
E. Dummit's Math 7315 ∼ Number Theory in Function Fields, Fall 2021 ∼ Homework 1

Problems are worth points as indicated. Solve as many problems as you can (suggestion: at least 30 points' worth).
Prepare solutions to these problems so that you may present some of them in lecture on Thursday, October 7th.

0.1 In-Lecture Exercises

0.1.1 Exercises from (Sep 9)

• [2pts] As proven in class, we have deg gcd(f, f ′) ≥ deg f−deg radf , where f ′ is the derivative of f . Determine
when equality holds.

0.1.2 Exercises from (Sep 13)

• [2pts] Recall that |g| = qdeg g = #(A/gA) when g 6= 0. Show that |fg| = |f |·|g| and that |f + g| ≤ max(|f | , |g|)
with equality whenever |f | 6= |g|.

• [2pts] A commutative ring R with 1 has a unique maximal ideal M if and only if the set of nonunits in R
forms an ideal (which is then a unique maximal ideal M). Note that a ring with this property is called a local
ring.

• [2pts] Generalize proof 2 of Wilson's theorem to show that if G is a �nite abelian group, then the product of
all elements in g is the unique element in G of order 2 (if there is one), or is otherwise 1.

• [3pts] Prove that for positive integers a, b, gcd(xa − 1, xb − 1) = xgcd(a,b) − 1 where x is a variable. Show also
that gcd(qa − 1, qb − 1) = qgcd(a,b) − 1 for positive integers q, a, b.

• [2pts] Prove that if there are d dth roots of unity in A/pA, then d divides |p| − 1.

• [1pt] Show that a polynomial in F [x] has no repeated factors if and only if it is relatively prime to its derivative.

0.1.3 Exercises from (Sep 16)

• [2pts] Show that
∑
d|n µ(d) =

{
1 for n = 1

0 for n > 1
.

• [3pts] Recall that the zeta function of A is ζA(s) =
∑
f∈A monic

1

|f |s
for s ∈ C.

1. Show that the residue of ζA(s) at s = 1 (which is to say, the value of lims→1(s− 1)ζA(s)) is 1/ log q.

2. Show the functional equation for ζA(s): if we set ξA(s) = q−s(1− q−s)−1ζA(s), then ξA(s) = ξA(1− s).

• [3pts] Give a formula for the number of cubefree monic polynomials in Fq[t] of degree n.

0.1.4 Exercises from (Sep 20)

• [2pts each] Show the following properties of the Dirichlet convolution operator:

1. Show that Dirichlet convolution is commutative and associative, and has an identity element given by

I(n) =

{
1 for n = 1

0 for n > 1
.

2. Show that f has an inverse under Dirichlet convolution if and only if f(1) 6= 0.

3. If f(1) 6= 0 and f is multiplicative, then its Dirichlet inverse f−1 is also multiplicative.

4. Show that if two of f , g, and f ∗ g are multiplicative, then the third is also.
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• [2pts each] Do the following with Dirichlet series:

1. Use µ ∗ 1 = I to establish Mobius inversion: if g(n) =
∑
d|n f(n) then f(n) =

∑
d|n µ(d)g(n/d).

2. If σk is the sum-of-kth-powers-of-divisors function σk(n) =
∑
d|n d

k, �nd and prove a formula for Dσk
(s)

in terms of the Riemann zeta function.

• [2pts] If f = pa11 · · · p
ak
k , verify that d(f) = (a1 + 1) · · · (ak + 1) and σ(f) =

|p1|a1+1 − 1

|p1| − 1
· · · |pk|

ak+1 − 1

|pk| − 1
.

• [2pts] Show that if limn→∞Avgn(h) = α, then limn→∞
1

1 + q + · · ·+ qn
∑

deg(f)≤n h(f) = α as well.

• [2pts] Show that the average value of σ on degree-n polynomials is (qn+1 − 1)/(q − 1).

0.1.5 Exercises from (Sep 23)

• [3pts] Prove Zolotarev's lemma: the signature ±1 of the permutation associated to multiplication by a on

(Z/pZ)∗ (as an element of the symmetric group Sp−1) equals the Legendre symbol

(
a

p

)
.

• [2pts] For odd primes p, q, show that

(
p∗

q

)
=

(
q

p

)
is equivalent to

(
p

q

)(
q

p

)
= (−1)(p−1)(q−1)/4.

• [2pts] Show that for any monic polynomial m, there are Φ(m)/dλ(m) total dth powers modulo m, where λ(m)
is the number of distinct monic irreducible factors of m.

0.2 Additional Exercises

• [5pts] For m monic, de�ne Λ(m) to be log |p| if m = pd is a prime power and 0 otherwise. (This is the
function-�eld analogue of the Carmichael Λ-function, which is often used in proofs of the prime number
theorem.)

1. Show that
∑
d|m monic

Λ(d) = log |m|.
2. Show that DΛ(s) = −ζ ′A(s)/ζA(s).

3. Find the average value of Λ on monic degree-n polynomials.

• [15pts] The goal of this problem is to give a self-contained proof of quadratic reciprocity (in Z) using Gauss

sums. So let p, q be distinct odd integer primes and let χp(a) =

(
a

p

)
be the Legendre symbol modulo p. The

Gauss sum of a multiplicative character χ is de�ned to be ga(χ) =
∑p−1
t=1 χ(t)e2πiat/p ∈ C.

1. Show that ga(χp) =

(
a

p

)
g1(χp) for any integer a.

2. Let S =
∑p−1
a=0 ga(χp)g−a(χp). Show that S =

(
−1

p

)
(p− 1)g1(χ)2.

3. Show that if p does not divide a, then
∑p−1
a=0 e

2πia(s−t)/p =

{
p if s ≡ t mod p

0 if s 6≡ t mod p
for any integers s and t.

4. Show that the sum S from part (b) is equal to p(p− 1).

5. Let p∗ =

(
−1

p

)
p. Show that the Gauss sum g1(χp) has g1(χp)

2 = p∗. Deduce that g1(χp) is an element

of the quadratic integer ring O√p∗ .
Now let p and q be distinct odd primes and let g = g1(χp) ∈ O√p∗ be the quadratic Gauss sum.

6. Show that gq−1 ≡
(
p∗

q

)
(mod q).

7. Show that gq ≡ gq(χp) ≡
(
q

p

)
g (mod q), and deduce that

(
q

p

)
=

(
p∗

q

)
.
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