
2025 Putnam Exam Practice Fall Set 3 Wed September 17th, 2025

To be radical is to grasp things by the root. – Karl Marx

Problem 1 (Putnam 1966. A4). Prove after deleting the perfect squares from the list of
positive integers, the integer in the nth position is equal to n+ {

√
n} where {x} denotes the

integer closest to x.

Problem 2 (Putnam 1970. B1). Evaluate lim
n→∞

1

n4

2n∏
i=1

n
√
n2 + i2.

Problem 3 (Putnam 1984. B2). Find the minimum value of (u− v)2 +

(√
2− u2 − 9

v

)2

for 0 < u <
√
2 and v > 0.

Problem 4 (Putnam 1987. B1). Evaluate

∫ 4

2

√
ln(9− x) dx√

ln(9− x) +
√

ln(x+ 3)
.

Problem 5 (Putnam 1994. A3). Show that if the points of an isosceles right triangle of
side length 1 are each colored with one of four colors, then there must be two points of the
same color which are at least a distance 2−

√
2 apart.

Problem 6 (Putnam 1998. A5). Let N = 1111 · · · 11 be the positive integer with 1998
decimal digits, all of them 1. Find the thousandth digit after the decimal point of

√
N .
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Hints:

1.Howmanyperfectsquaresareintherange[1,n+{
√
n}]?Trybreakingintocases

wherek≤
√
n<k+0.5andk+0.5<

√
n<k+1foranintegerk.

2.TrytakingthelogarithmandwritingitasaRiemannsumforsomething.

3.Tryinterpretingthisquantityasthesquareofthedistancebetweenpointsontwo
curves.Dothecurveshaveanysymmetryyoucouldexploit?

4.Lookforasymmetrythattheintegrand’sdenominatorhas.Whathappensifyoumake
asubstitutionthatexploitsthatsymmetry?

5.Lookforvariouscollectionsofpointsthatarewithin2−
√
2ofeachother.

6.NotethatN=(10
1998

−1)/9so
√
N=10

999
/3·

√
1−10−1998.
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