E. Dummit’s Math 2331 (Fall 2021) ~ Midterm 1 Review Problems

1. Identify each statement as either true or false:
(a) Every matrix has a unique row-echelon form.
(b) For n x n matrices A and B, (A + B)? = A2 +2AB + B,

(¢) For an invertible n x n matrix A, (4%)~! = (A=1)%

. . 3 4 1. -1 4
(d) The inverse of the matrix [ 11 ] is [ 1 _3 }

(n) If dim(V') = 3, then a set of 2 vectors in V' cannot span V.

(o) If dim(V') = 3, then any spanning set for V' can contain at most 3 vectors.

(p) If dim(V') = 3, then a set of 2 vectors in V' cannot be linearly independent.

(q) If dim(V) = 3, then there is a linearly independent subset of V' having exactly 3 elements.
(r) If dim(V') = 3, then any basis of V' must contain exactly 3 vectors.

(s) If A is an invertible n x n matrix, then the rows of A are linearly independent.

(t) Every finite-dimensional vector space has a finite basis.

(u) A linearly independent set of vectors is a basis of V' if and only if it spans V.

(v) If Ais an m X n matrix, the row space is a subspace of R™.

(v) If Ais an m x n matrix, the row space of A has the same dimension as the nullspace of A.
(z) If A is an invertible n X n matrix, then the row space of A must be R™.
2. Solve the following systems of linear equations:
r+y—z = b a—b+2c—d = 2 a—b—3c+7d = -4
(a) 3xr+y+3z = 3 (c) 3a+b—c+d = 4 (©) 2a —2b+c = 6
dr+y+5z = 1 —2a — 2¢ = 6 3a—3b+c+d = 8
_ _ —2a+2b+c—4d = -2
(b) Qi_gziiz _ g (){ at+btetdte = 1
Sr4yt2: = 1 a+2b+3c+4d+5e = 6
3. Calculate the determinant of each matrix:
1 2 3 4 4 5 3 -1 5 4 2 3 3 1
2 3 45 0 2 0 0 2 7 6 =2
@y 567 ® e 4 1 3] © _33 ‘11 _12 @1y 4 1 3
5 6 7 8 0 6 -2 0 4 2 3 4




1 -1 0 2 0 1
4. Let A= -2 1 1 |andB=|1 -1 =2
1 0 1 0 2 3

(a) Find det(A) and det(B). 1

(b) Find A~ and B~L. (d) Find vif Av=| 0

(c) Find det(AT BABT) and det(5B2).

5. Ifv=(3,1,-1,3) and w = (1,1,1,-1), find v — 3w, v- w, and ||v]].

6. In each of the following, determine whether the given subset S is a subspace of the given vector space V: if
so, verify the subspace criterion, and if not, identify a counterexample.

(a) V=R3 S={(a,b,c) : a+b+c=0}
(b) V=R3S={(z,y,2) : 22 +y*>+ 22 =1}.
(c) V =R5, S = the vectors (a,b,c,d,e) with e =a+band b =c = d.
(d) V = Moy2(R), S ={A eV :det(A) =0}.
(e) V= Myya(R), S={AcV:A%= A}
(f) V= Msy3(R), S={AeV:AT = A}.

) (R),

(g) V = M3x3(R), S = the 3 x 3 matrices with nonnegative real entries.

7. For each of the following sets of vectors inside a vector space V', determine (i) if S is linearly independent, (ii)
if S spans V, and (iii) if S is a basis of V:

(a) V=R2 S ={(1,3), (2,4), (3,1)}.
(b) V=R3, S ={(1,1,0), (2,0,—1)}.
¢) V=R3S={(1,1,0),(2,0,-1), (0,2,1)}.
(1,1,0), (2,0,—1), (0,2,1), (0,1, —1)}.

ovemms={[11].[1 ]384 2]}

) V=DP[R),S={1-z3—2% 4— 23}

)
)
(c)
(d) V=R3S={
)
)
(g V=P[R),S={1—-2—22 3+3x+22% 4+x+2°}.

8. For each matrix, find the reduced row-echelon form, the rank, and also find bases for the row space, column
space, and nullspace:

1 2 3 4 1 2 0 -1 -3 1 2 -1 0 3
(a) | 2 3 4 5 () |36 2 1 5 () |2 4 -2 0 6
| 45 6 7 48 4 2 2 |36 -3 19
[ 2 6 8 - 1 1 1 3
1 2 1
1 0 1 1 -1 2 2
(b)011 (d)gl_23 (f)1146
| 110 L |1 -1 8 8

9. Find a basis, and the dimension, of each of the given vector spaces:

(a) V = 3 x 3 lower-triangular matrices.

(b) V = 3 x 3 symmetric matrices with diagonal entries 0.

(c) V = the plane = — 2y + 22 = 0 in R3.
)V

(d = the span of (1,1,1,1),(1,1,2,2),(2,2,0,0),(3,3,5,5) in R*.




