1 Intro

In this talk I will discuss the main results of a paper of Faifman and Rudnick, “Statistics of the Zeros
of Zeta Functions in Families of Hyperelliptic Curves over a Finite Field” — specifically, that in the
limit of large genus g over a fixed finite field, a particular parameter associated to a randomly-chosen
hyperelliptic curve of genus g will be uniformly distributed.

In this talk, ¢ will always be odd.
To explain in more detail I first need some definitions.

If C is a projective variety of genus g defined over F,, the zeta function of C is defined as Z¢(u) =
exp(>_0, Ny %) for |u| < 1/¢, where N,, is the number of points on C in the extension field F, /F,
of degree n.

Pe(u)
(1 —u)(1 - qu)
for some polynomial P (u) € Z[u] of degree 2g, with P(0) = 1 and satisfying Pc(u) = (qu?)? - Pc(—u).

It is known that the zeta function for arbitrary projective curves has the form Z¢o(u) =

Furthermore, the Riemann hypothesis for curves states that all of the zeros of Po(u) lie on the circle
lu| = q V2. (Indeed all this is true more generally for arbitrary projective varieties — not just curves
- by the Weil Conjectures.)

Moreover, in the case of curves, there exists a unitary symplectic matrix ©¢ € USp(2g) defined up to
conjugacy, with Pg(u) = det(I —u,/q- O¢). Recall that the elements of USp(2g) are complex-valued,
0 -1
I, 0

matrix. (Instead of © one can choose some other invertible skew-symmetric matrix which will then be
conjugate to €.) Symplectic matrices have determinant 1 and have characteristic polynomials which
are reciprocal; the given condition on Pg(u) is essentially the statement that P is the characteristic
polynomial of ©¢, modified to account for the fact that P (u) itself is not quite a reciprocal polynomial.

are 2g x 2g, unitary, and satisfy ©F - Q- ©¢ = Q where Q = [ ] where I, is the identity

The fact that O¢ is actually unitary implies that its 2g eigenvalues all have absolute value 1 — write
them as e?™c. for j = 1,2,--- ,2g, for some “angles” 0cj,1<j<2g.

The goal of this talk is to study the distribution of these angles as we draw the curve C at random
from the family of hyperelliptic curves of genus g defined over F, for ¢ odd. We denote this family
as Hygio, and observe that it is the set of curves having an affine equation of the form y? = Q(z)
where @ € F,[z] is monic, squarefree, and of degree 2g + 2. (Its function field is F,(x, /Q(x)) and is
called a real quadratic function field, in analogy to a real quadratic extension of a number field. For
completeness, the analogue to an imaginary quadratic extension occurs when the degree of @) is odd
and this can only occur under particular conditions.)

The measure we will take on Hy,1 4 is just the uniform probability measure, since the set is finite.
The statistic we will analyze is the counting function of the angles: for an interval I = [—g, g] which
can vary with g and with ¢, let

Ni(C)=4#{j:0jc €I}

(We may assume the interval I to be symmetric about 0 because of the functional equation for Pc.)
The main theorem of this paper is that for fixed I, as ¢ — oo we have that
Ni(C) ~ 291

2

and moreover, it turns out that the variations in N;(C) are Gaussian, with variance —————————.
w2 In(In(2¢ |1]))



e This is a similar sort of analysis to that of Selberg, who analyzed the behavior of the number of

zeros N(t) of the Riemann zeta function ((s) up to a given height ¢ on the critical line Re(z) = 3.

t t
By the Riemann-von Mangoldt formula it was known that N(¢) = Py -ln(ﬁ) + O(In(t)), and this
v m
t

was subsequently improved to N(t) = iﬂ_ . ln(—e) + g +S(t) + O(%) where S(t) = %arg(((% +it)).

Selberg analyzed the behavior of S(t), for ¢ chosen uniformly in [0, 7], and showed that its variance was

1 S(t
- In(In(#)) and that the moments of S were those of a standard Gaussian distribution.

2m L In(In(t))
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e Katz and Sarnak showed that for fixed genus, the conjugacy classes of ©¢ become uniformly distributed
in USp(2g) in the limit of ¢ — o0, so in particular the statistics of Ny will be the same as those for the
corresponding angle-counting function N for a randomly-chosen matrix of USp(2g). In the limit of
large matrix size, the statistics of Ny (along with many other statistics) are known to have a Gaussian
distribution; in particular, when averaged over USp(2g), the expected value of Ny is 2g ||, with variance

