
2025 Putnam Exam Practice Fall Set 4 Wed September 24th, 2025

An ellipsis is a giant ocean of possibilities. – Jami Attenberg

Problem 1 (Putnam 2023. A1). For a positive integer n, let
fn(x) = cos(x) cos(2x) cos(3x) · · · cos(nx). Find the smallest n such that |f ′′n(0)| > 2023.

Problem 2 (Putnam 1960. B4). Consider the arithmetic progression a, a + d, a + 2d, . . . ,
where a and d are positive integers. For any positive integer k, prove that the progression
either has no exact kth powers or infinitely many.

Problem 3 (Putnam 1942. A3). Is the series
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+ · · · convergent or divergent?

Problem 4 (Putnam 1973. B1). Let a1, a2, . . . , a2n+1 be a set of integers such that, if any
one of them is removed, the remaining ones can be divided into two sets of n integers with
equal sums. Prove a1 = a2 = · · · = a2n+1.

Problem 5 (Putnam 1940. B6). For integers a1, a2, a3, . . . , an and k, show the determinant∣∣∣∣∣∣∣∣∣
a21 + k a1a2 a1a3 · · · a1an
a2a1 a22 + k a2a3 · · · a2an
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ana1 ana2 ana3 · · · a2n + k

∣∣∣∣∣∣∣∣∣ is divisible by kn−1 and find its other factor.

Problem 6 (Putnam 1949. B4). Show that the coefficients in the series expansion
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Hints:

1.Workoutexplicitlywhatf′′
n(0)isequalto,intermsofn.

2.Ifthereisakthpowerinthesequence,youcanassumeitisabyignoringtheterms
beforeit.Findanotherkthpowerinthesequence.

3.TryusingtheRootTest:iflimn→∞|an|
1/n

=Lthen∑∞n=0anconvergesifL<1and
divergesifL>1.

4.Explainwhyalloftheintegersmusthavethesameparity(evenorodd).Usethisto
showthatifthereexistsasetoftheintegerswiththeclaimedproperty,thenthere
existsanothersetthatissmaller.

5.WhataretherankandtheeigenvaluesofA−kIn,whereInistheidentitymatrix?

6.Letybethedesiredseries.Thenysatisfiesaquadraticequationintermsofx.
Substituteintheseriesexpressionforyandcomparecoefficientstogetarecurrence
forthecoefficients.
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