2025 Putnam Exam Practice Fall Set 12 Wed Nov 19th, 2025

Life is more fun if you play games. — Roald Dahl

Problem 1 (Putnam 1965. B2). In a round-robin tournament with n players Py, ..., P,,
each player plays one game with each of the other players, and no ties can occur. Let w,

and 1, be the number of games won and lost, respectively, by P,. Show Y " w? =Y ""_ | I2.

Problem 2 (Putnam 1995. B5). A game starts with four heaps of beans, containing 3, 4,
5 and 6 beans. The two players move alternately. A move consists of taking either (a) one
bean from a heap, provided at least two beans are left behind in that heap, or (b) a complete
heap of two or three beans. The player who takes the last heap wins. To win the game, do
you want to move first or second? Give a winning strateqy.

Problem 3 (Putnam 2002. A4). In Determinant Tic-Tac-Toe, Player 1 enters a 1 in an
empty 3 X 3 matrix. Player 0 counters with a 0 in a vacant position, and play continues in
turn until the 3 X 3 matriz is completed with five 1’s and four 0’s. Player 0 wins if the
determinant is 0 and player 1 wins otherwise. Assuming both players pursue optimal
strategies, who will win and how?

Problem 4 (Putnam 2006. A2). Alice and Bob play a game in which they take turns
removing stones from a heap that initially has n stones. The number of stones removed at
each turn must be one less than a prime number. The winner is the player who takes the
last stone. Alice plays first. Prove that there are infinitely many n such that Bob has a
winning strategy. (For example, if n = 17, then Alice might take 6 leaving 11; then Bob
might take 1 leaving 10; then Alice can take the remaining stones to win.)

Problem 5 (Putnam 2014. B5). Patniss and Keeta play a game in which they take turns
choosing an element from the group of invertible n X n matrices with entries in the field
Z.]pZ of integers modulo p, where n is a fized positive integer and p is a fized prime
number. The rules of the game are: (1) A player cannot choose an element that has been
chosen by either player on any previous turn, (2) A player can only choose an element that
commutes with all previously chosen elements, (3) A player who cannot choose an element
on his/her turn loses the game. Patniss takes the first turn. Which player has a winning
strateqy? (Your answer may depend on n and p.)

Problem 6 (Putnam 2020. B2). Let k and n be integers with 1 < k < n. Alice and Bob
play a game with k pegs in a line of n holes. At the beginning of the game, the pegs occupy
the k leftmost holes. A legal move consists of moving a single peg to any vacant hole that is
further to the right. The players alternate moves, with Alice playing first. The game ends
when the pegs are in the k rightmost holes, so whoever is next to play cannot move and
therefore loses. For what values of n and k does Alice have a winning strategy?
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