
E. Dummit's Math 2331 (Fall 2021) ∼ Final Exam Supplementary Review Problems

1. To �nd a formula for Mn we diagonalize M by writing M = QDQ−1 and then Mn = PDnP−1.

(a) Eigenvalues are λ = 1, 2 with eigenvectors

[
2
1

]
and

[
1
0

]
.

Diagonalizable with D =

[
2 0
0 1

]
and Q =

[
2 1
1 0

]
, so Q−1 =

[
0 1
1 −2

]
.

Then Mn = QDnQ−1 =

[
2 1
1 0

] [
2n 0
0 1

] [
0 1
1 −2

]
=

[
1 2 · 2n − 2
0 2n

]
.

(b) Eigenvalues are λ = 2, 4 with eigenvectors

[
1
1

]
and

[
1
−1

]
.

Diagonalizable with D =

[
4 0
0 2

]
and Q =

[
1 1
1 −1

]
, so Q−1 =

1

2

[
1 1
−1 1

]
.

Then Mn = QDnQ−1 =

[
1 1
1 −1

] [
4n 0
0 2n

]
1

2

[
1 1
−1 1

]
=

1

2

[
4n + 2n 4n − 2n

4n − 2n 4n + 2n

]
.

(c) Eigenvalues are λ = 3, 8 with eigenvectors

[
2
1

]
and

[
−3
1

]
.

Diagonalizable with D =

[
8 0
0 3

]
and Q =

[
2 −3
1 1

]
, so Q−1 =

1

5

[
1 3
−1 2

]
.

Then Mn = QDnQ−1 =

[
2 −3
1 1

] [
8n 0
0 3n

]
1

5

[
1 3
−1 2

]
=

1

5

[
2 · 8n + 3 · 3n 6 · 8n − 6 · 3n

8n − 3n 2 · 8n + 2 · 3n
]
.

(d) Eigenvalues are λ = 1, 0,−1 with eigenvectors

 −1
1
2

,
 1

2
0

,
 0

1
1

. Diagonalizable with D = 1 0 0
0 0 0
0 0 −1

 and Q =

 −1 1 0
1 2 1
2 0 1

, so Q−1 =

 4 −2 3
−2 1 −1
−1 1 1

. Then Mn = QDnQ−1 = −1 1 0
1 2 1
2 0 1

 1 0 0
0 0 0
0 0 (−1)n

 4 −2 3
−2 1 −1
−1 1 1

 =

 2 −1 1
−2 + 4(−1)n 1− 2(−1)n −1 + 3(−1)n

−4 + 4(−1)n 2− 2(−1)n −2 + 3(−1)n

.

2. The entries ai,j in the associated matrix have ai,i equal to the coe�cient of x2i and ai,j equal to half the
coe�cient of xixj with i 6= j. For de�niteness, simply �nd the eigenvalues of the associated matrix and check
signs.

(a) Matrix

[
3 −1
−1 1

]
, eigenvalues 2±

√
2. Eigenvalues all positive, so Q is positive-de�nite.

(b) Matrix

[
0 −2
−2 −3

]
, eigenvalues −4, 1. Both a positive and a negative eigenvalue, so Q is inde�nite.

(c) Matrix

[
−4 −2
−2 −2

]
, eigenvalues −3±

√
5. Eigenvalues all negative, so Q is negative-de�nite.

(d) Matrix

[
4 −6
−6 9

]
, eigenvalues 0, 13. Eigenvalues all nonnegative and one is zero, so Q is positive-

semide�nite.

(e) Matrix

 7 4 −2
4 7 −2
−2 −2 4

, eigenvalues 12, 3, 3. Eigenvalues all positive, so Q is positive-de�nite.

(f) Matrix

 1 2 3
2 3 1
3 1 2

, eigenvalues 6,±
√

3. Both a positive and a negative eigenvalue, so Q is inde�nite.
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3. The decompositionM = UΣV T has Σ the rectangular diagonal matrix with singular values on the diagonal, V
have orthonormal columns vi given by the corresponding unit eigenvectors ofMTM , and U have orthonormal
columns given by wi = Mvi/σi (possibly extended by Gram-Schmidt if there are not enough vectors).

