2025 Putnam Exam Practice Spring Set 2 Wed January 21st, 2025

The whole is more than the sum of its parts. — Aristotle (being wrong as usual)

Problem 1 (Putnam 1978. Al). Let A be any set of 20 distinct integers chosen from the
arithmetic progression 1, 4, 7, ... , 100. Prove that there must be two distinct integers in A
whose sum is 104.

Problem 2 (Putnam 1966. Al). Let f(n) be the sum of the first n terms of the sequence
0,1,1,2,2,3,3,4,... where the nth term is given by a,, = {Z{Q_ 1)/2 th zi izzn. Show
that if x and y are positive integers and x >y then zy = f(x +y) — f(x — y).

m2n

Problem 3 (Putnam 1999. A4). Sum the series ZZ S (n3m + )’

m=1n=1

Problem 4 (Putnam 1981. A1). Let E(n) denote the largest integer k such that 5% is an
E
integral divisor of the product 112233 ...n". Calculate lim (n) .

n—00 ’I’L2

Problem 5 (Putnam 1969. B2). Show that a finite group can not be the union of two of
its proper subgroups. Does the statement remain true if “two” is replaced by “three”?

Problem 6 (Putnam 2017. B2). Does there exist a subset B of the unit circle * + y? =1
such that (i) B is topologically closed, and (ii) B contains ezxactly one point from each pair
of diametrically opposite points on the circle? (A set B is topologically closed when it
contains the limit of every convergent sequence of points in B.)
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