E. Dummit’s Math 2321 (Fall 2020) ~ Final Exam Extra Review Answers

1. (a) Use the divergence theorem: [[(F-ndo = [[[, div(F)dV. Thesolidis0 <2 <1,0<y<1,0<z<1and
div(F) = y22°. Thus by the divergence theorem, the fluxis [[[, div(F)dV = [ [ [} y?2* dzdy do = .

(b) Use the divergence theorem: [[(F - ndo = fffD div(F)dV. The solidis 0 <r <2, 0<6<2m 1<
z<3in cyhndrlcal and also div(F) = 322z + 3y%z = 37" z. Thus by the divergence theorem, the ﬂux is

M div(F zf%fOfoBer-rdzdrd@:
(c) Use the dlvergence theorem: [[(F - ndo = fffD d1v dV The solid is 0 < 6 < 27w, 0 < ¢ < T,
0 < p < 1 in spherical and also div(F) = y? + 2% + 22 = p Thus by the divergence theorem the flux is

M, div(F)dV = fo% Iy 01 p? - p?sinpdpdpdd = .

(d) Use Stokes’s theorem: [[((VxF)-ndo = ¢, Pdr+Q dy+ Rdz where C' is the boundary of the hemisphere.
We can parametrize the boundary by r(t) = (3cost,3sint,0) for 0 < ¢t < 27. Then dx = —3sintdt,
dy = 3costdt, dz = 0 and P = 6sint, Q = 6cost, R = 3cost - e3*™*. Thus by Stokes, the integral is
fo —6sint) - (—3sint) dt + (6 cost) - 3costdt + 3cost - 350t . O dt = 2” 18dt =| 367 |.

(e) Use the divergence theorem: [[(F -ndo = [[[,div(F)dV. The sohd is0<6<2m0< < 7/4,
0 < p <1 in spherical and also div(F) = 3. Thus by the divergence theorem, the flux is fffD iv(F)dV =

fﬂ 77/4f03 p?singpdpdpdd =|m(2 —V2) |

(f) Use Stokes’s theorem: ¢, F -dr = [[((V x F)-ndo where S is the portion of the plane inside the
triangle. We can parametrize S as r(s,t) = (s,t,1—s—1t) for 0 < s < 1, 0 < ¢ < 1, and then
VxF=(R,—Q.,,P,—R;,Q, — Pj) = (1-0,0-0,22 — 2z) = (1,0,0) while n = (dr/ds) x (dr/dt) =
(1,0,—1) x (0,1,—1) = (1,1,1) (correct orientation since z-coordinate is positive). Then (V x F) . n = 1,
and so surface integral is [, [i 1dtds =[1].

(g) Use Stokes’s theorem: 930 F.dr = ffS(V x F) -ndo where S is the given portion of the surface. We can
parametrize S asr(s,t) = <s,t, 32t> for0<s<1,0<t<s,andthen VxF = (R, — Q.,P. — R;,Q., — P,) =
(1-0,0-0,2z—2z) = (1,0,0) while n = (dr/ds) x (dr/dt) = (1,0,2st) x (0,1,s%) = (—2st,—s?,1)
(correct orientation since z-coordinate is positive). Then (V x F)-n = —2st, and so surface integral is

fol fos —2stdtds = _

(h) Use the divergence theorem. However, note that the surface is not closed, so we must close it and then
subtract the flux through the extra plane. We close it by including the plane z = 0 with 0 < z,y < 1.
The solidis 0 <2 < 1,0<y <1,0 <z <1 and also div(F) = 6zy + 22y + 0 = 8xy. Thus by the
divergence theorem, the flux through the solid is [[f, div(F)dV = fol fol fol 8xydzdydr = 2. For the
piece being subtracted, we have a parametrization r(s,t) = (s,£,0) for 0 < s < 1, 0 < ¢ < 1. Then
n = (dr/ds) x (dr/dt) = (1,0,0) x (0,1,0) = (0,0, 1), but this has the wrong orientation since it must point
downward. Then F - (—n) = —8st, and so the surface integral is fol fol —8stdtds = —2. Thus, the flux
across the remaining five planes is 2 — (—=2) = .

(i) Use the divergence theorem. However, note that the surface is not closed, so we must close it and then
subtract the flux through the extra piece. We close it by including the bottom disc with 2% + y? < 1 and
z=0. Thesolidis 0 <r <1,0< 60 < 2w, 0< 2z < 1—7r?in cylindrical and also div(F) = y>+22 = r2. Thus

by the divergence theorem, the flux through the solid is [[f, div(E)dV = [ [} 17" r2y dzdr d = /6.
For the piece being subtracted, we have a parametrization r(r,8) = (rcosf,rsin6,0) for 0 < § < 27 and
0 <r <1. Then n = (dr/dr) x (dr/df) = (cosf,sinf,0) x (—rsinb,rcosd,0) = (0,0,r), but this has
the wrong orientation since it must point downward. Then F - (—n) = —ry/22 + 92 = r2, and so the

surface integral is [>" [} —r2drdf = —2r/3. Thus, the flux across just the top portion is the difference
) 0

w/6 — (—27/3) =|57/6 |




