where L,
is the local factor described above, a, =p + 1 — #E,(F,), and T = p~* is the corresponding local variable.

o By expanding the Euler product, we may write it as a Dirichlet series L(s, E) = > 7, an(E)n"* for
some appropriate integer coefficients a,, (E) obtained from the series expansions.

o For primes of good reduction, the Euler factor is simply (1—ap=*)~}(1-8p~%)~! = Z;‘;O[Z?:O ol gF=IpFks,
and for primes of bad reduction the Euler factor is even simpler: it is either Yo o p=%*, >0 (—1)Fp~Fs,
or 1.

o From the Weil conjectures via the Hasse bound, we know that |a| = |8 = p'/2, and so the Euler product
converges for Re(s) > 3/2.
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o By directly multiplying out the Euler factors we have a,,(E) = am(E)a,(E) whenever ged(m,n) = 1,
so in particular a1 (E) = 1.

o Additionally, using the explicit descriptions of the Euler factors above, it is also easy to check that
a,(E) = a, and also that ayr(E) = ap(E)apr-1(E) — Xtriv,a(p)payr—2(E) for each r > 2.

o And now the key: notice that these are ezactly the same recurrence conditions as those on the coefficients
of the g-expansion of a Hecke eigenform in S3(T'g(N))! (The fact that the eigenform is a cusp form is
just saying that ap = 0 here.)

o This is, in fact, a rephrasing of the modularity theorem from before:

e Theorem (Modularity Theorem, L-Functions): Let E/Q be an elliptic curve with conductor N. Then there
exists some Hecke eigenform f € S3(T'o(IN)) such that a,(f) = a,(F) for all integers n, where f(qn) =
>0 L angly is the Fourier series for f and L(s, E) = >0, an(E)n~* is the L-series for E.

o Let us attempt to give an extremely sketchy explanation of why the existence of an onto morphism
Xo(N) — E defined over Q implies the existence of this Hecke eigenform with the same coefficients.

o First, the existence of this morphism implies the existence of a Hecke eigenform f € Sy(I'o(N)), by very
general facts about cusp forms of weight 2 for I'g(N). Then because the coefficient recurrences are the
same, it suffices to show that a,(f) = a,(E) for primes p.

o Now, if f is a Hecke eigenform, a,(f) is obtained by calculating T}, f, and this may in turn be computed
inside the divisor group Pic’(Xo(N)). One can then show that T}, acts on Pic’(Xo(N)) via ¢, + @, (this
is essentially a result known as the Eichler-Shimura relation), and then passing from Pic’(X,(N)) to
Pic’(E) = E yields tr(p,) = a,(E).

e Since it will lead us into our historical application of modularity, we will mention one other formulation
involving Galois representations:

e Definition: A d-dimensional I-adic Galois representation is a continuous homomorphism p : Gal(Q/Q) —
GL4(L) where L is a finite-degree extension of the l-adic rational field Q.

o We view two such representations p, p’ as equivalent when there exists some matrix A € GLg4(L) for
which p/(c) = A7 1p(0)A.

o We mention also that any such field L is obtained as a completion of some number field K/Q at some
prime ideal of its ring of integers lying above [.

o We have previously obtained such representations arising from the Galois action on the Tate module of
an elliptic curve.

o We can also construct [-adic Galois representations in a similar manner by using the [-power torsion in
the Picard group lim, Pic’(X;(N))[i"], which is a rank-2g Z;-module where ¢ is the genus of X;(N).
The action of the Hecke operators then decompose this module into ¢ independent submodules of rank 2,
corresponding to Hecke eigenforms, which allow us to associate a Hecke eigenform with an l-adic Galois
representation.

e Theorem (Modularity Theorem, Representations): Let E be an elliptic curve over Q with conductor N. Then
for all primes ! and some Hecke eigenform f € S3(I'g(NN)) with rational Fourier coefficients, the associated
l-adic Galois representation for f is equivalent to the l-adic Galois representation for F.

