
2026 Putnam Exam Practice Fall Set 7 Wed October 28th, 2026

Unfortunately, no one can be told what the Matrix is. You have to see it for yourself.
– The Matrix, 1999

Problem 1 (Putnam 1954. A1). Let n be an odd integer greater than 1. Let A be an n× n
symmetric matrix such that each row and column of A consists of some permutation of the
integers 1, 2, . . . , n. Show that each of 1, 2, . . . , n must appear on the main diagonal of A.

Problem 2 (Putnam 1969. A1). Let Dn be the determinant of the n× n matrix in which
the element in the ith row and jth column is |i− j|. Show that Dn = (−1)n−1(n− 1)2n−2.

Problem 3 (Putnam 1969. B6). Let A be a 3× 2 matrix and B be a 2× 3 matrix. If

AB =

 8 2 −2
2 5 4
−2 4 5

, show that BA =

[
9 0
0 9

]
.

Problem 4 (Putnam 1991. A2). Let A and B be different n× n matrices with real
entries. If A3 = B3 and A2B = B2A, can A2 +B2 be invertible?

Problem 5 (Putnam 1994. B4). For n ≥ 1, let dn be the greatest common divisor of the

entries of An − I, where A =

(
3 2
4 3

)
and I =

(
1 0
0 1

)
. Show that limn→∞ dn = ∞.

Problem 6 (Putnam 2012. A5). Let Fp denote the field of integers modulo a prime p, and
let n be a positive integer. Let v be a fixed vector in Fn

p , let M be an n× n matrix with

entries of Fp, and define G : Fn
p → Fn

p by G(x) = v +Mx. Let G(k) denote the k-fold

composition of G with itself, that is, G(1)(x) = G(x) and G(k+1)(x) = G(G(k)(x)).
Determine all pairs p, n for which there exist v and M such that the pn vectors G(k)(0),
k = 1, 2, . . . , pn are distinct.
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Hints:

1.Theappearancesofanintegerkoffthemaindiagonalcomeinpairs.

2.Userowandcolumnoperationstosimplifythematrix:e.g.,bysubtractingeachrow
fromtherowbelow.

3.Notethatrank(ABAB)≤rank(BA).UsethistoshowBAisinvertible.Thenconsider
(BA)

2
and(BA)

3
.

4.Trycomputing(A−B)(A
2
+B

2
).

5.TrycomputingA
2
andA

3
,thenguessingrecurrencesfortheentriesofA

n
.

6.ShowthatM
pn

mustbetheidentity,andthenconsideritspossibleJordancanonical
form.
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