E. Dummit’s Math 2321 (Fall 2020) ~ Midterm 3 Review Answers

1. (a) Take r(t) = (3t,1+1¢) for 0 <t < 1 with ds = ||v(t)|| dt = v/10dt. Integral is fol(?)t)z\/ﬁdt =13V10]|.
(b) Take r(t) = (3cost,3sint) for 0 <t < 27w with dov = —3sintdt and dy = 3cost dt.
Integral is fOZﬂ(?) cost)(—3sint)dt + (3sint)(3cost) dt = 0277 0dt = @

(c) Have ds = ||[v(t)|| = ||(—3sin3t, 3cos3t,4)|| = 5 and /22 + 42 = 1. Integral is [ 1-5dt =[57].
(d) Average value is [[,yds|/[[,1ds]. Parametrize by r(t) = (2cost, 2sint) for 0 < ¢ < 7 with ds =

|[v(t)]| dt = 2dt. Numerator is [, 2sint - 2dt = 8, denominator is [ 2dt = 2m, ratio is |8/(27) = 4/m |,

(e) Workis [, F-dr = [, Pde+Qdy+Rdz. Withz =t* y =1t*, z = t* get dx = 2t dt, dy = 4> dt, dz = 3t* dt,
P=yz=1",Q=xz=1" R=a® =15 Integral is [, ¢7-2tdt + > 4t3dt +1°-3¢2dt = [, 9t3dt =[1]
(f) Parametrize by r(t) = (cost,sint) for 0 < ¢ < w. With & = cost, y = sint, get de = —sintdt, dy = cost dt,
P=y+x=sint+cost, Q =y — x =sint — cost.
Circulation is [, Pdx + Qdy = [ (sint + cost)(—sintdt) + (sint — cost)(costdt) = [ —1dt =[—r].
Flux is [, —Qdx + Pdy = [ (cost —sint)(—sintdt) + (sint + cost)(costdt) = [ 1dt =[]
(g) With 2 =2, y =t get dx = 2tdt, dy = 3t>dt, P = vy =, Q = y*> = 15.
Circulation is [, Pdz + Qdy = [y t°(2tdt) + t5(3t> dt) = [, (2t° + 33) dt =| 13/21 |

Flux is [, —Qdx + Pdy = [, —t5(2tdt) + t*(3t2dt) = [} {7 dt = .

2. (a) Normal vectoris n = (dr/ds)x (dr/dt) = (1,2s,3s?) x(1,2t,3t*). With s = 1and ¢ = 2 thisisn = (1,2, 3) x
(1,4,12) = (12,-9,2). Point is r(1,2) = (3,5,9), s0 equation is | 12(z — 3) = 9(y — 5) +2(z = 9) = 0|
(b) If (z,y,2) = (1,2,—3) then t = —1 and s = —1. Then n = (dr/ds)x (dr/dt) = (2s,2t,0) x (0, 2s,9t*), 50 s =
~landt = ~1given = (~2,-2,0)x(0,~2,9) = (~18,18,4). Equation is| —18(z — 1) + 18(y — 2) +4(= +3) = 0|

3. (a) Parametrize by r(s,t) = (s,t,2s +2t) for 1 < s < 2,2 < ¢ < 4. Then % X % = (=2,-2,1) so do =
|2 x 2¢|| dsdt = 3dsdt. Surface integral is [, [2(s* + %) - 3ds dt.
(b) Parametrize by r(z,0) = (2cosf, 2sinf, z) for 0 < 6§ < 27w, 0 < z < 4. Then % X % = (—2cos#, 2sind,0)
so do = || 2 x || dzdf = 2dz=df. Surface integral is [ [o' 8z dz d6.
(c¢) Parametrize by r(r,0) = (rcos@,rsin@, 4r) for 0 <6 < 27, 0 <r < 2. Then %X% = (—4rcosf, —4rsinf,r)
sodo = || 2 x || drd = r/17 dr df. Surface integral is [ [2 - rv/17 dr df.
(d) Parametrize by r(f,¢) = (cosfsinp,sinfsiny,cosp) for 0 < 6 < 27, 0 < ¢ < . Then % X (% =

de df = sin p dp df. Surface integral is then

<— cos B sin? ¢, — sin @ sin? @, — sin ¢ cos <p> so do = )

fo% [y cos? gsin p dy df.

or or
36 < 95

4. (a) Parametrize by r(s,t) = (s,t,3s+4t +11) for 0 < s <1, 0 < ¢t < 2. Then % X % = (—-3,—4,1) so
do = ||28 x 2|| dsdt = v/26 ds dt. Surface area integral is [, [ 1-+/26ds dt.

(b) Here 2 x 28 = (25,1,0) x (0,s,2t) = (2t?, —4st,25%) so do = || % x LZ|| dsdt = 2/s% + 4522 + t1 ds dt.

Surface area integral is fol f02 1-2v/s% + 45212 + t ds dt.
(c) Parametrize by r(r,6) = (rcosf,rsinf,3r) for 0 < 0 < 27,2 <r < 3. Then %x% = (—3rcosf, 3rsind,r)
so do = H% X % | drdf = r/10dr df. Surface area integral is fo% f;’ 1-7/10dr db.
(d) Cone is ¢ = 7/6, so can parametrize by r(,¢) = (3cosfsinp,3sinfsinp,3cosyp) for 0 < § < 2,
dpdf =

or or
30 X g

7/6 < ¢ < . Then % X g—; = <—900$9$in2 ¢, —9sinfsin® ¢, —Qsingocosap> so do = ‘

9sin o dp df. Surface area integral is fo% f:/ﬁ 1-9sinpdpdb.




