
2026 Putnam Exam Practice Fall Set 0 Wed September 9th, 2026

A zero itself is nothing, but without a zero you cannot count anything. – Dalai Lama

Problem 1 (Putnam 1986. A1). Find, with explanation, the maximum value of
f(x) = x3 − 3x on the set of all real numbers x satisfying x4 + 36 ≤ 13x2.

Problem 2 (Putnam 2002. A4). In Determinant Tic-Tac-Toe, Player 1 enters a 1 in an
empty 3× 3 matrix. Player 0 counters with a 0 in a vacant position, and play continues in
turn until the 3× 3 matrix is completed with five 1’s and four 0’s. Player 0 wins if the
determinant is 0 and player 1 wins otherwise. Assuming both players pursue optimal
strategies, who will win and how?

Problem 3 (Putnam 1986. B4). For a positive real number r, let G(r) be the minimum
value of |r −

√
m2 + 2n2| for all integers m and n. Prove or disprove the assertion that

limr→∞G(r) exists and equals 0.

Problem 4 (Putnam 1970. A1). Show that the power series for the function eax cos bx (for
a > 0 and b > 0) in powers of x has either no zero coefficients or infinitely many zero
coefficients.

Problem 5 (Putnam 2019. B1). Denote by Z2 the set of all points (x, y) in the plane with
integer coordinates. For each integer n ≥ 0, let Pn be the subset of Z2 consisting of the
point (0, 0) together with all points (x, y) such that x2 + y2 = 2k for some integer k ≤ n.
Determine, as a function of n, the number of four-point subsets of Pn whose elements are
the vertices of a square.

Problem 6 (Putnam 1976. A4). Let r be a root of P (x) = x3 + ax2 + bx− 1 = 0 and let
r + 1 be a root of y3 + cy2 + dy + 1 = 0, where a, b, c, d are integers. If P (x) is irreducible
over the rational numbers, express another root s of P (x) = 0 as a function of r which does
not explicitly involve a, b, c, d.
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Hints:

1.Findthezeroesofthepolynomialx
4
−13x

2
+36andusethistoidentifythepossible

valuesofx.

2.Player0canwinbymakingarowofzeroesora2×2gridofzeroes.Trydoing
casework.

3.Tryusingthegreedyalgorithmtomakem
2
+2n

2
closetor.

4.Thegivenfunctionistherealpartofsomething.

5.Drawtheavailablepointsandfindarecurrencerelation.

6.ItmustbethatP(x−1)=x
3
+cx

2
+dx+1:whatdoesthisimplyabouttheroots

ofP?
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