MATH 2331: Linear Algebra -- Final Exam —
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Directions: This exam is in two parts: multiple choice and fairly short open response questions.
Show all work in the space provided.

Part I: Multiple Choice (1 0 points total: @1 point)
Circle first, and then print in the black space (at the end of each question), the CAPITAL LETTERS
corresponding to the correct answers. (No need to show work.)

#1. The area of the parallelogram spanned by the vectors v = (5,4) and w = (3,2) is -
(A) =22 B)22 (0)23 (D)8 ((E) 2 E

#2. Let P be a parallelogram, having area 6 square units, spanned by two linearly independent vectors v and 2 in R
If T : R+ Ris the linear transformation defined by T'(z,y) = (2z + 3y, 4z + 5y), then the area of the image

parallelogram T'(P) is = ™
(A)192 (B)132 (C) — 132 (D)12 (E)6 ! -
3 6 7
#3.LetA= |0 -2 3|. Whatis tr(A), the trace of A?
_ 1 0 4 -
(A)3 (B)5 (C)6 (D)7 (E) 24 .
3 6 7
#.let A= |0 —2 3|. Whatis det(A), the determinant of A?
0 0 4 T
(A)0 B) —5 (©)5(Dy — 24 (E) 24 L
3 6 7
#5.Let A= 10 -2 3|. Whatare the eigenvalues of 4?
) 0 0 4 ]
(A3, 2,4 (B) —3,2, ~4 (C)1,6,7 (D)3,4,7 (E) -2, - 3,5 g/’i
#6. Let W be the subspace of R? spanned by the two vectors (1, — 1, 1) and (3, —2,0).
Which one of the following vectors is a basis for Wi, the o\rthogonal complement of W 9 -
. -1 2
#1. The eigenvalues of A — [ 9 g are
(4) -1,3 2,2 (C) -7, @ 2+4 E)1+2,/2 i
: 4 5
#8. The eigenvalues of A = [ 5 _g4]are
)4, -4 B) ~3,5(CY+£3i D)144i B) —14 /5 b

upper triangular matrix
(C) if M is a real symmetric matrix, then M = QDQT for some orthogonal matrix @ and diagonal matrix D
(D) if M is any matrix of rank r,then M = USVT for some orthogonal matrices U, V and scalar matrix ¥ of rank r

#10. For the Singular Value Decompqgition of an arbitrary matrix M . Which one of these statements is false?
(A) MMT and MTM are symmetric(B) M M7 and MTM have the same size (C) a real symmetric matrix has real
eigenvalues (D) two othogonal matrices I and V are needed (E) a scalar matrix of eigenvalue square roots is needed



Part I1: Open Responses (90 points total)

1 3 —4
(l14pts) #l.Let A= | —3 —8 7 |andletdb= (5 —9,4).
2 5 —.3
g (a) First solve the non-homogeneous linear system Az = b for z = (x4, x5, x3), expressing your
final answer in parametric form, and then answer parts (b,c,d,e f) below.

" ¥ g / -, P oE ==y | a5
(/ 3 o = 3/?r+ﬁ7’ [ 3 {f \-z.’rﬁj I '3—‘ 2 /é ]
tB g 77‘ _& “’275_3&3 [g / "55: ) _7’_9 2/0 Cj) &
2 53 i 3 < )=} = x, Yo 73
X3 Is ‘H‘e‘f’ e
/ le' % —5 X3 =6== = SX5 E

i B,
+3(5’X;+@ %‘3 =5~ =D x =7

. E 2 X ;/{] '—/3]
n . {1 ¥ ‘ ¢
J X 3 ol K L
b = ?612, — 5 K3 #’G J f )' | O
X3 L3 T \,-‘-‘\/["‘_'/
{ : L
/ (b) What is rank(A)? __ <
/ (c) What is nullity(A)? / . ‘
 (d) State a basis for ker(A) = ; (1, - ’) f

ﬁ-(e) State a basis for im(A) = CS(A) ?Urg JD i 53-£5 ) ,?
/' (f) What is dim(im A)? 2

