2025 Putnam Exam Practice Fall Set 8 Wed October 22nd, 2025

Autumn is a second spring when every leaf is a flower. — Albert Camus

Problem 1 (Putnam 2016. B1). Let zg, x1,xo,... be the sequence such that xo =1 and for
n >0, x,41 = In(e*™ — x,,). Show that the infinite series xo+ 1 + T3 + -+ converges and
find its sum.

Problem 2 (Putnam 2014. A3). Let ag = 5/2 and ay = a;_, — 2 for k > 1. Compute
| P (1 — i) in closed form.

Problem 3 (Putnam 2021. A5). Let A be the set of all integers n such that 1 < n < 2021
and ged(n,2021) = 1. For every nonnegative integer j, let S(j) = >, ., n’. Determine all
values of j such that S(j) is a multiple of 2021.

Problem 4 (Putnam 2010. B3). There are 2010 boxes labeled By, Bs, . . ., Bagio, and 2010n
balls have been distributed among them, for some positive integer n. You may redistribute
the balls by a sequence of moves, each of which consists of choosing an i and moving exactly
1 balls from box B; into any one other box. For which values of n is it possible to reach the
distribution with exactly n balls in each box, regardless of the initial distribution of balls?

Problem 5 (Putnam 1984. Al). Let A be a solid a x b X ¢ rectangular brick in three
dimensions, where a,b,c > 0. Let B be the set of all points which are a distance at most
one from some point of A (in particular, B contains A). Express the volume of B as a
polynomial in a, b, and c.

Problem 6 (Putnam 1976. A4). Suppose r is a oot of p(x) = x> + ax® + bx — 1 where
p(z) is irreducible over the rational numbers, and that r + 1 is a root of

q(y) = y> + cy® + dy + 1, where a,b, c,d are integers. Express another root s of p(x) is a
function of v which does not explicitly involve a, b, c,d.
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