——————— and such that the normalized value has a normal Gaussian distribution. In fact this
w2 In(In(2¢ |1|))

result still holds even if the size of the interval shrinks, provided that the expected number of angles
2¢ |I] still goes to infinity. To summarize, Katz and Sarnak showed that

Ni(C)—2g|I I
lim [ lim Probg,, ., |a< 1(C) 29|11 <b| | = 7/ e~ /2 .
i o 2 (in(2g 1) var Jo

e This paper shows the result still holds even if we fix the size of the field — i.e., if we remove the limit
as ¢ — oo — which was central to Katz and Sarnak’s proof.

e For the remainder of this talk I will focus on proving the statement that the angles are uniformly
distributed, as the evaluation of the asymptotics on the higher moments uses essentially the same
method albeit with more involved computations. We prove the result in two main steps: First, we
show that the polynomial P (u), the numerator of the zeta function for C, is the L-function for
the quadratic character associated to F,[xz] and use this to derive an explicit formula for the sum
of the values of an arbitrary trigonometric polynomial at the points ¢ ;, 1 < j < 2g. Second, we
approximate our counting function N;(z) with Beurling-Selberg trigonometric polynomials, and then
apply the explicit formula to deduce the results.

Dirichlet Characters on Function Fields

2.1 General Theory

e We first need some background on Dirichlet characters and L-functions on function fields. (If you
are interested in learning more about this, you might want to read Rosen’s book “Number Theory in
Function Fields”, which starts from elementary principles.)

e For f € T [z] we define the norm of f as || f|| = ¢°¢f). The zeta function of the rational function field is
Cels) = Z || f||”* for Re(s) > 1; its Euler product expansion is (,(s) = H 1—|P||~H ' = H(l — ydes(P))

f monic P monic irred P
where the product is over irreducible monic polynomials P (“primes”) in F,[z]; the second form is in

terms of the variable u = ¢—*. Directly from the sum we see that Z(u) = i .
—qu
e Given a monic polynomial Q € F,[z], we define a Dirichlet character modulo @ as a group homo-
morphism x : (Fy[z]/(Q))* — C*. Such a character is primitive if it is not induced by any proper
divisor of @ — i.e., if there is no Q|Q and character y mod @ for which x(n) = x(n) for all n with
ged(n, Q) = 1.



e To a Dirichlet character mod @ we form the L-function

2.2

Lu,x) = [0 = x(P) - uds )71 = 37y (f) - udes)
f

P

which converges for |u| < 1/q, where P runs over all monic irreducibles and f runs over all monics. If
X is nontrivial then it is not hard to see that Zdeg(f):n x(f) = 0 for n > deg(Q), and therefore the
L-function is actually a polynomial, of degree at most deg(Q) — 1.

We say a character is “even” if x(c) = 1 for all ¢ € F* (this is analogous to the condition y(—1) =1
for ordinary Dirichlet characters). For even characters the L-function will have a trivial zero at u =1
and so (for primitive characters of positive degree) we define the “completed” L-function

L*(u, x) = (1 = Ao (0)u) ™"+ L(u, X)
where Ao (x) is 1 if xis even and 0 if x is not. The completed L-function is a polynomial of degree
D = deg(Q) — 1 — Moo (z) and satisfies the functional equation L*(u,x) = €(x) - (¢"/?u)” -L*(i, x Y
where €(x) is some complex number of absolute value 1. "

D
We can factor L*(u,x) = H(l — ajyu) in terms of its inverse zeros «; ,; the Riemann hypothesis
j=1
(proved by Weil) in this setting states that all o, have absolute value q'/?, so we can write 0y =
q*/? - e*™ix for some phases 0, € R/Z.

Quadratic Dirichlet Characters

Let P(x) € F,[z] be monic and irreducible, and f &€ Fy[z] relatively prime to P. We define the

quadratic residue symbol (é) € {£1}via

f 1Pl -1
(P) =f 2 mod P
(Recall || P|| = gd&(P).)

We generalize to the Jacobi symbol in the usual way — namely, for arbitrary monic ) we define the

Jacobi symbol <é;) by writing @ = ][, P; as a product of monic irreducibles and setting <é;) =
IL <1‘£> if f and P are coprime, and 0 otherwise. If f = c is a scalar (i.e., element of F}) then we set

( c > 1=~ 4es(@)
— | =c 2 }
Q

We recover quadratic reciprocity for these Jacobi symbols — if A, B are monic and relatively prime then
Al =1 [[B]| =1

qg—1
A B ——— deg(A)-deg(B B
(B> _ <A> 1) 2 og(A)-deg(B) _ (A) (=1) 2 2 . (If they are not relatively

prime then it’s still true as both sides are zero.)