(5 pts) #2. Given the linear transformation 7" : R>— R?defined by T'(z,y) = (103: + 3y, 6z + 2y),
find the vector or coordinate formula for the inverse linear transformation 7~ (z, y). '

= [C2]=m =+ -fii?é}[’ 3

e LEGI =R -

J)"C"# /> ’3’”*5/3

L e e



: . . 1 ; .
(8 pts) #3. Given the scaled rotation matrix R = [ 31 2} and the scaled reflection matrix

1 3
p-t 2]
L/L (a) Find the matrix of the composition T = R o F. 5 __]

= E - = ] /_.3]: -
M= RE Pg]zr Lol

L/ (b) Find the matrix of the composition S = F o R.

Mg= FR = [éjjﬁ fz]: E/ ”

4 -3
is the matrix of 7" in the standard basis e; = (1,0), e, = (0,1) for R2. Ifthe basis for R? is changed
to vy = (2,1), vz = (5,3), what is the matrix representing 7" in this new basis?

/ Let o [li/l; '\/[Z]:: [“ﬁ“ _5;:{ TF B:MT_J/“”#V‘”"?‘%’AKG#;
| - T I o & .
%\M\/ B: %“%MTS — [j’ '5] [f/ ——3][1 3] :
= alrsl= 2 4
#

(8 pts) #4. Define the linear transformation 7" : R2- R2by T'(z, yy=A [;J , where A = [5 B 2}



2 8 -3
? (a) Calculate A~ (showing work steps!) by the Gauss-Jordan method, checking your result, and then

answer parts (b) and (c) below.
OJ~E"HZL / 3 —#]joc
@, o f =2 (- 1 O
| 2R+ | 5 5 =5 |2 o |
i,
/G

/ 5""
Lt
/ - |
o

24t [é 3_;/
oy o——ZI

1 3 —4
(10pts) #5. Let A= |1 4 —6].

y (
o o

0. e, J
(
£

@)
7

/ (b) Based on your work above, what is rank(A)? 3

/| (c) Based on your work above, what is det(4) ? — [
(There was rne- negate : ~Rs )



(6 pts) #6. Prove that the vectors v; = (1, — 3,4), v, = (—2,7,6), v3 = (7, — 23,0) are linearly
dependent, expressing one of them as a linear combination of the others.

7L/»«tlfc'a;,,c3 Swed ot c,v+cv;+¢3\/3_—0 . g
. 5 7 ’—' J
7 /ZS [a;_ W’E ”?[ 7 23} WEB

e
«/%e 2, [1=2 719 s Frees
g 1-Z |© e, —2.C3 TO v
]""-7— 28 © O pe ,QZ_ i
O 14~ 2 ¢ 3 C2 =83
e ﬂl(l%)*%s:‘?’ eymoses
m% 5 Ae =2, c,:—*?h
- = Bl — 23
3 Claim ,__?)v+-le+‘f.a~fO Vay = 3 =
__.--/_ -3 [? o 3
Ol D —26= [J"l}:él L‘”
(6 pts) #7. Given that the three 3-dimensional vectors v; = ( — —4), va = (3, — 8,10),

vg = (2, — 9, 7) are linearly independent (hence form a basis for ]R*‘) express the vector w = (1, — 14, 5)
as a linear combination of these three vectors vy, vy, v3, checking that your answer really works.

F’J ¢ % Cp Sueh Fhat— 4V +ev +iiy = W,

EX: ENELS (] [543 r]

wee (=) > 2| 1 2Rkt |- 3 2
Sﬁ - g) | —3 ~af) |} we————p} o ’” o ._.__QJ
"(ffﬁ’ > o —2 —I [ o K2 '7 2| 7C’

CL e <o C3—3

B@ckasm!a?ﬁm:-—{;‘mn RL 5 € —36?;)‘:”3/ = &, =—2 J
B R 1 =€ 43(D+2(s)=) =D ¢, =~ 4

Claim : W=~y —av, +3Va

Q@- ~V —2Vy 3V = U{ ,’.zttoﬁ—ki%x ]
5%




(11 pts) #8. Let W be the subspace of R? spanned by the two linearly independent vectors vn=(-1272)
and v; = (3, — 3,0).

v (a) Use the Gram-Schmidt orthogonalization process to find an orthonormal basis for /.