5. (a) Parametrize as r(s,t) = (s,t,4—s—t) for 0 52 X 5
(s2,252,352). Surface integral is [ [, (1,1,1) 3s%) dsdt = [ [ 652 dsdt =[4]
(b) Parametrize as r(r,0) = (rcos@,rsind,r) for 0 < r < /6,0 < 0 < 2r. Then 2 I X gg (—rcos@, —rsinb,r)
and F = <—7‘2 cosf, —r?sinf,r? > Surface integral is fo fo (—rcosf, —rsin 9,r>~<—r2 cosf, —r? sin 0,r2> drdf =

fo% fo\/g 2r drdf =

(c) Parametrize as r(6,z) = <2cos€ 2sin6,z) for 0 < 6 < 271, 0 < z < 3. Then % X % = (2cos6,2sin6,0)
and F = (2zcosf,2zsin6,z*). Surface integral is fO fo (2cos6,2sin6,0) - (2zcosd,2zsinb, z*) dzdf =
fo% f03 4z dz df = | 367 |.

(d) Parametrize asr(r,0) = <r cosf,rsinf,r >for 0<6<2m0<r<+2. Then gg = <—2r2 cosf, —2r? sin 9,T>
and F = (rsinf, —r cos6,r?). Surface integral is fo fo (—2r? cos 6, —2r? bln@,r>-<rsm9, —rcosf,r?) drdf =

(?Wf(;/érgdrde :'

(e) Parametrize by r(6, ) = (cos@sinp,sinfsinp,cosp) for 0 < 0 < 27, 0 < ¢ < w/2. Then —:J X % =

§s§1 0<t<2 Then@x@=<1,1,1>andF:
) - (82,257,

<cos 6 sin® o, sin fsin” ¢, sin cp cos gp> and F = (cos 0 sin ¢, sin fsin ¢, cos ¢). Integral is then
0277 Oﬂ/2<cos 6 sin” o, sin 6 sin” @, sin ¢ cos <p> cos sin @, sin 0 sin , cos ) dp df = f ﬂ/2 sin o dy d@z.

f) Parametrize by r(r,0) = (rcosf,rsinf,1 —r?)for0 < 6 < 2w, 0 < r < 1. Then ‘9" ar = (2r?cos6,2r?sin 6, r
86

and F = <T3 sin® 0, r3 cos3 0, 1>. Integral is then fo fo <27“ cos 6, 2r? sin 0, T> <7“ sin® 0, r3 cos® 0, 1> dr df =
ST [ (20 sinf cos O+ r) dr df = [x].

=1(0,0,y — x) |. Since V x F #£ 0, field is ’not conservative ‘

V-F=’3x2+y+3y2+x,
V-F =[2], VxF =[(0,0,0)] Since VxF = 0, field is [conservative]. A potential is U = |zyz +* + 2z |

)
)

(¢) V-F= , VxF = <O7 2y — dzyz, 2w2% — x2z> . Since V x F # 0, field is ’not conservative ‘
) V-F = , V x F =1(0,0,0)] Since V x F = 0, field is [ conservative | A potential function is

U:’x2y2+xez+3y+2z‘.

7. Integral is work done by F = (yz, zz, zy) along C from r(0) = (0,0,0) to r(1) = (e, n/4,In(2)). F is conservative
with potential U = zyz, so work is simply U(e, 7/4,1n(2)) — U(0,0,0) =|e- (7/4) - In(2) |

8. By Green’s theorem, ¢, Pdx + Qdy = [[(Q, — P,) dydx = fol f01(2y2 —y—1)dydx = .

9. By Green, circulation ¢, Pdx+ Qdy = [[(Qz — P,) dA and flux ¢, —Qdx + Pdy = [[,(P: + Q) dA.

(a) Regionis 0 <z <2,0<y < 3. Circ is fo fo 72xy)dydx: , flux is fo fo 4y2dydx*.
(

b) Regionis 0 <z <1,0 <y <2—2z. Circis fo > 2I( 6x)dydx— , flux is fo > 2736yclydyc:.
(c) Regionis 0 <7 <1,0 <6 <2n. Circ is fo fo 1-rdrdf =[x, flux is fo fo 7. rdrdO:.

)
)
)
)

d) Regionis 0 <r <4,0<6<n/2. Circis /2 43r2~rdrd9: 967r,ﬂuxis /2 4302 drdf = 967 |.
g 0 0 0

10. Note that C' is the counterclockwise boundary of the polar region 0 < r < 2 and 7/4 < 6 < .

(a) By Green, flux of F = (P,Q) is [[,(P + Q) dA = f:/4 f02 0-rdrdf=0]
(b) By Green, circulation of F = (P, Q) is [[,(Q. — P,) dA = f:/4 f02 3r% - rdrdd =97 |.

(c) We can use the tangential form of Green’s theorem for the work integral, since it is the same as the
circulation integral. So the work is [[(Q. — P,) dA = f:/4 f02 4-rdrdd=[6r].