If Q € F,[z] is squarefree then we define the quadratic character xo(f) = (?) If deg(Q) is even then

this character is primitive mod Q. Also observe that x¢ is an even character (i.e., trivial on scalars)
if and only if deg(Q) is even.

The reason we need all of this background is because the polynomial Px(u) in the numerator of the zeta
function of the hyperelliptic curve y* = Q(x) is equal to the completed Dirichlet L-function L*(u, xq)
associated with the quadratic character xg.



3 The Explicit Formula

e Now we will return closer to our original problem. For the approximation theory later we will need to
evaluate trigonometric polynomials at the points ¢, the phases of the normalized inverse-zeros of
the L-function of the character xg, the quadratic character associated to (). Conveniently, there is a
general, explicit formula for evaluation at the phases 6; , for any character x.

e Lemma 2.2: Let h(0) = > ;< h(k)-e(kf) be an arbitrary real-valued, even trigonometric polynomial

—i.e., with h(—0) = h(0) = h(6). Then for any primitive character x we have

S k6,0 = 0 [ W00 [ oL in(1 = a0 st 1) )+
j=1 " 0 i Jo do Vi f ||f|\1/2
where A(f) = deg(P) if f = P* is a prime power and is 0 otherwise.
/!
— Proof: By computing the logarithmic derivative u - — in two different ways, one via the Euler

product and the other by the product in terms of the inverse zeroes, we get an identity

D

“Sar = S AN + Ase()

J=1 deg(f)=n
which we can write in terms of the phases as
D

_ e2ﬂiTLaj=X — Aso (X) A(f) . m, n <0
2 i { (P,

gInl/2 n>0

1/2
acetrretny 1F11

j=1

Now if h(0) is real and even then so are its Fourier coefficients so writing out the Fourier expansion
and then applying the result above gives

D K
h(0;) = D-h(0)+> > h(k)-[e(kb;) + e(—k0;)]
j=1 Jj k=1
1 K 7 L
= b [ hoa -2 Y HE - S iden() S () +XT)
0 =1 7 ¥ I1£]]

and finally since & is real-valued we can rewrite the middle term as

K 1 —1/2,2mi0 1
hik) _ q /e 1 / d 1
g::l q~/2 _/0 h(6) - W =5 ; h(9) - o In(1 TW) de

which gives the result.

o In the particular case where x = x¢ is the quadratic character corresponding to a squarefree polynomial
Q of degree 2g + 2 we get Ao =1, D = 2g, and so the formula is

2g

- B 1 i 1 i ) _62i7r9 B R . . A(f)
> hits) = 2q [ wo)io+ 2 [ o) 5 i~ = Jas 2 tdes(1) - val)

Jj=1



4 Beurling-Selberg Functions + Approximation

o Let I = { 5, 2} be an interval of length 0 < 8 < 1, and let K > 1 be an integer. The Beurling-Selberg

polynomials Ii( are trigonometric polynomials approximating the indicator function 1; on the interval
I with the following properties:

The I?E have degree < K.
They satisfy I, <1; < I;g.

1
— The integral is close to the length of the interval: fol IE(x)de = fo lyde £ ——

K+1
— The I are even. (Follows because the interval is symmetric about 0.)
N N 1
— In particular the nonzero Fourier coefficients satisfy ‘I k) -1 I(k)‘ < il and so in particular
Ii ‘ + min ,—,forO</€<K.
< g ) E

5 Counting Functions

e Now we will apply the results we have obtained about these Beurling-Selberg polynomials to our
advantage by using the “explicit formula” expansion.

So for x¢ the quadratic Dirichlet character associated to the polynomial @, recall that N;(x) denotes

the number of angles 0; ,, of the L-function L*(u, x¢) in the interval I = [fg, g}
o Now define Ni Z I32(0),vo,), Where here K is allowed to depend on deg(Q). This will be our

Jj=1
smooth approximation to the counting function N;(xq).

In particular we note that N (xo) < Nr(xq) < Ni(xq)-

The idea is to show that we can pick a K that makes the two smooth counting functions behave
asymptotically well, hence allowing us to show something about the discrete function N;(xg). To do
this we will use the Beurling-Selberg polynomials to approximate the characteristic function on the
interval I as inputs into the “explicit formula”.

g
In(g)

Prop 5.1: For any fixed symmetric interval I, we have that N;(Q) = 2¢g|I| + O( ). In particular

the angles 0; ,, become asymptotically uniformly-distributed.