Z_E‘t’ {/g ‘l’ "”21}

(a»s o> 2 (/ 2,)_ (2,1, 13 b
C}\e/vé V4 -——:—C)» S et U, 3( /),2,} [

g i gulju 5 s ave JA/—basis +2 W

o 3 -1, L)) U = i%L CQJ ~h l)‘

5 (b) Use part (a) to find the matrix M of the orthogonal projection P : R3> W,

. A LT = (=% 24
2Lt @= U d] =2 2N, ol
D

3

5
“
7T hean 2 T — 1 [~ 27, [—( 2 2—]
- - 3 = | % ~l 2
MF Q @ = [i z] S | =2
e { 5 =9 2 %, “l?f‘;}d
i —_— - j—w 2 oy me‘ty‘,c__m 2
T [f{ 2 5”} 5 & 7
R

/ (¢) Given that im(P) = W, what is rank(M)? Since Jim\f\/:ol) 0‘(1 fis v (P) —=L,

i3 Aim CQKMFB?Q, e Pl M — .
(. Pis not inveetible ) T



(6 pts) #9. Showing work, evaluate the following determinant by using the properties of elementary row or

2 1 -4 0
S . ; 7 3 -13 8
column operations instead of the Laplace expansion by minors: -5 -2 1 1l
23 0 0 0 6
( L, <=cC | — & |
feilan [ =2 * O
g = | & T % &
~2 =% || ’
// 49, o O s
~R, +1¢ - .. |
— L= S lae s,
B | = =
o) @, O SO o é
) % — (DD =
e
(6 pts) #10. Given that A = 2 is an eigenvalue of the matrix 4 — [ —4 IOJ find an associated
eigenvector corresponding to \ = 2.

[ATXLL = [BL/\—;L ] st
O

T ==f ] § &
] A2 = LL!,L | /O] L =2 £ O]
6 © °

. T 1= Lreey R0 =25 +éf 0= g

K' r—3t 4+t o =2 ©Z 26
27
i 3 |
R EEGE H'
2.3 D 5 & basis,
7_}x,& 3fm};‘e§b €J€“W°ﬁ ‘“QVL g

[ . ) M :: S(FM'\%_LZI%DE >



; f] , find an orthonormal basis under which A is

similar to a diagonal matrix D, also indicating the entries of D.

6\3 ”f’fu, Sdoc, c/‘ffm,e ‘——l’\—&’t"}l.ﬁm/ 4 (a8 I LQ a(f&j on&[f—gﬁff m@
Rl P B Loy Pt
01‘ = (-0(-D~4 = 1=+AT ‘f =) =2) -3
L = (A-DO) =0 = p=3 -
s i ¥ &
| >\t_3: A——BI{O: Ej - O:l”"?[o ¢ oj

— &

2 ﬁ\‘f'[g%%e_@,\ffgmt Oﬂs;b.

A il
ot Al = [2 2151 4

e is free ool sit = Omg_—%‘

e = [i]= el=tlil=bu.
| (/\/«ﬁ#{%av{ n =20,
Z?/_ﬁ‘t’ u - Y _ (1, 1) u, = Vo =(-5 1

AT ‘T;f > T G e
2t S = ):ut, o, ] P ,: ] Trhen S 5 am oﬂfiymj
: Unmm CL@.’M%‘?\ éas?s‘ {MU' .
- An STAS = STAS = r[,f [ H’, ,j
= [3 ][( B ( & -nl_l o——l :Q

Wlm*&-’- Q,(_g envelues /bLA avg’ﬂwmm dttf'éa‘n«/(d? D

(10 pts) #11. Given the symmetric matrix A = [

(.\‘;'



