
2025 Putnam Exam Practice Fall Set 11 Wed Nov 12th, 2025

The calculus was the first achievement of modern mathematics and it is difficult to
overestimate its importance. – John von Neumann

Problem 1 (Putnam 2014. B2). Suppose that f is a function on the interval [1, 3] such

that −1 ≤ f(x) ≤ 1 for all x and

∫ 3

1

f(x) dx = 0. How large can

∫ 3

1

f(x)

x
dx be?

Problem 2 (Putnam 2021. A2). For every positive real number x, let

g(x) = lim
r→0

((x+ 1)r+1 − xr+1)
1
r . Find lim

x→∞

g(x)

x
.

Problem 3 (Putnam 2021. B1). Suppose that the plane is tiled with an infinite
checkerboard of unit squares. If another unit square is dropped on the plane at random with
position and orientation independent of the checkerboard tiling, what is the probability that
it does not cover any of the corners of the squares of the checkerboard?

Problem 4 (Putnam 2020. A3). Let a0 = π/2, and let an = sin(an−1) for n ≥ 1.
Determine whether

∑∞
n=1 a

2
n converges.

Problem 5 (Putnam 2018. A3). Determine the greatest possible value of
∑10

i=1 cos(3xi) for
real numbers x1, x2, . . . , x10 satisfying

∑10
i=1 cos(xi) = 0.

Problem 6 (Putnam 2016. B6). Evaluate
∞∑
k=1

(−1)k−1

k

∞∑
n=0

1

k2n + 1
.
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Hints:

1.Since1/xisdecreasing,thebeginningoftheinterval[1,3]“countsmore”thantheend

oftheinterval.Inordertohave∫3

1f(x)dx=0,whereshouldfbepositiveandwhere
shoulditbenegative?

2.Notelng(x)=limr→0
ln[(x+1)

r+1
−x

r+1
]

r
,andnowtryL’Hopital’srule.

3.Supposethedroppedsquaremakesanangleθwiththepositivex-axis,for0≤θ≤π/2.
Whatistheareaoftheregionwherethecentercanbedroppedsothatthesquare
doesn’tcontainanyvertex?

4.Theapproximationsinx≈xclearlyisn’tgoodenoughhere.Howaboutsinx≈
x−x

3
/6?(Ifyoupluginx=1/

√
n,howbigissinx?Isitbiggerthan1/

√
n+1?)

5.Usethetriple-angleformulatoturnitintoapolynomialmin-maxquestion.

6.Noticethat
1

k2n+1=∫1

0x
k2n

dx.Startinterchangingsumsandintegrals,andsimplify
theresults.
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