— Proof: Since Ng(xq) < Nr(xo) < Ni(xq) it suffices to show that the two smooth counting
. . g
functions satisfy N (Q) = 2¢g |I| + O(——

— Using the explicit formula on the trigonometric polynomials I;*;(H) we obtain

) for judicious K.

1 e2mi0
Ni(wo) = D5 £ K%g o [ re) g [ - ) |+ s

A
(]32 x¢(f), the sum taken over prime powers f € F,[z]

where S = -2 Z
of degree at most K.
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N 1
— Now, because ‘Ili(( ) —17(k)] < ——— we can use this to approximate the middle term (the

- K+1
integral) and see that
1 d e2mid B8/2 d 6271'1'0 1
— Iio[lm— }d& = — [m }d0+0
=i ) 1) [ma - i MO (=)
2 2760 1
= —_ 1 — —_
(= )+ 0g)
— We can also bound the S3 (yg) term by observing that I}gi(deg(f)) -A(f) = 0O(1) since ‘I}%(h)‘ <
1 . U —
g T min(s m), for 0 < |k| < K. Therefore we get Si(xq) = O(1) + Yyep(py<xc 11172 =
O(q"/3).

— Combining all of the estimates yields Ni(xq) = 2¢ 1|+ O(%) +0(1) + O(¢%/?). Finally, taking
K ~log,(g9/In(g)) gives the desired asymptotic estimate.

Higher Moments (sketch)

I will briefly sketch the results needed to establish that the higher moments of the counting function
are Gaussian.

£ - deg(P
Step 1: Define the auxiliary function Ti (xo) =—2 Z (deg(P 1/2 eg(P) -xq(P), which approx-
P prime ||P||
A
imates the terms S = -2 Z Ii || |(|132 xq(f). (The difference being that T is a
deg(f)<K

sum over all primes, while S is only a sum over primes of bounded degree.)

Step 2: Show that (|T£[”) ~ %ln(ﬁg), and that (|77 - T [*) = (|8 = ") = (|sx - 7 [*) =
O(1) provided that K ~ g/In(In(gs3)) with g — oo and Bg — oo. The proofs of these statements are

mostly an application of some straightforward bounds along with some diagonal /off-diagonal counting
arguments.

Step 3: Show that the higher moments of Ti are Gaussian: specifically, that ’< Ti 2r= 1>’ =0(1) and
that [{(T)?")| = ( ) —In"(BK)+O0(In" " (BK)). (The proofs here again involve similar diagonal /off-

2
diagonal analysis. ) Conclude that Ti/ In(gf) has a standard Gaussian limiting distribution.

2

\/flog 9p3)

zﬂ\]\
St —N172g|l|ffarg(lf
Va

2
approximates Sy — this follows from what we did much earlier — to see that Sr/4/ — log(8g) has a
™

Step 4: Show that < > — 0 as g — oo and gf — oo with K =~ g/In(In(g3)), where

). Apply step 2, the triangle inequality, and the fact that S]i( closely

standard Gaussian distribution as claimed. (Finally note that the arg term is irrelevant.)



7 Other Stuff I Cut Out For Being Irrelevant

e Lemma 2.1: If x is a nontrivial Dirichlet character modulo f, then for n < deg(f),
de -1 n

>, x(B)| < ( g(? )-q /2

deg(B)=n

[Note that for n > deg(f) the character sum vanishes.]

— Proof: Compare coefficients of the series expansion of the L-function L(u, x) to the coefficients of
the expansion of the product in terms of its inverse zeroes to see that

> oxB) = (1" > [T =onler, -, daes(r)-1)
deg(B)=n Sc{l,--- deg(f) —1} IS
#(S) =n

and then observe that each of the (“&/)71) terms in the sum on the RHS is bounded by (,/g)".

gdeg(f)—1
e Lemma 3.1: If f c Fq[.’]f] is not a square then <XQ(f)> S W

— Proof: We use the Mobius function to kill the non-squarefree polynomials, so we can write

S xelf) DI ()