o The connection between this version of modularity and the one for L-functions is that the local Euler
factor is equal to the characteristic polynomial of the Frobenius map.

o In fact, because the characteristic polynomial of Frobenius acting on 7;(F) is independent of the choice
of | # p (as we proved during our discussion of the Weil conjectures), and an analogous statement holds
on the modular form side, the theorem above for all [ follows from the much weaker version asserting
that the representations are equivalent for only a single value of [.

o In fact, it is this “weaker” version that was proven for semistable curves by Taylor and Wiles in 1995
(fixing the gap in Wiles’ earlier 1993 paper), and then for all elliptic curves by Breuil, Conrad, Diamond,
and Taylor in 2001.
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e Let us close our discussion by explaining the some of the history of modularity and how it is used in Wiles’
proof of Fermat’s conjecture.

e}

In 1955, Taniyama stated a preliminary version of the modularity conjecture, and worked with Shimura
to give a more precise improved statement, which became known as the Taniyama-Shimura conjecture.
In the 1960s Weil gave reformulations and identified the level of the associated modular form as the
conductor of the elliptic curve.

The connection of modularity to Fermat’s conjecture is via the Frey-Hellegouarch curve, which was first
studied by Hellegouarch in 1976 (although that work did not connect the curve to modularity). Frey
constructed the same curve in 1982 and observed that it would have various unusual properties. These
observations were extended by Serre in 1985 and Frey in 1986 indicating that this curve could give a
counterexample to the Taniyama-Shimura conjecture.

Explicitly, suppose that we have a nonzero integer solution to a? + b + ¢ = 0 for p prime, and define
the Frey-Hellegouarch curve E : y* = z(z — a?)(x + bP), whose discriminant is A = aPbPcP = (abc)P.

Then FE necessarily has good reduction at all primes not dividing abc and multiplicative reduction at
all primes dividing abc, meaning that F is semistable (the idea is that when E has additive reduction,
then working over an extension field can change the reduction behavior'®, but when E has multiplicative
reduction, that does not occur).

The number field generated by the p-torsion of E is ramified only at 2 and at p, and so the associated
level of its mod-p Galois representation is 2. But S3(T'9(2)) = 0 because the corresponding modular curve
X0(2) has genus 0, so there cannot be a modular form having the same p-adic Galois representation as
E.

Serre’s proof that Taniyama-Shimura would imply Fermat’s conjecture was incomplete, and the missing
portion became known as the epsilon conjecture. The epsilon conjecture was proven by Ribet in 1990,
and so the full argument that Taniyama-Shimura implies Fermat’s conjecture had been completed.

In 1993, after working in secret for six years on Taniyama-Shimura, Wiles announced that he had
proven the semistable case of the conjecture, which (by the previous results) would establish Fermat’s
conjecture. A gap was discovered during the subsequent peer review, but after an additional year’s work
in collaboration with Taylor, a corrected proof was announced and published in 1995.

Wiles and Taylor-Wiles consider the mod-3 Galois representation pp 3 : Gal(Q/Q) — GLy(F3). If this
representation is irreducible, then by results of Langlands and Tunnell, the 3-adic representation arises
from a cusp form, and then (here is the extremely technical and difficult part) if the mod-3 representation
is modular, then the 3-adic representation is modular.

The technical hypotheses are met when F is semistable, and so a contradiction arises if the mod-3 Galois
representation is irreducible. If it is not, then (with some substantial additional effort) Taylor and Wiles
show that the mod-5 Galois representation can be used instead.

The contribution of Breuil, Conrad, Diamond, and Taylor is to remove the semistability requirement,
thereby showing that the argument works for all elliptic curves.

8For example, y2 = 23 — 9z has additive reduction at p = 3 over Q, over Q(v/=3) it is isomorphic to y? = «

3 — x which has good

reduction at the ramified prime P = (1 + €'™/3) lying above 3.
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