E. Dummit’s Math 2331 (Fall 2021) ~ Final Exam Supplementary Review Problems

1. To find a formula for M™ we diagonalize M by writing M = QDQ~! and then M" = PD"P~1!,

(a) Eigenvalues are A\ = 1,2 with eigenvectors

1
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Diagonalizable with D = [ 0 1 and QQ = [ 10 }, so Q™ = 1 9
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Then M" = QD"Q _[1 OH ' 1“1 2]_[0 . }
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(b) Eigenvalues are A\ = 2,4 with eigenvectors 1 and 1 ]
. . . 140 _ 4111
Diagonalizable with D = 0 2 and Q = [ 1 |80 Q 5 -1 1
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(c) Eigenvalues are A = 3,8 with eigenvectors [ f 13 ]
. . o [8 0 - 3 L 171 3
Diagonalizable with D = [ 0 3 } and Q = [ L |rse Q1= =21 o ]

o 2 -3 8" 11 3 1[2-8"+3.3" 6-8"—6-3"
Then M™ =QD"Q :[1 1 Ho 3n 5[1 2}:5[ gn — 3n 2-8n+2~3n]'
-1 1 0
(d) Eigenvalues are A\ = 1,0,—1 with eigenvectors 1 |, |21, | 1]|. Diagonalizable with D =
2 0 1
[1 0 0 ] -1 10 4 -2 3
00 O and @Q 1 2 1],s0Q "= —2 1 —=1|. Then M™ = QD"Q~ ' =
0 0 -1 2 0 1 -1 1 1
[—1 1 07[1 0 0 4 -2 3 [ 2 -1 1
1 21 00 0 -2 1 -1 | =] =244(-1)" 1-2(-1)" —1+3(-1)"
2 0 1][0 o0 (-1 -1 1 1 | —4+4(-D)" 2-2(-1)" -2+ 3(-1)"

2. The entries a;; in the associated matrix have a;; equal to the coefficient of 2? and «a;; equal to half the

coefficient of x;x; with ¢ # j. For definiteness, simply find the eigenvalues of the associated matrix and check

signs.
3 =17 . : s : o .
(a) Matrix 11| eigenvalues 2 4 /2. Eigenvalues all positive, so Q is positive-definite.
[ o =27 . s L - .
(b) Matrix 9 _3 | eigenvalues —4, 1. Both a positive and a negative eigenvalue, so @ is indefinite.
-4 2] . . . . . .
(c) Matrix 9 _9 |’ eigenvalues —3 4 /5. Eigenvalues all negative, so @ is negative-definite.
[ 4 -67 . . . : . .
(d) Matrix | 6 9 | eigenvalues 0,13. Eigenvalues all nonnegative and one is zero, so ) is positive-
semidefinite. )
[ 7 4 -2
(e) Matrix 4 7 —2 |, eigenvalues 12, 3, 3. Eigenvalues all positive, so @) is positive-definite.
| -2 -2 4
[1 2 3
(f) Matrix | 2 3 1 |, eigenvalues 6,++v/3. Both a positive and a negative eigenvalue, so @ is indefinite.
31 2




3. The decomposition M = UXVT has ¥ the rectangular diagonal matrix with singular values on the diagonal, V'
have orthonormal columns v; given by the corresponding unit eigenvectors of M”* M, and U have orthonormal
columns given by w; = Mv;/o; (possibly extended by Gram-Schmidt if there are not enough vectors).

(a)

MTM = { 1; 4112 ], eigenvalues A = 49,4 (so 01 = 7, 09 = 2) with corresponding unit eigenvectors

V—L L aundv—L 2 Thenw—zwvl—L L andw—]\/lvz—L 2
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MTM = :131 2;1 ], eigenvalues A = 85,0 (so 01 = v/85) with corresponding unit eigenvectors v; =
1717 1 [ -2 _ Mv, 1 [ 1 ]
— and vo = — . Then w; = = — , and completing to an orthonormal
V5 [ 2 } UL } T Tyl P
o 1 [ —4 1 V85 0 ] 1 { 1 -2 ]
basis gives wo = —— Thus U = ,V=— .
T { 1 } VIT [ } { 0 l2 1
8 14 18 ]
MTM = | 14 29 36 |, eigenvalues A = 81,1,0 (so o1 = 9, 0o = 1) with corresponding unit eigen-
18 36 45 |
ectors v 1 121 v L _12 v L _é Then w My ! [ L ] and w
VvV = — s = — s 2 = — — . = = — =
1 Ji5 ; 2 N . 3= 3 ) 1 o1 NAE 2

2/vV45 —2/v/5 —1/3
szl[_f].ThusUzl[; _12],2:[9 0 0},‘/: 4/v/45  1/vV5  —2/3
2 V5 V5 5/V45 0 2/3
This is the transpose of the matrix in (c) so the SVD just has U and V swapped and ¥ transposed:
2/\V/45 —2//5 —1/3 9 0 171 o
U= | 4/vV45 1/v/5 —=2/3 |,2=]0 1 ,V:{ B }
0 0 VEl2 1

5/v45 0 2/3
5 —4 -1
MTM=| -4 5 —1 |, eigenvalues A = 9,3,0 (s0 01 = 3, 02 = v/3) with corresponding unit eigen-
-1 -1 2
-1 1 1
1 1 1 My 1 -1
vectors vi = — 1 |, vy =— 1 [,v3=—]|1]|. Then wy = — = — and
! 2 0 ? V6 -9 ° V3 1 ' o1 V2 [ 1 :|
—1/v/2 1/vV6 1/V3
M 1 1 _
wy = 2 _f[ ' ] ThusU_\[{ L ],2_ [g \% 8],1/_ 1/vV2  1V6 1/V3
10 1 1
T 01 1 1 . . . .
M*M = 1192 2| eigenvalues A = 5,1,0,0 (so o1 = /5, 03 = 1) with corresponding unit
1 1 2 2
1 -1 [ —1 1
1 1 1 1 1 -1 1 1
eigenvectors vi = — , Vo = — , Vg = — , V= — note that it’s
2 0 1 2

necessary to do Gram-Schmidt to get an orthonormal basis qu the 0-eigenspace since it’s 2-dimensional).
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