(a) MTM =

[
13 18
18 40

]
, eigenvalues λ = 49, 4 (so σ1 = 7, σ2 = 2) with corresponding unit eigenvectors

v1 =
1√
5

[
1
2

]
and v2 =

1√
5

[
−2
1

]
. Then w1 =

Mv1

σ1
=

1√
5

[
1
2

]
and w2 =

Mv2

σ2
=

1√
5

[
−2
1

]
.

Thus U =
1√
5

[
1 −2
2 1

]
, Σ =

[
7 0
0 2

]
, V =

1√
5

[
1 −2
2 1

]
.

(b) MTM =

[
17 34
34 68

]
, eigenvalues λ = 85, 0 (so σ1 =

√
85) with corresponding unit eigenvectors v1 =

1√
5

[
1
2

]
and v2 =

1√
5

[
−2
1

]
. Then w1 =

Mv1

σ1
=

1√
17

[
1
4

]
, and completing to an orthonormal

basis gives w2 =
1√
17

[
−4
1

]
. Thus U =

1√
17

[
1 −4
4 1

]
, Σ =

[ √
85 0
0 0

]
, V =

1√
5

[
1 −2
2 1

]
.

(c) MTM =

 8 14 18
14 29 36
18 36 45

, eigenvalues λ = 81, 1, 0 (so σ1 = 9, σ2 = 1) with corresponding unit eigen-

vectors v1 =
1√
45

 2
4
5

, v2 =
1√
5

 −2
1
0

, v3 =
1

3

 −1
−2
2

. Then w1 =
Mv1

σ1
=

1√
5

[
1
2

]
and w2 =

Mv2

σ2
=

1√
5

[
−2
1

]
. Thus U =

1√
5

[
1 −2
2 1

]
, Σ =

[
9 0 0
0 1 0

]
, V =

 2/
√

45 −2/
√

5 −1/3

4/
√

45 1/
√

5 −2/3

5/
√

45 0 2/3

.
(d) This is the transpose of the matrix in (c) so the SVD just has U and V swapped and Σ transposed:

U =

 2/
√

45 −2/
√

5 −1/3

4/
√

45 1/
√

5 −2/3

5/
√

45 0 2/3

, Σ =

 9 0
0 1
0 0

, V =
1√
5

[
1 −2
2 1

]
.

(e) MTM =

 5 −4 −1
−4 5 −1
−1 −1 2

, eigenvalues λ = 9, 3, 0 (so σ1 = 3, σ2 =
√

3) with corresponding unit eigen-

vectors v1 =
1√
2

 −1
1
0

, v2 =
1√
6

 1
1
−2

, v3 =
1√
3

 1
1
1

. Then w1 =
Mv1

σ1
=

1√
2

[
−1
1

]
and

w2 =
Mv2

σ2
=

1√
2

[
1
1

]
. Thus U =

1√
2

[
−1 1
1 1

]
, Σ =

[
3 0 0

0
√

3 0

]
, V =

 −1/
√

2 1/
√

6 1/
√

3

1/
√

2 1/
√

6 1/
√

3

0 −2/
√

6 1/
√

3

.

(f) MTM =


1 0 1 1
0 1 1 1
1 1 2 2
1 1 2 2

, eigenvalues λ = 5, 1, 0, 0 (so σ1 =
√

5, σ2 = 1) with corresponding unit

eigenvectors v1 =
1√
10


1
1
2
2

, v2 =
1√
2


−1
1
0
0

, v3 =
1√
3


−1
−1
0
1

, v4 =
1√
15


1
1
−3
2

 (note that it's

necessary to do Gram-Schmidt to get an orthonormal basis for the 0-eigenspace since it's 2-dimensional).

Then w1 =
Mv1

σ1
=

1√
2

[
1
1

]
and w2 =

Mv2

σ2
=

1√
2

[
1
−1

]
.

Thus U =
1√
2

[
1 1
1 −1

]
, Σ =

[ √
5 0 0

0 1 0

]
, V =


1/
√

10 −1/
√

2 −1/
√

3 1/
√

15

1/
√

10 1/
√

2 −1/
√

3 1/
√

15

2/
√

10 0 0 −3/
√

15

2/
√

10 0 1/
√

3 2/
√

15

.
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