QE€Hz2g42,4 deg(Q)=2g+2 A%|Q

SRTIC SN

deg(A)<g+1 deg(B)=2g+2—2deg(A)
deg(f) =1 _
< g+1—deg(A)
- Z ‘<Qg+2 —2deg(A) e
deg(f)

g+q—TSdeg(A)§g+1

< qg+1 . 9deg(f)—1

where we applied the triangle inequality and the bound (2.1) on the sum over the nontrivial
B

character () in the third step along with noting that the inner sum was zero of the degree of B

was larger than the degree of f, and summed the binomial coefficients in the last step. Dividing

by #(Hag+2,4) = ¢*972(1 — ¢ 1) gives the result.

e The previous lemma gives a bound for when f is not a square; we now need the case when f is a
square.

e Lemma 3.2: If P,,---, Py are prime polynomials, then <XQ(Hj Pj2> =140 (Z] \|Pj||_1>.

— Proof: Clearly we have XQ(Hj sz) = 1 except when one of the P; divides @, in which case it is
0. So we need to count how many squarefree ) of degree 2g + 2 are divisible by at least one P;.

Clearly this will be bounded by the number of arbitrary monic @) of degree 2g + 2 divisible by at
29+2

It=din
1—(1—q¢gHt. (ZJ [1P;]|~ ) <Xq I1; P? > < 1 whence the result.

least one P;, and this is clearly at most Z

Since Hagi2,4 = q?972(1 — ¢71) we see that



e For a polynomial @ € Fylz] of positive degree, define n(Q) = > p|q IP||™", where the sum is over
primes P dividing Q.

e Lemma 3.3: The mean values of 1 and n? are uniformly bounded — explicitly, they satisfy (n) <
(1-g¢ ) ?and () <(Q-q¢ )P+ (1—-¢ ) (1-g)"

— Proof: For the sum of n(Q) we need equivalently count, for each prime P, how many @ are
divisible by P — this gives

Y@ = Y el

QEH29+21(1 P‘Q

— S IPIT#(Q € Hagrag: PIQ)

deg(P)<2g+2
2g+2
-1 9
deg(P)<2g+2
<

oo
q2g+2 . Zq—k
k=0
I (1—q )

and hence the average value is bounded by (1 —¢~1)72.
[Remark: There was an error in the paper here; it incorrectly gave the bound obtained this way
as 1.]

2
For the second moment, expand out the square in ), (ZPlQ HPH_l) as Yo D p, 2op, I|1Py|| "

||Py||~" and split into diagonal and off-diagonal terms. For the off-diagonal, observe that if Py
and P both divide @ then if Q is squarefree then @ is divisible by P; P,. Then we are reduced to

2g+2
a count essentially the same as before: Y- n?(Q) <> p > p, HPTFW <@t (1—q7 )2
—2 : —2 229+2
For the diagonal, we have ZQ ZP\Q 1P| < Zdeg(P)§29+2 1Pl W <¢P(1l-q¢?)7!

and therefore after combining the two we get the bound (n?) < (1—¢ 1)+ (1+¢ 1)1 (1—¢?) .
[Remark: There was another error here; the authors mistakenly omitted the diagonal terms.]

e Prop 4.1: Let K > 1 be an integer for which K3 > 1. Then

Y Iien) = o)
S niE@n)? = T;ln(Kﬁ)—&—O(l)

where the implied constants are independent of K and (.

sin(27n, 1

SED) L)
it is a simple matter to sum over n; for n < 1/ one can use sin(27n3) < 27nS to obtain a bound
of 27 on that piece of the sum. For 1/8 < n < K one can use summation by parts; each partial

— Proof: By the inequality on the Fourier coefficients we have f; (2n) =

sum »_sin(2mnf) is O(;)7 S0
i K
Z bm%nm =< 61[( L % 1/8 t12dt =0@)

1/8<n<K/2

yielding the first result.



— For the second part, use again the inequality on the Fourier coefficients to write

S nitn = 25 - T o)

n
n>1 n<K

and again split the sum into the two parts [1,1/3] and [1/0, K]. The first interval is easy with
sin(mn3) < mnf again, giving O(1), while on the second interval we can use sin®(y) = 3(1 —
cos(2y)) and summation by parts once again. The cosine portion of the sum gives a bounded

1
contribution, while the constant piece is trivial to evaluate as giving Pyl In(K ) + O(1), hence
™

result again.

8 Now What?

e The general form of the argument could fairly easily be generalized to broader families of curves, if
there were a similar connection to be made through Dirichlet L-functions on function fields. The fact
that x¢o was quadratic was not particularly central to the proof. I believe this is the topic of Thursday’s
lecture.



