
2026 Putnam Exam Practice Spring Set 3 Wed January 28th, 2026

When you are equal with another person, the problem of integration doesn’t even arise.
– Malcolm X

Problem 1 (Putnam 1973. B4). On [0, 1] let f have a continuous derivative satisfying

0 < f ′(x) ≤ 1, and suppose f(0) = 0. Prove that

[∫ 1

0

f(x) dx

]2
≥
∫ 1

0

f(x)3 dx.

Problem 2 (Putnam 1978. A3). Let p(x) = 2 + 4x+ 3x2 + 5x3 + 3x4 + 4x5 + 2x6. For k

with 0 < k < 5, define Ik =

∫ ∞
0

xk

p(x)
dx. For which k is Ik smallest?

Problem 3 (Putnam 1980. A3). Evaluate

∫ π/2

0

dx

1 + (tanx)
√
2
.

Problem 4 (Putnam 1982. A3). Evaluate

∫ ∞
0

arctan(πx)− arctan(x)

x
dx.

Problem 5 (Putnam 1993. A5). Show that the given sum is a rational number:∫ −10
−100

(
x2 − x

x3 − 3x+ 1

)2

dx+

∫ 1
11

1
101

(
x2 − x

x3 − 3x+ 1

)2

dx+

∫ 11
10

101
100

(
x2 − x

x3 − 3x+ 1

)2

dx.

Problem 6 (Putnam 2005. A5). Evaluate

∫ 1

0

ln(x+ 1)

x2 + 1
dx.

1
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Hints:

1.Leta(t)=[∫t0f(x)dx]
2
−∫t0f(x)

3
dxandshowthata′(t)/f(t)isincreasinghence

nonnegative.

2.ShowIk=I4−kusingasubstitution.Thenfindkminimizingx
k

+x
4−k.

3.Trysubstitutingx7→π/2−x.

4.Trywritingthisintegralasadoubleintegral:whatintegrandandwhatlimitsfory
wouldyieldthegivenintegrandinx?

5.Tryfindingsubstitutionstoconverttheintegrationrangesforthesecondandthird
integralstotherangeofthefirstone.

6.Letf(a)=∫1

0
ln(ax+1)
x2+1dxandcomputef′(a).

2


